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1. Introduction

Measurement of socio-economic mobility has been recognized as a challenging problem
in the recent past. While the theory of inequality measurement concerns itself with
comparing two static income distributions at different time / regional points, it is observed
that the welfare/inequality levels associated with the income distributions at certain
time/regional points very well depend on the mobility of the populations from an initial
state (see, among others, Shorrocks, 1978; Markandya, 1984; Kanbur and Stiglitz, 1986;
Chakravarty, Dutta, and Weymark ,1985; Maasoumi and Zandvakilli,1986; Dardanoni,
1993, Fields, 2010).

Fields and Ok( 1996, 1999) suggested a distance-based approach to the measurement of
mobility. A distance-based mobility index is a summary measure of how separate are the
initial and final incomes etc. Fields and Ok (1996) proposed a simple index where
distance is measured by the sum of the absolute values of the difference between each
person’s initial and final income. A more general distance-based mobility index that relies
on a ‘ generalized distance’ of individual income differences between initial and final

periods was suggested by Mitra and Ok (1998).

D’Agostino and Dardanoni (2009) studied social mobility in a framework in which social
statuses of individuals are determined by their ranks. They investigated ranks of son’s and
father’s incomes in a population and obtained a partial ordering based on what they called
‘partial permutation matrices’ which agrees with the standard concordance ordering of
Spearman. Rank-based mobility indices were earlier considered by King (1983) and
Chakravarty (1984) where higher changes in ranks of individuals between two periods
were preferred to lower changes. Demuynck and Van de gaer (2010) obtained a rank
dependent mobility measure based on individual mobilities defined as the ratio of final to
initial period incomes, using the framework of Donaldson and Weymark (1980) and

Bossert’s (1990) characterization of the S-Gini index.

Mobility-as-independence measures investigate the relationship between initial and final

states. Examples are correlation coefficient between initial and final incomes and



intergenerational elasticity of income, where the latter is calculated by regressing the
logarithm of parent incomes on the logarithm of child incomes. In fact, the latter formula
can be expressed as the product of the correlation coefficient and the ratio between the
standard deviation of the logarithm of parent incomes and that of the parent incomes ( see
Black and Devereux, 2011; Foster and Rothbaum, 2012). Yitzhaki and Wodon(2004)
constructed a mobility index using two-period income panel data. Their index is basically
the correlation of change in income with change in ranks. As such, the minimum mobility
occurs when all the incomes move in the same direction (no change in ranks) and maximum

mobility arises when all the ranks are reversed.

Measurement of socio-economic mobility using transition matrices between states have
been addressed in the literature (see, for example, Prais, 1955; Bartholomew, 1973; Bibby,
1975 and Shorrocks, 1978a; Markandya, 1982, 1984; Atkinson, Bourguignon and
Morrison, 1992; Dardanoni, 1993, 1995; and Tsui, 2009; Van de Gaer, Schokkaert, and
Martinez, 2001 and Gottschalk and Spolaore 2002). A transition matrix is a square matrix
describing the individual probabilities of moving from one state to another in a dynamic
system. In the literature on mobility indices based on transition matrices the class of
matrices is often restricted to monotone matrices based on fractile groups. (See ,for
example, Shorrocks,1978a;; Conlisk, 1989; and Dardanoni,1993). Conlisk argued that
monotonicity is the most appropriate assumption in the case of Markovian model of
mobility. For monotone matrices, every row i first order stochastic dominates every
subsequent row [+ 1 for eachi. Hence the expected state to which movement may take
place from any initial state is non-decreasing in the level of the initial or starting state. The
use of fractile groups makes mobility independent of the initial group sizes of every state.
Zheng (2011) used a variant of a transition matrix considering the conditional probability
distributions of health status, given socioeconomic classes which are ordered. He referred
to this as an income-health matrix and assumed monotonicity property to propose a

measure of socioeconomic health inequality.

Dardanoni (1993) derived a social welfare function on the basis of discounted lifetime

welfare prospects under different transition mechanisms. A partial ordering based on this



welfare function is proposed as the intertemporal counterpart of Lorenz partial ordering
(Dasgupta-Sen-Starrett, 1973) based on what he calls “permanent income”.

In the context of ethical measurement of income mobility, Chakravarty, Dutta and
Weymark (1985) also focus on welfarist measures of strongly relative income mobility,
and like Shorrocks (1993), with a change being considered completely immobile if, and
only if, the income shares of individuals are maintained through time.

There are many reasons for being interested in directional mobility (upward or downward)
in the transition matrix-based framework. For instance, suppose the income groups in a
society are ordered from the lowest to the highest. These groups can be quintiles, deciles,
percentiles etc. The society may be interested in getting an overall idea about the
movements of population segments from lower income groups to higher ones. This overall
idea is representable by an upward income mobility index. A second example arises in the
context of health mobility in a population. Consider a society with self-reported health data
of the population. The six health categories ‘very poor’, ‘poor’, ‘fair’, ‘good’, ‘very good’
and ‘excellent’ are arranged in increasing order of society’s preference. The movements of
population proportions from lower categories of health statuses to higher categories are
summarized by an upward health mobility index. Finally, an upward literacy mobility
index is a summary statistic of the movements of population fractions from lower education
statuses to higher ones, where education statuses are arranged from illiteracy to university

education in increasing order of society’s preferences.

During a period of recession or because of unemployment, downward movements of
population proportions across income groups are a manifestation of downward income
mobility. Worsening of health conditions of population fractions because of aging and /or

sickness is an indication of downward health mobility.

In a recent contribution, Foster and Rothbaum (2012) provided a mobility framework that
combines distance-based measures with the distribution-sensitivity of the transition matrix
approach. Furthermore, the developed approach maintains isolation between upward and

downward mobility to retain the directional knowledge. In addition to suggesting mobility



indices, they also developed partial ordering criteria that allow unambiguous mobility

inter-society and inter-temporal mobility comparisons.

One of the objectives of this paper is to interpret the Bartholomew (1967) in terms of
directional mobility indices. We begin by proposing a partial ordering of monotone
transition matrices using the generalized Lorenz ordering of one step expected states of
movement, expected movement (for short), associated with the matrices under
consideration. Since the expected states are non-decreasing in initial states, the generalized
Lorenz ordering prefers the distribution with not lower cumulative expected states. Hence
the ordering can be regarded as a representation of the upward mobility of two final
distributions originating from an initial distribution through different transition matrices in
a Markovian model. Our upward mobility ordering represents social improvement in terms
of the socio-economic attribute under consideration. Since the initial distribution is
assumed to be identical, the ordering and consequently the welfare of the final distribution
solely depend on the transition process. Thus, the ordering is a counterpart of the Dardanoni
(1993) ordering in the context of monotone mobility matrices. Taking cue from our upward
ordering we consider a simple upward mobility index, which coincides with the upward
sister of the well-known Bartholomew index. We also discuss a downward mobility
ordering and a simple downward mobility index that becomes identical to the Bartholomew
downward index. This, therefore, provides an alternative representation of the

Bartholomew index.

In the literature of measuring horizontal equity, Atkinson (1980)-Plotnick(1981)-
Kakwani(1984) considered the change in inequality between the pre-redistribution Lorenz
curve and a pre-ordered Lorenz curve of post-redistribution income, where the pre-
redistribution rankings are fixed. Their view thus captures essentially the transition of
individual incomes allowing changes in the rankings in the post redistribution with the
initial ranking in the pre redistribution remaining fixed. If we look at the transition matrices

between pre and post re-distribution income groups, similar analysis emerges.



Often the states in a population may follow a particular distribution. In such a case the
underlying mobility will depend on the initial distribution of the states. It is therefore
logical to adopt a Bayesian probabilistic approach to measure mobility in a situation of this
type. The use of equal fractile groupings helps us also in the Bayesian approach. It is shown

that the Prais(1955)-Bibby ((1975) index can be rephrased as Bayesian index of mobility.

To illustrate how the Upward Mobility Index can be applied in practice, we calculated the
index using data on generational mobility from the Panel Study of Income Dynamics
(PSID) for the United States for individuals born between 1971 and 1986. Using data
spanning from 1968 to 2013, we construct quintile transition matrices comparing the
income quintile of children in 2013 with those of their parents when they were of a similar
age. Since our transition matrix has 5 categories, the range for our proposed mobility index
is between -2 (perfect downward mobility) and 2 (perfect upward mobility). Our results
show that upward mobility for the whole population was 0.1602. When the population is
disaggregated by race into African American and White, the Upward Mobility Index was
found to be equal to 0.1711 for the White population or almost 6 times higher than the
0.0308 Upward Mobility Index for the African American group. In fact, the size of the
index for the African American population is indicative that movements in the upward
direction are practically compensated by similar movements in the downward direction. A
closer examination to the quintile transition matrices reveals that children from the White
population group were more likely to experience upward mobility to the highest quintile

and less downward mobility than children from the African American households group.

2. A Mobility Ordering and the Bartholomew Indices

Let us consider a population that has been partitioned into k£ classes in ascending order
with respect to some attribute of well-being. Examples of such well-being are income,

wealth, health and so on. We write p; to denote the proportion of persons belonging to

class i at period ¢, (initial period) moving to class j at period ¢, (final period). By this



kxk

k
definition, Y p, =1 for all ie{l,2,---,k}. Consequently, P:(P,j) is a transition
=

matrix.

Given an initial situation, let us consider two final situations with transition matrices P_,

and P/

.« respectively. For any initial state i, if the probability of going to any state j or

higher in the final situation under P,_, is at least as high that under P,  , we say that P, ,

does not have lower upward mobility with respect to initial state i . This means that starting
from any initial state7, an individual will not have a lower chance of going to any final

state j or higher. Formally, the transition matrix P,_, represents at least as high upward

k k
mobility as P/, if for all initial states iand final states j, > p, > > p! . Equivalently,
=) =)

=J

k k oA j-1
1-Yp, <1-%p,.Thatis, > p, <> p; forall ;.
I=j I=j =1 =1

This is same as the condition that every row of P first order stochastic dominates every

corresponding row of P'. Thus, any real valued non-decreasing function of entries in any

row of P will be at least as large as that of any corresponding row of P'. In particular, this
implies that given that an individual is in an initial state i will be expected to be at a final
state j not lower than the initial state. Thus our ordering can be restated as a vector
dominance of the expected states vector, that is, the vector of states that could be arrived

in the final situation from the initial situation, of P over that of P'.

Formally, given any two transition matrices P_, and P,

L . o
> P18 said to dominate P/ in

terms of upward mobility if ilpﬂ > ﬁlplfl for all initial states i =1...k . Since this
=1 =1

inequality has to hold for all initial states i =1...k, the comparison of the final situations
are made under the assumption that the status quo of the initial situation is maintained (see
Bourguignon,2011).This dominance criterion is quite strong in the sense that every

expected final state under P_, is greater than or equal to every corresponding expected

8



final state under P/, . We can consider a weaker dominance criterion if we restrict

ourselves to a special class of transition matrices.

It may be worthwhile to state that Zheng(2011) considers a similar dominance criterion for
income-health monotone matrices. However, his derivation requires the monotonocity of
the matrices. Our formulation, on the other hand, intuitively starts with a definition of
higher (lower) directional mobility. If we now restrict ourselves to monotone matrices
some results from inequality literature can be easily reformulated in the context of
directional mobility.

In the literature on mobility indices based on transition matrices the class of matrices is
generally restricted to monotone matrices based on fractile groups. ( See ,for example,
Shorrocks,1978;Dardanoni, 1993,2009 and Fields and Ok,1996)). This restriction allows
better comparison and interpretation of mobility. For monotone matrices, every row i first
order stochastic dominates every subsequent row i+1 for eachi. The use of fractile

groups makes mobility independent of the initial group sizes of every state.

If we restrict the transition matrices to be monotone, the expected states vector for any
transition matrix will have components in non-decreasing order. To see this formally, let

M denote the set of all £ x k& monotone transition matrices. Now, for any P, P’ e M if we
k k

denote Y /p, by x, and >Ip, by y, , then the vectors x= (xl ,xz,---,xk) and
=1 =1

y= (yl Vot yk) are non-decreasingly ordered.

For any P,P'e M , P represents at least as high upward mobility as P’ if

i flpi[ > i flp;l for all m =1...k . This means that x generalized Lorenz dominates y .
i-11=1 i=11=1

In order to state intuitively reasonable conditions that are equivalent to the ““at least as high
upward mobility as” relation, it is necessary to present some preliminaries. An nxn

matrix B with non-negative entries is called a bistochastic matrix of order » if each of its

rows and columns sums to one. A function W : iR’fr —> R is called S-concave if

W(xB) > W(x)for all bistochastic matrices B of order, where R* is the non-negative part



of the & dimensional Euclidean space R*. An S-concave function is symmetric, that is, it
remains invariant under any reordering of its arguments. A function % : R* — R is called

S-convex if —W is S-concave .

An upward mobility index [ is a real valued function defined onM , thatis, /: M — R'.
Forany PeM | (P) indicates the extent of mobility that takes place under the transition
in P.

The following theorem, whose proof follows from Marshall and Olkin (1979, p.10) and
Shorrocks (1983), can now be stated:
Theorem 1: For any P, P’ € M, the following conditions are equivalent :

4 szlzkllplfl forall m=1...k.

i-1 [=1 i=1 [=1

[
-
S

(i) 1(P)> I(P'), where I(P)is of the form if(ilpi,) and f:R, > R'is non-
=1

i-1

k k k k
decreasing and concave, that is, Z f [Z Ip, j > Z f [Z lp;,] for all non-decreasing and
i=1 =1

i-1 =1

concave f: R\ — R'.

. k k k
(iii)I(P)Z](P') , Where I(P) is of the form W(le”,ZIpy,---,leH) and
I=1 =1 I=1
W:R" —>R'is non-decreasing and S-concave, that is, W(ﬁ‘,lp”,flpzl,---,ilpk,j
I=1 =1 I=1

k k k
> W(Z Ip),, legl yt -,le,'d] for all non-decreasing and S- concave functions
=1 I=1 I=1
wiRE >R
As stated earlier, condition (i) says that P does not have lower upward mobility than P’ .
This condition is equivalent to two other seemingly unrelated stipulations ( (i1)-(iii)) of the

theorem. According to condition (ii), sum of identical non-decreasing, concave

transformations of expected states of movement under P is at least as high as that under

10



P'. Since ranking by this sum is equivalent to upward mobility ordering, we can interpret

the sum i f (f Ip, )as an upward mobility index. Non-decreasingness of f requires that

i-1 I=1
the mobility index does not decrease with an increase in the position of the state expected

in the terminal period. Concavity simply means that the rate of change resulting from the

positional increase is non-decreasing. Therefore, in the aggregation i f (ﬁ: Ip, Jlower
i-1 =1
expected states are getting more weights. (See alsso Dardanoni (1993), where in welfare
aggregation greater weights are attached to individuals starting from lower positions.) .
This is intuitively reasonable. For instance, if a distribution is already at a high level of
welfare given by initial state probabilities concentrated at higher welfare states, the
possibility of upward mobility becomes increasingly difficult. Condition (ii1) demands that
a non-decreasing, S-concave function defined on the vector of expected states does not
have lower value for P than that for P'. Evidently, W can be treated as an upward

mobility index. S-concavity of W also ensures the aggregation involved in W assigns

lower weights to higher expected states.

In view of condition (i) of the theorem it is evident that we can regard an increasing

. 1 & qer o .
transformation of —Zlei, as an upward mobility index. This simple functional form
i-1 /=1

of the average number of states that can be expected to be arrived af the final situation from
the initial situation can also be obtained by setting f (z‘) =t in the average value of additive

k k
form f f (flp” ) The function%Zleﬂ is S-concave as well. It takes on the value
i-1 1=1

i-1 I=1

(k; l)in the case of perfect immobility, that is, nobody moves from respective initial

states( p,, = 1for alli). It achieves its maximum value k when all expected states are &,
k
that is, lei, =k for each / and the minimum value / when all the expected states are 1,

=1

the lowest state.

11



k _k
Since—Zleﬂ is concerned with upward mobility in the since that an increase in the
i-1 I=1

. . . . o
expected state increases its value, the 0- normalized transformation of —Zlei, for
i-1 [=1

perfect immobility, defined by subtracting (k2 1) from — . Zlell , becomes a suitable

i-1 =1

index of upward mobility. Formally, our upward mobility index is defined as

sy, ”) (1)

i-1 I=1

»|~

The index M, (P) is bounded above by(kT_l) , which is achieved when each of the

expected states is k. As stated, it takes on the value 0 if there is perfect immobility.

It becomes worthwhile to make a systematic comparison between the simple index M,

and the well-known Bartholomew index defined as
1 k. k
= ;22'1 ~I|p, 2

This index expresses mobility in terms of average number of states crossed from the initial
periodz to the destination period? +s. Thus, B takes into account the distance travelled
by the movers. The definition of B does not assumes that the transition matrices are
monotone. This non-negative index takes on the value 0 in the case of perfect immobility.
B also satisfies a symmetry property in the sense that an upward movement from state i

to the state/ is treated identically as a downward movement from state /[ to state i.

Since M, i1s an upward mobility index, the comparison becomes valid when B is

concerned with pure upward mobility only. This restriction of B is denoted by B, .Insuch

k
a case p, =0, if i>;  This implies that Z p; =1 for all i . Hence

J=i

12



iill-]lpu ZZ(] Dp; = ZZJPI, Zle,,

i=l j=i i=l j=i i=l j=i i=l j=i
SN - N (TR .
= ZZ]PU ZZZpU = Z:‘Z‘]p” —(TJF) . This shows that
i=l j=i =l j=i i=1l j=i
B, (P)=M,(P). 3)

That is, the new upward mobility index M, coincides with the Bartholomew upward
mobility index for all monotone transition matrices. A major difference between B, and
B is that the symmetry property of the latter is not relevant to B,,.Since the new index is
derived using the ordering presented in Theorem 1, its exact equality with B, provides a
new understanding of the Bartholomew (upward) mobility index. In other words, B, can

be directly related to the ordering stated in the theorem.

It has been stated in the literature that a transition matrix with identical rows, that is, the
probability of moving to any state is independent of the initial state, exhibits perfect
mobility. Perfect mobility has sometimes been taken to indicate maximum mobility (Prais,
1955). Since we are concerned directional mobility, our notion of maximum upward
mobility is where all persons have moved to the highest possible state. Therefore, all the
elements below the diagonal or at the diagonal are zero. Perfect mobility conflicts with the
Shorrocks’ (1978) monotonicity axiom, which says that if an off diagonal element of a
transition matrix increases at the expense of a diagonal element, then the new transition

matrix represents higher mobility.

The above discussion on upward mobility can be easily extended to the case of downward
mobility. Thus, we may say that for any initial state i, if the probability of going to any

state j or lower in the final situation under P, , is at least as high that under P/ ,, we say

that P_, does not have lower downward mobility with respect to initial state ;. This

13



means that starting from any initial state 7, an individual will have a lower chance of going

to any final state j or higher . Formally, the transition matrix P_, represents at least as high

downward mobility as P/, if for all initial state i and final state j, Z Py < Z D -
I=j I=j
Jj-1
Equivalently, 1— Z p,=>1- Z p,,- That is, z Dy = Z p;,- Thus all the above discussion
= = =1 I=1
on upward mobility can be restated in terms of downward mobility by reversing the role of
P and P'. Hence an upward mobility index can be considered as a downward mobility

index by taking a monotone decreasing transform of the former and vice versa. A

downward mobility index is S-convex and non-increasing in its arguments.

We can now define a downward mobility index M ,by subtracting the average value of

+1 . . .
the expected number of states Z lel , from 5 ), the value it achieves when there is
i-1 I=1

no movement from respective initial states. Formally,

M, (P) ﬂ—%Zlei, = —M,(P). (4)

i-1 [=1
L : (k1) (k-1)
The downward mobility index M ,is bounded between — C and o where the

lower bound represents the situation of perfect upward mobility (that is, all expected states
are k) and upper bound is achieved in the scenario of perfect downward mobility, that is,
when each expected state is 1. In the situation of perfect immobility, when nobody moves,

it takes on the value 0.

In order to compare the Bartholomew (downward) index B, with our downward mobility
index, we have to consider the case of pure downward mobility, that is, p, =0, ifi < j
.This implies Z p; =1 for all;. Hence, repeating the steps involved in the derivation of

J=1

the relationship between the Bartholomew upward index and M ,, we have

14
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k k k k kK k k k i ki
DILEVIVIED WA IEDIWIEDIPW IEDFIWIED I I/
i=1 j=1 i=1 j=1 =l j=1 =l j=1 =l j=l =l j=I

1

2 i

k k
Mi+1) ijl_./. =kM,, (P) Hence
=1 j=1

J

BD(P):MD(P), (6))

From (5) it follows that the new downward mobility index coincides with the Bartholomew
downward mobility index. Thus, the downward Bartholomew index is simply the negative

of its upward sister. We note also that the symmetry property of B is not compatible with

B,

In view Theorem 1, we can certainly consider alternative forms of W to generate
corresponding mobility indices. For instance, if W uses a Gini-type aggregation, then its

explicit form becomes
1 k
Wo(P)=—=2 (2(n—i+1)X Ip, . (6)

Assignment of higher weights to lower expected states ensures S-concavity of .. This

(k+1)
2

function also takes on its minimum value in the case of perfect immobility and its

maximum value & if all expected states are k. Following our earlier arguments, we can
- o (k+1) . . .
define the Gini upward mobility index as M, (P): W, (P)_T . Similarly, a Gini

downward mobility index can also be defined. In fact, to every non-decreasing S-concave
function of the type specified in condition (iii ), we can generate corresponding upward and
downward mobility indices. These indices will differ depending on how we aggregate
expected states. Similar remarks applied to the functions specified in condition (ii)of the

theorem. Given that we have been able to relate our simple indices given by (1) and (4) to
the well-known Bartholomew index in our framework, we do not wish to proceed further

along this line.
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In a recent paper, Bossert, Can and D’ Ambrosio (2016) have considered a decomposition
of mobility into upward and downward directional components for a head-count measure
of rank mobility. Being a headcount measure, it however does not give weights to the

extents of changes in the rankings.

3. An empirical illustration

In this section, we show how the Upward Mobility Index can be used by comparing its
order of magnitude between the African American and White population in the United
States.” We calculated the index using data on generational mobility from the Panel Study
of Income Dynamics (PSID) for the United States for individuals born between 1971 and
1986. The PSID is a nationally representative longitudinal household survey that started
in 1968. The PSID surveys households income, employment, expenditure, health,
education and other topics for 5,000 families (about 18,000 individuals). This survey
allows us to track households over time and study the extent of mobility between different

generations.

To analyze the extent of upward mobility for individuals born between 1971 and 1986, we
selected households for which PSID has information both on parents and their children in
2013. This results in a sample of 6,748 individuals. Then we sorted individuals into
quintiles for each year using the household’s reported income per capita. We construct
quintile transition matrices comparing the income quintile of children in 2013with those of
their parents when they were of a similar age.> For example, an individual born in 1980
would be 33 years old in 2013. His/her place in the distribution by quintiles is compared
with the position of his/her parent (i.e., whomever is identified as the head of the

household) when he/she was 33 years old (or thereabouts).

The resulting quintile transition matrix is shown in Table 1. The matrix describes the extent

of mobility from one generation to the next. As can be observed, 40 percent of the children

? The classification is based on self-reported race/ethnicity.
3 Individuals are asked to report the income of the previous year so income levels correspond to 2012.

16



whose parents were on the lowest quintile when they were of the same age as them are still
part of the lowest quintile in 2013 while only 7 percent of individuals whose parents were
in the lowest quintile “migrated” to the top quintile in 2013. Regarding downward mobility
at the other extreme, 51 percent of children whose parents were in the top quintile remained
in the richest quintile; the remaining 49 percent, experienced downward mobility. A society
with absolutely no mobility would have only ones in the main diagonal and zeros in every
other cell in Table 1 and the Upward Mobility Index would equal zero. The Upward
Mobility Index that corresponds to the transition matrix in Table 1 is equal to 0. 1602. To
put this value into context, since our transition matrix has 5 categories, the range for our
proposed mobility index is between -2 (perfect downward mobility) and 2 (perfect upward

mobility).*

Table 1: Parent’s and children’s income quintiles, birth cohort 1971-1986

Children's income quintile in 2013

1 2 3 4 5
1 0.37 0.25 0.16 0.15 0.08
Parent's 2 0.21 0.22 0.23 0.19 0.16
income 3 0.14 0.18 0.21 0.26 0.21
quintile 4 0.07 0.16 0.21 0.25 0.3
5 0.05 0.12 0.17 0.24 0.42

Source: authors calculations using the Panel Study of Income Dynamics (PSID) for the United States
for individuals born between 1971 and 1986

To calculate MU(p) in equation 1 note that

L3k L S Ipy=3.1601743. Hence,

* There were not enough observations to test the robustness of results to increasing the number of
categories to deciles.
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1 k+1
MU(p) = X, Bk Ipy — == 0.16017

Next, we proceeded to calculate the index for African American and White households.
The resulting quintile transition matrices are shown in Tables 2 and 3, respectively. The
Upward Mobility Index was found to be equal to 0.1711 for the White population or almost
6 times higher than the 0.0308 Upward Mobility Index for the African American group. In
fact, the size of the index for the African American population is indicative that movements
in the upward direction are practically compensated by similar movements in the
downward direction. A closer examination to the quintile transition matrices reveals that
children from the White population group were more likely to experience upward mobility
to the highest quintile and less downward mobility than children from the African

American households group

Table 2: Parent’s and children’s income quintiles, birth cohort 1971-1986 for African

American population.

Children's income quintile in 2013

1 2 3 4 5
1 0.30 0.28 0.20 0.16 0.06
Parent's 2 0.22 0.27 0.26 0.11 0.14
income 3 0.22 0.2 0.19 0.22 0.18
quintile 4 0.12 0.14 0.16 0.24 0.34
5 0.11 0.11 0.22 0.22 0.35

Source: authors calculations using the Panel Study of Income Dynamics (PSID) for the United States
for individuals born between 1971 and 1986
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Table 3: Parent’s and children’s income quintiles, birth cohort 1971-1986 white

population.

Children's income quintile in 2013

1 2 3 4 5

1 0.31 0.25 0.17 0.2 0.07

Parent's 2 0.2 0.2 0.22 0.2 0.18
income 3 0.17 0.2 0.21 0.2 0.22
quintile 4 0.09 0.17 0.19 0.24 0.31
5 0.04 0.13 0.2 0.26 0.37

Source: authors calculations using the Panel Study of Income Dynamics (PSID) for the United States
for individuals born between 1971 and 1986

3. A Bayesian Approach and the Prais-Bibby Index

Often the states in a population may follow a particular distribution. In such a case the
underlying mobility will depend on the initial distribution of the states. This section adopts

a Bayesian probabilistic approach to measure mobility in a situation of this type.

Let the state distribution in the initial situation be represented by a random variable X . The

corresponding distribution in the final distribution is denoted by Y. Let p,; stand for the
probability that a person will be in state ; in the final period given that he is in state i in
the initial period by. Let us denote Pr(X = i)by P.o» Where Prdenotes probability. Then

by Bayes’ theorem

p, =Py = jlx =i)= =9, 7

which gives Pr(Y =j,X :i): D;P- Hence
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Y=jX=i)_ PyiPo
Pr(Y = j £ '
( ]) iZ:l:pijpiO

The above probabilities sum up to 1 and hence we have a probability mass function.

Pr(X =Y = j)= Pr( ®)

We can decompose the distribution for each j into three components as (i) probabilities

with i < j: the state ;j is reached from inferior states indicating upward mobility, (ii)
probabilities with ; > j : the state ; is reached from superior states indicating downward
mobility and (ii1) probability with ; = j : p, proportions remains immobile. When these
probabilities are aggregated over statesi that are respectively less than ;j and greater than
j , the corresponding total upward mobility and downward mobility probabilities

-l k
zpijpi() Zp,_,—p,-o

i=1 i=j+l
: and -

Zpijpio Zpijpio
i=1 i=1
PjiPjo

k
Zpijpi()
i=1

become

respectively. When ; = j,the immobility probability is

.when ;= j,

But state j e{l,Z,..,,k} is arbitrary. Therefore, by taking simple averages of these
probabilities across all states j , we get the following Bayesian-type upward mobility,

downward mobility and immobility indices, which we denote respectively M, M ., and

M,,:
j—1 k
1 k Zpl_/p[() k AleijpiO k PP
MBU(P)_zZlZl—’ MBD(P):ZI_]:Jr—’MBI(P):Zkﬂ—j' )
A zpljpzo - Zpl_/plo = zpypzo

For any transition matrix P, the sum of these indices equals 1, that is, M BU(P)+

M BD(P)+ M B](P):l- This total establishes an exact relationship among three

directional components of mobility; upward mobility, downward mobility and immobility.

All these indices depend on the initial distribution of states in a population, values matrix,
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which are used as weights to the transition probabilities. If the initial states are equally

likely so that p; = % s My, M ,,and M ,, reduce respectively to the sum of probabilities

above the diagonal, below the diagonal and along the diagonal respectively. An attractive
feature of the indices presented in (9) is that their definitions do not depend on
monotonicity of transition matrices; they are unambiguously defined for all possible
transition matrices. That is, an advantage of the Bayesian approach is that it does not

require monotonicity of transition matrices for defining indices of directional mobility.

We now wish to relate the indices presented in (9) with the Prais-Bibby index, which is
defined as

traceof thetransition matrix P

(10)

M,, (P)=1
n

This index is bounded between zero and one, where the lower bound is achieved in the case
of perfect immobility and the upper bound is attained when all individuals move from their
respective classes. Higher levels of movements away from the diagonal indicate higher
degree of mobility. Unlike the Bartholomew index, this index ignores the distances
travelled by the individuals. If the initial probabilities are the same, as in the case of

percentile grouping, and if we define mobility as 1-immobility, that is, as 1- (M su Mg ),

then this index coincides with the Prais-Bibby index. This therefore provides an

exemplification of the Prais-Bibby index in the Bayesian framework.
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