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1 Introduction

Most reputation models assume that the full history of past behavior is observable, yet in many real
world settings this glimpse into the past goes only so far. For example, events on credit histories are
deleted after a certain time in many countries, as are infractions on driving records, and workers
typically provide only recent references to prospective employers when applying for jobs. Many
online markets display only recent reviews of sellers, or even if the full list is available, make recent
reviews ones the most prominent (e.g. eBay); it may be safer to assume buyers simply glance at a
few of the latest reviews instead of reading them all. The Court of Justice of the European Union
ruled in Google v. Costeja that individuals have a “right to be forgotten” and may demand search
engines remove links to old information “in light of the time that has elapsed.” What happens when

agents know that today’s behavior will some day be forgotten?
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The first half of this paper introduces general tools to study such environments where players
observe only finitely many recent periods. The primary contribution is a recursive characterization
of the set of equilibrium payoffs for a general class of bounded memory games with incomplete
information, presented in Section 3. This dynamic programming method has two main advantages.
First, it allows analysis of stationary as well as previously unexplored non-stationary equilibria.
Second, it works for a fixed discount factor, and so does not rely on the classic Fudenberg and
Levine (1989, 1992) bounds for very patient players. Section 4 introduces an equilibrium refinement
I call “quasi-Markov perfection” (extending the standard notion of Markov perfection from complete
information games), which rules out some fragile equilibria that are not “purifiable,” meaning they
do not survive the addition of small, independent private shocks to payoffs.

The second half of the paper (Section 5) applies these tools to a product choice game, where a
sequence of customers face a firm who is either a normal strategic type or an “honest” Stackelberg
commitment type. When customers have 1-period memory of the firm’s actions, I obtain a complete
characterization of the exact minimum and maximum purifiable equilibrium payoffs for almost
all discount factors and prior beliefs on the commitment type. For any discount factor above a
fixed threshold, the introduction of a positive prior belief on the commitment type dramatically
expands the equilibrium set; non-stationary equilibria also expand the set of equilibrium payoffs
for a range of priors. I also study the case of long memory. For any discount factor above a
fixed threshold, the Stackelberg payoff is the unique purifiable equilibrium payoff when memory
is sufficiently long. However, the minimum non-stationary equilibrium payoff is strictly less, and
approaches the minmax payoff as the prior belief approaches zero. These results show that both
incomplete information and non-stationary behavior have sharp impact on the set of purifiable
equilibria when the firm is not extremely patient.

The recursive characterization builds on the dynamic programming methods of Abreu, Pearce,
and Stacchetti (1990) (hereafter APS) and Doraszelski and Escobar (2012) (hereafter DE). For
the complete information case, APS characterize the equilibrium set for full memory, while DE
characterize it for bounded memory; in both cases, the recursive structure of these games allows the
set of equilibrium payoffs to be calculated as the largest fixed point of a “generating operator” that
transforms sets of objects containing payoffs, called the largest “self-generating set.” However, the
assumption of complete information can be restrictive, as even a slight relaxation can dramatically
change the equilibria in the product choice game.

I extend these techniques to incomplete information (“reputation”) under bounded memory.
More formally, I characterize the set of weak Perfect Bayesian Equilibrium (wPBE) payoffs of
repeated games under imperfect monitoring where a long-run player, who is one of finitely many
commitment types, faces a sequence of short-run players who observe only the K most recent
periods. This presents two main challenges. The first is that in addition to playing best responses,

players must also form beliefs consistent with Bayes’ rule.! I show how these games also have a

Note that bounded memory with complete information is effectively a restriction on strategies, while bounded
memory with incomplete information is a restriction on learning as well; i.e., for complete information, all bounded
memory equilibria are also full memory equilibria, but not so for incomplete information.



recursive structure, allowing the construction of an analogous generating operator that, roughly
speaking, transforms sets of objects containing both payoffs and probability distributions over
beliefs.? This also yields an algorithm for computing the largest fixed point by repeatedly applying
the generating operator. The second challenge is that the first K periods (where players still see the
full history) are qualitatively different from later periods, and so the largest self-generating set does
not directly give the equilibrium payoffs. Instead, the full game’s equilibrium payoffs are found by
solving for certain equilibria of a set of finitely repeated K-period games, with payoffs augmented
according to this fixed point.

This framework is necessary for studying non-stationary equilibria, where strategies may depend
on the calendar date. Previous papers studying bounded memory reputation assume stationary
strategies, which requires hiding the date from short-run players.® Although this makes the analysis
much simpler, there are a variety of real-world applications where short-run players know the time:
creditors know the age of borrowers even when credit histories are bounded, auto insurers know the
age of drivers, and buyers can observe the age of a seller’s account on eBay. The framework enables
us to explore the impact of assuming stationarity. Stationary equilibria have a particularly simple
interpretation in this context as “self-generating points” rather than “self-generating sets;” that is,
instead of the more complicated task of finding the largest set of many points that generates itself,
computing stationary equilibria means searching for individual points which generate themselves.

To simplify application of the recursive framework, I focus attention on equilibria that are
purifiable in the sense of Harsanyi (1973), meaning they survive the addition of small, independent
(across actions and time) private shocks to the payoffs. For this purpose I define a refinement called
quasi-Markov perfection. For complete information dynamic games, attention is often restricted to
Markov perfect equilibria, where strategies condition only on the payoff relevant “Markov state”
instead of payoff-irrelevant history. Quasi-Markov perfection naturally extends this notion to the
incomplete information environment,* and particularly simplifies games with one commitment type
and perfect monitoring of the long-run player’s actions. I show that all purifiable equilibria in this
class of games (in particular, with sequential-moves) are quasi-Markov, i.e. even very tiny private
payoff information destroys all non-quasi-Markov equilibria. This result is an extension of Bhaskar,
Mailath, and Morris (2013) (hereafter BMM), who show that Markov perfection is a necessary
condition for purifiability in a general class of complete information, sequential-move games with
bounded memory. As BMM argue, purifiability can be motivated by the notion that games are
only approximations of reality and so real payoffs are generally not exactly those in the model.

In applying these methods to the repeated sequential-move product choice game, I first consider
the case of 1-period memory, which is appealing because it is both the most restrictive possible

limit on memory and yields a simple state space in which to apply the recursive algorithm, making

2Unlike the full memory case, beliefs themselves are not sufficient.

3This is because although the strategies are time-independent, beliefs and therefore best responses may not be.

41 use the term “quasi-Markov” instead of “Markov” to distinguish it from the use of beliefs as Markov states, as
is often done in the literature (see Section 18.4.2 of Mailath and Samuelson (2006) for an example). Using beliefs as
states is too coarse for the results presented here, as discussed in Section 4.



it possible to solve for the exact minimum and maximum purifiable equilibrium payoffs for almost
all discount factors and prior beliefs on the honest type.

What is new about these results relative to the literature? The complete information case is
well-understood: under full memory cooperation is simple to achieve,” yet BMM show that any
bound K on memory (no matter how long) is disastrous: all cooperative equilibria are fragile
(non-purifiable), leaving the low one-shot equilibrium payoff as the unique purifiable equilibrium
payoff.

The analysis of 1-period memory with incomplete information yields several insights. First, an
arbitrarily small but positive prior belief on the honest type resurrects non-fragile cooperation even
with the shortest possible memory, allowing a purifiable equilibrium with the Stackelberg payoff.
Second, allowing non-stationary behavior expands the set of equilibrium payoffs: for a range of
priors, the extreme equilibrium payoffs are given by purifiable equilibria where players and beliefs
condition on the time in periodic cycles. Third, this technique obtains the actual minimum and
maximum payoffs rather than lower and upper bounds because it relies on the convergence of the
recursive algorithm instead of the traditional argument bounding the payoff of repeatedly playing
the commitment action (which may not be an equilibrium strategy).

There are similarities in the results for long-memory (the limit as K — oo). Reputation has a
particularly sharp effect for stationary equilibria: the firm receives ezactly the Stackelberg payoff
for discount factors above a threshold independent of the prior belief in all purifiable stationary
equilibria. This is found under the stationary behavior assumption by solving for the unique self-
generating point. Instead, I show how to adapt the recursive machinery to inductively construct
self-generating sets in nearby perturbed games to prove the existence of a purifiable equilibrium
whose payoff is arbitrarily close to the minimum equilibrium payoff as the memory grows large. The
result shows that the stationary assumption is restrictive: the minimum non-stationary purifiable
equilibrium is strictly less than the Stackelberg payoff, approaching the one-shot payoff as the prior
approaches zero (and then K is made sufficiently large).

For long memory, the arguments from Fudenberg and Levine (1989) give a bound showing that
a patient firm receives close to the Stackelberg payoff, by making memory long and then making the
firm very patient (i.e., “lims_,; limg_,~”). Under stationarity, the Stackelberg payoff is the unique
purifiable equilibrium payoff, meaning the Fudenberg and Levine is very slack for a fixed discount
factor as the prior approaches zero. By contrast, the bound has much less slack with non-stationary
equilibria, as I find that the actual minimum payoff approaches the minmax.

This work relates to a variety of other papers on repeated games and reputation. Besides DE,
a number of other papers have extended APS to a variety of settings, e.g. see Atkeson (1991);
Phelan and Stacchetti (2001); and Ely, Horner, and Olszewski (2005). Doraszelski and Escobar
(2010) show that stationary Markov perfect equilibria of almost all complete information dynamic
stochastic games are purifiable. Other work on bounded memory and complete information under

perfect monitoring includes Barlo, Carmona, and Sabourian (2009), who prove a folk theorem for 1-

This is done with grim trigger strategies using arguments from Fudenberg, Kreps, and Maskin (1990).



period memory with rich action sets, and Mailath and Olszewski (2011), who prove a folk theorem
for bounded memory strategies. Monte (2013) uses the term “bounded memory” in a different
sense, but also shows how limits on learning can lead to qualitatively different equilibria.® Ekmekci
(2011) shows how restricting learning through a finite rating system can change behavior to avoid
the “temporary reputation” result of Cripps, Mailath, and Samuelson (2004). Under full-memory,
Faingold and Sannikov (2011) study continuous time reputation games where a large player faces
a population of small players, characterizing equilibria for fixed discount factors.

A number of papers study bounded memory with incomplete information focusing on stationary
equilibria (and so calendar dates are unobserved). The product choice game application of Section
5 is related to that of Liu (2011) and is closest to Liu and Skrzypacz (2014). Liu (2011) studies
behavior in a model where monitoring of past firm actions is endogenous as a costly action available
to consumers (instead of a fixed bound), yielding “random auditing” and reputation cycles. Liu
and Skrzypacz (2014) have similarly bounded memory with a continuous stage game, finding that
all stationary equilibria have interesting dynamics where consumers “ride reputation bubbles” by
helping a firm that they know is not honest build reputation to exploit future consumers, and also
give a time-independent, patience-based bound on payoffs which has bite for the “limg_,1 limg 50"
limit discussed above. Sperisen (2015) studies bounded memory in the context of Ely and Véliméki’s

(2003) mechanic game where reputation is bad.

2 Model

I consider a two player sequential-move stage game G, with the infinite repetition of G denoted G*°,
starting at period 0. G is referred to as the full game. In keeping with (perhaps here counter-
intuitive) convention, player 1 is a long-run player (who moves second) and player 2 is a short-run
player (who moves first), choosing an action from finite action space As. Player 1 observes player
2’s action as € As and then player 1 chooses action aj from finite action space A;. A public signal
y from finite set Y is drawn from probability distribution p(y|ae, aq).

The space of action profiles is A = Ao x A; with typical action profile a. For any finite set X,
let AX be the set of probability distributions over X. Denote a mixed action profile as o € AA.

Player 1 observes the full history of actions and signals (formalized in the next paragraph).
Player 2 observes the K most recent public signals but no other information about past play.
Player i receives ex-post payoff u;(a, y), with ex-ante payoffs given by u;(a) = >_, ¢y v (a,y)p(yla).
I abuse notation by letting u;(a) denote the ex ante payoff of mixed action profile & € AA. Figure
1 depicts a simple example stage game.

The set of full histories at period t is H" = (4 x Y)*; let H = [ J, H'. The focus will primarily
not be on full histories (as discussed below), so I do not use the term “history” to refer to these.
The set of full semipublic histories at some period t is H! = Y with typical element h® (superscript

t is used to make clear the length of such a history), with the set of all full semipublic histories

5Monte models “bounded memory” for a long-run player as a finite set of memory states, where a player’s strategy
is to choose an action for each state and transition rules between the states.



Figure 1: An example stage game with two player 2 actions Ay = {b1, b2}, two player 1 actions
A1 = {c1, 2}, and two signals Y = {y1,y2}. The dotted box is used for reference in Figure 3,
enclosing the part of the game where players move rather than nature.

H = ;2o H'. These are called “semipublic” because each element of the history was public at some
point in the past. Denote the concatenation of full semipublic history h* and some signal y as h'y.

Both players observe the date, thereby allowing non-stationary behavior.” Player 2 observes
only the last K periods, which I call the public history. For period t, the set of public histories is
ymin{t.K} - Since short-run players are in information sets containing a public history and the date,
such pairs are called date-histories. Let H* = {t} x Y™™&K} be the set of all date-histories at
period ¢, and let H = [ J;2, H" denote the set of all date-histories. The focus is primarily on public
histories instead of full histories, so I often refer to a public history simply as a “history.”

To reflect the fact that the elements of the public history h have happened in the past, I index
its elements with negative indices: h = (h_g,h_K+1,...,h—1). For periods ¢t > K, at the end
of each period the oldest element h_g is deleted, every subsequent element is “pushed back” one
space, and the newly generated signal y from the current period’s play is appended. I denote this
as hy = (h—k+1,...,h—1,y) and say y is pushed on h.

The long-run player is one of the types in the set © = {6y} U ©, where 6, is the “normal type”
with payoffs uj(a,y) given above, and O is a finite set of “commitment types,” where each 6ecd
is committed to playing a (possibly mixed) action &y € AA; every period. Each player 2 has
prior belief 19(8) € [0, 1] for each type 6 € O, and updates those beliefs based on the date-history
according to Bayes’ rule on the equilibrium path.

A strategy for player 2 at period ¢ is a mapping of : H® — AAy; that is, it depends only on the
date and public history, which I call a public strategy. For convenience, denote the vector (03,03, ...)
of all player 2 strategies as o2 : H — AAjy, so that oy(t,h) = ob(h). In general, a strategy for
player 1 is a mapping

0o
o110 x (UHt> x Ay — AA;.
t=0
I denote the value of a strategy profile o = (01, 02) to player 1 as V (o), while V,(t,h) denotes the

value (to player 1) of o at some date-history (¢,h) (I sometimes omit the subscript ¢ when the

"I discuss stationary equilibria when the date is hidden in an alternative specification in Section 3.4, where player
2 instead has the improper uniform prior on the date when she enters.



context is clear). Player 2 has beliefs p* : H — AO where p*(0|t, h) is the belief on type 6 € © at
date-history (¢t,h) € H.

Definition 2.1. (o*,u*) is a weak Perfect Bayesian Equilibrium (wPBE) if ¢* are mutual best
responses with beliefs p*, and p* is consistent with Bayes’ rule on the equilibrium path. o* is

stationary if strategies at periods t > K are independent of the calendar date.

Because of the focus on payoffs I can and will restrict attention to only public strategies o :
O x H x Ay — AA; for player 1 as well. Denote the set of strategy profiles as 33, the set of wPBE
strategy profiles as ¥*, the set of public strategy profiles as 3, and the set of wPBE public strategy
profiles as ©*. Assuming public strategy profiles is not restrictive with respect to payoffs because
for any wPBE with strategy profile & € ¥*, there exists public wPBE strategy profile 6 € $* such

that V(o) = V(5).® For brevity, I define the constant ¢* = 7 f;o frequently used in the proofs.

3 Recursive Characterization of Equilibrium Payoffs

While the recursive character of repeated games with full memory and complete information used
by APS is more clear, this section shows that bounded memory games with reputation have a more
subtle recursive structure that can be similarly exploited. The framework is best understood by
drawing analogies between its definitions and those of APS. I start by stating the APS approach
with deliberately vague language (with more concrete descriptions in parentheses) to hint at the

intuition of my approach.
1. Let summary statistics of hypothetical future equilibrium play (continuation payoffs) be given.
2. Enforcement: Given the hypothetical futures, what current play (action profiles) is possible?

3. Decomposition: Combine the possible current play and hypothetical futures into a new set of
hypothetical summary statistics of equilibrium play (average the payoffs of the current action

profile and the hypothetical continuation payoffs to get a new set of payoffs).

If the output of step 3 yields the hypothetical input in step 1, called a “self-generating set,” APS
show that input describes actual (non-hypothetical) equilibria.

Consider the example model depicted in Figure 1 satisfying the specification in Section 2,
omitting reputation — i.e., 8y is known — until Section 3.1. The left-hand side of Figure 2 illustrates
the recursive structure of the game under full memory. The subtrees in each gray bracket are
strategically equivalent, due simply to the fact that the continuation subgame is the same as the
full game. Suppose two payoffs v1, v are known to be in the equilibrium payoff set &. It is possible

to construct an equilibrium o so that V,(y1) = v1, V,(y2) = v are the continuation payoffs at the

8Since player 2’s strategy is necessarily public, this follows from a standard argument that if player 2’s strategy
is public, player 1 has a best response which is also public and yields the same expected payoffs to player 2 for each
action. Thus, any equilibrium where player 1’s strategy conditions on history not observed by player 2, there exists
a public equilibrium with the same payoff.
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period 1 histories y; and y2, and then finding an action profile a to play in period 0 that is incentive
compatible with (enforced by) Vi, (y1), Vy(y2). The average of the payoff of @ and the continuation
payoffs v, vo then gives a new equilibrium payoff, V(o).

Bounded memory breaks this strategic equivalence of the full game to the subtree at each
full history. The right hand side of Figure 2, depicting 1-period memory, shows how drawing a
gray bracket around a subtree starting at a specific full history is no longer possible. In period
1, the path of possible future play starting from history y; is interwoven with that starting from
history y2, so constructing equilibria by arbitrarily assigning equilibrium payoffs at each history is
no longer possible; even if vy, vy are both equilibrium payoffs, this does not mean an equilibrium
o’ exists with these continuation payoffs in the same period, i.e. V,/(y1) = v1, V,/(y2) = va. Thus,
individual payoffs are not sufficient summary statistics of future play to determine enforceable
current behavior. For bounded memory strategies, DE give the insight that payoff functions,
mapping from public histories to payoffs, are sufficient summaries of future play to determine what
current play is enforceable,” which can then decompose new payoff functions. To get an intuition for
this, note that we can draw gray brackets in a recursive way that intersects the tree at each public
history on the right side of Figure 2. A self-generating set of payoff functions therefore describes

actual bounded memory equilibria.

3.1 Recursive Structure

When incomplete information is introduced, bounded memory is no longer simply a restriction of
the strategy set. Since the bounded memory affects learning, the game is actually different and the
equilibrium set is not simply a subset of the full memory equilibrium payoffs. A primary challenge
is to effectively summarize future play in a way that allows consistent updating of beliefs. In
particular, unlike full memory, the period ¢ 4+ 1 short-run player cannot simply update by using
period t’s posterior because it is forgotten: the period t player saw the outcome of period t — K,
which is erased upon reaching period ¢ + 1.

The central insight used by this paper’s framework is that with bounded memory and incomplete
information, continuation play is almost strategically equivalent to the full repeated game. In fact,
it is equivalent to a slightly modified version of the full game where period 0 is endowed with an
exogenous, fictitious initial history of length K, randomly drawn from a distribution dependent on
the long-run player type.

Construct a modified version of the full game, which I call a variant game, where nature ran-
domly picks a fictitious initial history of length K before play begins, but is thereafter identical
to the full game (starting at period K). With complete information, this initial history is payoff
irrelevant but players may condition on it. Let some equilibrium ¢* of the full game be given, and

construct a payoff function v : Y& — R where it gives the continuation payoff for each history h at

9DE treat the period 0 empty history as another state to which payoff functions must assign a payoff. In this paper
I treat “initial histories” (just period 0 in the 1-period memory case) separately because with reputation, learning is
different once memory becomes bounded after the initial histories.



some period t > K, i.e. y(h) = V,«(t,h). We can then construct a strategy profile & for the variant
game which is identical to o* starting at period ¢, i.e. |y ) = 0|44 n). Because the variant
game after nature’s initial choice is strategically equivalent to the full game upon arriving at some
history in period ¢, & is an equilibrium of the variant game with payoffs V5(0,h) = ~(h) for each
history h. Under complete information, the equilibrium distribution of play at period ¢ in the full
game is payoff irrelevant, as is the probability distribution from which nature chooses the fictitious
history in the variant game. But when the long-run player’s type is unknown, these probabilities
are critical because they convey information about the long-run player.

Suppose that the variant game is defined so that nature picks the initial history according the
equilibrium distribution of play at some period ¢ > K in some equilibrium ¢* of the full game. More
formally, let ppo = Py«((t,ht) = (t,h°)|6) denote the probability that the period ¢ public history
is h0 under strategy profile o*, conditional on player 1 type 6. In the variant game, nature picks
initial history h° conditional on type § with probability pso. Then the equilibrium distribution of
subsequent play in ¢ will be identical to that of o*, shifted ¢ periods earlier. This means that beliefs
consistent with & are also consistent with o* (again, shifted by ¢ periods). Thus, an equilibrium of
the full game starting at period ¢ specifies an equilibrium of a variant game, and an equilibrium of a
variant game specifies possible period ¢ continuation play in an equilibrium of the full game, whose
probability distribution over public histories at period ¢ matches the initial history distribution of

the variant game.

3.2 Preliminaries and Variant Games

This section constructs objects that are hypothetical summary statistics of an equilibrium — specif-
ically hypothetical probability distributions over public histories, hypothetical beliefs on public
histories, and hypothetical continuation payoff functions. I begin by introducing these three main

hypothetical “primitives,” which are subsequently combined.

Definition 3.1. A history distribution (HD) ¢ : © — AY X is a function mapping a type 6 to a
conditional probability distribution ¢(-|§) € AY X over public histories, giving a probability ¢(h|6)
for observing history h conditional on type 6 € ©, such that ), y-x ¢(h|0) = 1. The support of ¢
is suppg = {h € Y&|30 € ©,¢(h,0) > 0}. The set of all HDs is ®.

Let some history distribution ¢ be given. In a hypothetical equilibrium whose probability
distribution over public histories at period ¢ matches ¢, for any h on the equilibrium path (i.e.
h € supp¢) the belief of player 2 that the type is # upon observing history h is given by Bayes’
rule, updating from the prior x°. For off-equilibrium histories, beliefs must be defined but are not
restricted, so I construct an object to store hypothetical beliefs that are consistent with ¢ on its

support. Note that when ¢ has full support (suppg = YK), this is redundant.

Definition 3.2. Let any history distribution ¢ € ® be given. A function p : © x Y& — [0,1]

is a belief mapping (BM) that is consistent with ¢ if for each h € supp¢, p satisfies p(0|h) =
10(0)¢(hl0) : : : :
S0 KO (O)S(RIB) for all 6 € ©. Denote the set of all belief mappings consistent with ¢ as M.

10



Note that I do not construct hypothetical beliefs for the full history (unknown to short-run
players) because such beliefs are payoff irrelevant: the long-run player (who knows the full history)

does not condition on it. Finally, I introduce the third hypothetical “primitive.”

Definition 3.3. A payoff function (PF) is a function v : Y® — R that maps from a public history
to a payoff. The set of all PFs is denoted T'.

Since all three pieces of hypothetical “continuation information” are needed to know what kind
of current period behavior can be “enforced,” I combine the three primitives into the following

composite objects.

Definition 3.4. A history distribution and belief mapping (HB) is a pair (¢, u) where ¢ € ® and
i € My. Denote the set of all HBs as M = {(¢,p) : ¢ € O, pp € My},

Definition 3.5. A history distribution, belief mapping and payoff function object (HBP) is a triplet
(¢, p,y) containing the HB (¢, 1) € M and a payoff function v € I'. The set of all HBPs is denoted
W.

An HBP is the analogue of a payoff vector in APS and the analogue of a payoff function in DE
(indeed, with only one long-run player type the HB part becomes irrelevant, effectively simplifying
to a payoff function). In APS language, characterizing the “largest self-generating set” of HBPs
(defined formally in Section 3.3) is the central aim.

For each HB (¢, p1), I construct a modified version of the full game where an exogenous, fictitious

history is drawn according to ¢.
Definition 3.6. Let any HB (¢, u) € M be given. Define the (¢, u)-variant game G, as follows.

1. Starting in period 0, a different short-run player 2 enters each period and plays the stage
game G with long-run player 1 (as in G™).

2. Just before period 0, nature exogenously sets the public history to some initial history h® €
YK with probability ¢(h°|0) conditional on player 1’s type # € ©. The first short-run player
(in period 0) observes h°, and the period 0 signal ° is pushed on h°, yielding public history
RO for the period 1 player, and so on (just as in the full game G at period K and later).

3. For any wPBE (0*,u*) of the variant game Gfd’)o“, strategies and beliefs are required to

be defined at all initial histories, even those chosen with probability 0 by nature, so that
w*(01h°) = u(0|n°) for all B € YK,

The third condition is a bit unusual because it is nature’s choice, not player behavior, that keeps
a history h ¢ supp¢ off the equilibrium path, yet I still require strategies and beliefs to be defined
there.

This strategic equivalence is between an equilibrium of full game and one of the variant game is

illustrated in Figure 3. Focus first on the left half of the figure. Let some wPBE (o*, u*) be given
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for the full game G*°. At the labels A1, A2, B1, and B2, I list the probability P,«(h|f) of reaching
the corresponding public history h conditional on type 6 under strategy profile o*, along with the
belief 1*(0|h) on the type € upon reaching public history h.

Turn now to the right half of the figure. Define HB (¢!, ') € M so that ¢'(h'|0) = P, (h'|0)
and pt(0|ht) = p*(h|) for each h! € Y and 6 € ©. Similarly define HB (¢2, %) € M so that
#*(h?|0) = Py+(h?|0) and p?(0|h?) = p*(h?|0) for each h? € Y and 0 € ©. Note that o*|,, (i.e. o*
starting at the Al node in the full game) defines a wPBE for the variant game GZ‘{ Ll starting at
the Al node. Conversely, given any wPBE (7, 1) of the variant game G211, it can be “plugged
into” o* starting at period 1 — replacing the strategies and beliefs at periods 1 and later — and
the newly merged strategy profile will constitute another wPBE of the full game.'?

I now construct the primary set of interest D C W, which is shown in the next section to be
the “largest self-generating set” in the next section. In APS terms, it is the analogue to the set
& of equilibrium payoffs; in DE terms, it is the analogue to the set E of equilibrium continuation
payoff functions. Let Xy , denote the set of strategy profiles for variant game G;f’u, and denote
¥y, as the set of wPBE strategy profiles fore G3°, (not the full game). Let Vz(h) denote the
value of strategy profile ¢ € ¥4, to player 1, conditional on the realization of h0 as the initial
history. For each & € X ,, define payoff function ’yg# :YX - R so that *yg’u(h) = Vz(h). Define
Ly, = {Vg# 10 € Xy u} as the set of payoff functions for wPBEs of the (¢, p)-variant games.

Definition 3.7. For each HB (¢,u) € M, define Dy, = {(d)’“”VZW) EW:0 € X} VY €
YK,'yg?#(y) = V5(y)} as the set of all HBPs containing HB (¢, 1) and the payoff function 'yg’#,
where for each h € Y&, the value ’yf; u(h) gives player 1’s payoff for a wPBE of the (¢, u)-variant
game, conditional on initial history realization h. Define D = U( $)EM Dy, as the set of all such

HBPs for all the variant games.

It is worth pausing to clarify the purpose and meaning of the above constructions. An HBP
(b, 1, y) is a hypothetical description of the properties of an equilibrium of the full game G*° at some
period ¢t > K this is similar to how, in APS, a payoff vector v € R? is a hypothetical description of
an equilibrium at some history in a complete information repeated game with full memory. Those
hypothetical properties are the probability distribution over the public histories conditional on type,
the beliefs at each public history, and the payoffs of the long-run player starting at each of those

histories.

10T his is more precisely stated as follows. Define “merged” wPBE (7, ) so that:
1. At period 0, take the strategies from the original full game strategy profile: (@) = o*(9).

2. Period 1 beliefs are taken from the original full game beliefs (which are the same as those specified for the
variant game): fi(h'|0) = p*(h'|0) = u'(h°]0).

3. For periods 1, 2, ..., the strategies are taken from the variant game strategy profile, shifted 1 period back:
F'(h) =&' (") forallt > 1,h €Y.

4. For periods 2, 3, ..., the beliefs are taken from the variant game beliefs, shifted 1 period back: a(0|(t,h)) =
a0t —1,h)) forallt > 2, h €Y.

It is straightforward to see that i must be consistent with &, and that &1, 82 are mutual best responses.
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Given an HB (¢, u), the (¢, p)-variant game is an actual game, but it is useful because of its
strategic equivalence to continuation play at some period ¢t > K of a hypothetical equilibrium of
the full game, whose equilibrium distribution of play and beliefs at ¢ “match” the hypothetical
description given by (¢, ). The set Dy, is the set of all HBPs containing HB (¢, ;) and an
equilibrium payoff function for the (¢, u)-variant game, meaning a function mapping initial histories
to the payoffs conditional on that initial history being realized; this can alternately be stated as
Dy ={(¢,n)} x 'y ,. Finally, D is the union over all these HBPs.

Any element (¢, u,7y) € D tells us that in the (¢, u)-variant game, there exists an equilibrium
where player 1 receives payoff «(h) if initial history h is realized. It also tells us that if there exists
an equilibrium of the full game whose equilibrium distribution and beliefs over the histories at some
period ¢ match (¢, 1), then there also exists an equilibrium that matches (¢, ) and has payoff (k)

upon arriving at history h in that period.

3.3 Self-Generation

This section defines the notions of enforceability, decomposition and self-generation, followed by
the main results for Section 3. Before proceeding, one more hypothetical primitive must be defined.
For full memory, APS use action profiles as a description of “current play,” but this is insufficient for
my purpose: | cannot pick just any action profile for each full history, since players only condition
on the most recent K periods. This is similar to the reason we must use payoff functions rather
than payoffs themselves. For complete information, DE use functions mapping from the public
history to an action profile. I abuse notation by reusing «, using context to indicate whether it is

a mixed action profile versus an “action profile mapping.”

Definition 3.8. An action profile mapping (AM) o : YE x© — A Ay x (AA1)4? is a mapping from
a public history h and type € to mixed actions for each player a(:|h,0) = (az2(:|h), a1(:|hag, d)),
where a(alh, 0) denotes the probability of pure action profile a being played given h and 6. This is
often written as a(h, ) for brevity. For each 6 € O, o (hag,0) = dy for all hay € YK x Ay. The
set of all AMs is denoted A.

With full memory, the APS notion of “enforceability” captures the requirement that hypotheti-
cal current behavior (an action profile) is consistent with hypothetical future behavior (continuation
payoffs). With complete information, the only consistency needed is incentive compatibility. Repu-
tation adds the additional issue that current behavior determines future beliefs (and therefore future
payoffs), and so requires an additional consistency requirement besides incentive compatibility.

I call this requirement “inducibility.” Call the current period “today” and the next “tomorrow.”
Let some HBP ((]3, fi,7) be given, serving as a description of hypothetical future behavior starting
tomorrow, including the hypothetical tomorrow’s distributions over histories and beliefs (gg, ). To-
day’s hypothetically consistent play must not only be enforced by the payoffs starting tomorrow;
it must also yield a distribution of histories that matches what tomorrow’s players expect (i.e.

¢). However, today’s play, described by an action profile mapping «, is not sufficient to give this
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consistency since players condition on the public history observed today, which is itself random
(generated by yesterday’s players). Let the HB (¢, 1) describe the probability distribution for the
history observed today (i.e. the probability distribution of yesterday’s play) and today’s beliefs.
Together, (¢, ) and « specify the (unique) probability distribution of the histories observed to-
morrow. Thus, it will be useful to combine HBs and AMs in a composite object I call an “HBA,”

analogous to the an action profile in APS.

Definition 3.9. A history distribution, belief mapping, and action profile mapping object (HBA)
(¢, p, ) is a triplet containing an HB (¢, 1) combined with an AM «. The set of all HBAs is
denoted X = M x A.

Define 7(h') = {h € YX : Vk € {K,...,2},h_g41 = I’} as the set of public histories that can
“be followed by h’,” i.e. the K — 1 oldest elements of h’ are the same as the K — 1 most recent

elements of h.

Definition 3.10. The set of new HBs that are inducible by the HBA z = (¢, u, ) is denoted by
the correspondence Y : X = M. Y(z) is the set of HBs (¢, i) such that for each 6 € ©,

S(h'yl0) = > > > é(hld)az(as|h)ar(ar|has,0)p(ylaz,a1) (1)

her(h) az€Az yeY
and i€ M 3 (i.e. @ is pinned down by Bayes’ rule on the support of qz~5)

This completes the definition of hypothetical description of current play, the HBA (analogous
to an action profile in APS), and Section 3.2 constructed the hypothetical description of future
play, the HBP (analogous to a continuation payoff vector in APS). It is now possible to define
the incomplete information notion of enforceability, which requires that current and future play be
consistent in terms of incentives (as in APS and DE) as well as in terms of beliefs (captured by

inducibility).

Definition 3.11. For any W C W, an HBA x = (¢, u, ) € X is enforceable on W if there exists
HBP & = (¢, ji,5) € W such that

1. Inducibility: the distribution over histories and beliefs must be consistent: (¢, i) € Y(z)
(see Definition 3.10).

2. Short-run player incentive compatibility: player 2 has no profitable deviations:

>N up(an(hag, 0), az)az(az|h)u(0]h) = " us(en (hdh, ), as)u(0|h) (2)

0€® asc Ay 6cO
for all af, € As.

3. Long-run player incentive compatibility: player 1 has no profitable deviations: for all
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heYE ay€ Ay, a) € Ay,

Vao (z, w)(h) = (1= 9d)ui(az, ai(haz, b)) + 0 Z Z a1 (a1]haz, 0o)p(ylar, a2)7(hy) (3)
a1€EAyeY

> (1—d)ui(ay,az) + 6 plylaz, ar)7(hy) (4)
yey

where Vg, (z,w) € I is a payoff function.
The HBP @ enforces the HBA z.

The function Vg, (x,w)(h) defined in (3) gives the discounted average player 1 payoff upon
arriving at public history h, conditional on player 2 action ay. Define V(z,w) € T to give the actual
expected player 1 payoff upon arriving at h by averaging over player 2’s strategy: V(z,w)(h) =
Daze, @2(a2|h)Va, (z, @) (h).

Note. It will also be convenient to use the abuse of notation V(vy,v3) = (1 — §)v; + dve where

v1,v2 € R. For brevity I also use V7 (v1,v2) = (1 — 67)vy + §ws.

I now define corresponding notion of “decomposability.” Roughly speaking, an HBP w =
(¢, i, y) is decomposed or “generated” by another HBP @ = ((;3, f, ) if there exists an HBA (¢, u, @)

enforced by W, so that the payoffs of those in « and 4 “average” out to those in ~.

Definition 3.12. An HBP w = (¢, u,y) € W is decomposable on W C W if there exists action
profile mapping a € A such that

1. 2 = (¢, p, @) is enforced by some @ = (¢, i,5) € W, and
2. for all h € YK ~(h) = V(x,w)(h).
The HBP w is decomposed (or “generated”) by the pair (x,w) (on W).
The following is my version of the APS set operator and “self-generation.”

Definition 3.13. For any W C W, define
BW) ={(¢,p,y) € W:~v=V(z,0) for some z € X enforced by some w € W}.

Definition 3.14. A set of HBPs W C W is self-generating if W C B(W).

It is now possible to state the self-generation and factorization results, showing that D is the
largest self-generating set. Recall from Section 3.2 that the set D is, roughly speaking, the set
of all HBPs (¢, u,y) such that for the (¢, u)-variant game (szu), ~(h) gives the player 1 payoffs
in some equilibrium of G3°, when the (fictitious) initial history h is realized. These HBPs are of
interest because they describe equilibrium payoffs for the full game G starting at period K (when
the public history gets “full”), conditional on the existence of a hypothetical equilibrium whose

distribution over histories at period K matches the distribution specified by ¢.
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Proposition 3.1. The following hold:
1. Self-generation: Suppose that a bounded set W C W is self-generating. Then W C D.
2. Factorization: D = B(D).

Proofs for this and all other results are in the Appendix.

Before presenting the algorithm, I define its initial starting point, the feasible set of HBPs. Let
Z1 C R be the set of feasible payoffs for player 1, and let FT = {(¢, u,7) € W :Vh € YE ~(h) €
ZT1} denote the set of feasible HBPs (the set of all HBs paired with all payoff functions with
feasible values). Repeatedly applying the B(-) operator to this set converges to D. This algorithm

is effectively carried out by hand for the 1-period memory product choice game in Section 5.1.
Proposition 3.2. For each m € N, B"H(F1) c B™(FT) and D = (oo_, B™(FT).

The difficult part of the analysis is behind us, and can now turn to the ultimate objective of
calculating the set £ of wPBE payoffs of the full game. Given D, finding £ boils down to solving the
equilibrium payoffs of a (full-memory) finitely repeated game with periods 0, ..., K — 1, with payoffs
augmented at the end of period K — 1 by the discounted continuation payoffs in + for some HBP
(¢, u,y) € D, with the additional requirement that equilibrium behavior match ¢ so that beliefs
are consistent. I call such a finitely repeated game an “antegame” since it represents the first K

periods of play in the full game.

Definition 3.15. Let any payoff function « be given. The v-antegame is defined as follows. Player
1I’s type 6 is drawn with probability 1u°(#), and the stage game G is repeated K times (with first
period 0), with all players observing the full history. Let h = (hg, ..., hxg_1) € Y denote the public
history at the end of this game. Each short-run player 2 in period t receives their (ex-post) stage
payoff u}(a’,y) where a’,y' are the action profile played and signal generated at period ¢, while

player 1 receives payoff
K—

(1=06) ) s'ui(al,y") + 6% y(h).
t=0

[y

Let X7 denote that set of wPBE strategy profiles for the y-antegame.

As above, let V(5) denote the value of & € X7 to player 1. Let P5(h|0) be the probability of
“final history” h € Y¥ given & € ¥ and type 6 € ©. For each w = (¢, p,7y), define

Eppmy) ={V(6) 16 € 52:Vh € YN P5(h|0) = ¢(h]0)} (5)

as the set of payoffs of equilibria of the y-antegame whose conditional probability distribution of

final histories matches ¢. The following operator summarizes this process.

Definition 3.16. Let a set of HBPs W € W be given. Define V(W) ={ve &, :we W} CR.
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Again, applying the V operator to a set of HBPs means solving the relatively simple task of
finding the wPBE payoffs of finitely K-repeated games with full memory. Finally, applying the V
operator to D yields the equilibrium payoffs of the full game.

Proposition 3.3. For any set of HBPs W C D, V(W) C €. Furthermore, V(D) = £.

The full procedure of solving for the equilibrium payoffs can be summarized as follows. First,
repeatedly apply the B(-) operator to the set F' of feasible HBPs, yielding the set D (as in Propo-
sition 3.2). Second, apply the V(-) operator to D, yielding the set £ of equilibrium payoffs (as in
Proposition 3.3).

3.4 Stationary Equilibria

Previous analysis of bounded memory reputation environments has generally restricted attention
to equilibria with strategies that are stationary, i.e. not conditioning on the calendar date (for
periods ¢ > K). If short-run players observe the calendar date, there may not be a wPBE with
such strategies since beliefs, and therefore incentives, may depend on the calendar date. Let two
public histories ' € H!,ht € H' for t,t' > K which are identical except for the period (¢ # t),
ie. for every k € {K,..,1}, h' | = iL’ik, denote this equivalence ht = h'. There is no guarantee
that short-run player best response in period ¢ at public history A’ is a best response in a different
period ¢ with ht" = h! since beliefs and thus expected payoffs may differ. This is not a problem if
the equilibrium distribution of histories at each period is identical for all periods ¢t > K, but such

an assumption may be quite restrictive.

Definition 3.17. Let o € X be a strategy profile of the full game. o is stationary if it depends only
on the public history and is independent of the calendar date; that is, for two histories h?, ht' such
that ht v« A, og(ht) = oo(A') and o1(htag) = o1(h! az).

Instead, assume short-run players do not observe the calendar date, except for periods 0, ..., K —1
where the length of the history gives the date away. Thus, the set of public histories in this
specification is H = Ufi 0 Y&, Instead, they have the improper uniform prior over all periods

K,K +1,..., and so their beliefs are based on the limit of the average probability of play:

HOO) im0 { e S0 PE(RIO)}
Ygreo 10 limioo { 5 Yl PA(RIO) |

u(h|0) = (6)

where PL(h|f) is the probability of history h at period ¢ given strategy profile o and long-run player
type 6. Combining the “time-average” history distribution ¢ (given by the limit terms in (6)) with
the corresponding belief mapping © and payoff function v, with values are given by the continuation

payoffs of o, yields a self-generating singleton HBP (¢, p, ).

Proposition 3.4. For any stationary wPBE (o*, u*), there exists an HBP w = (¢, ,7y) such that
w € B({w}), i.e. w is decomposed by some HBA x = (¢, u, ) € X and itself, where the following
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are satisfied: as(h) = o3(h), aq1(hag,8) = o7 (hag,0), p*(0|h) = u(B|h) and V(h) = ~(h), for all
heYE ay € Ay and 0 € ©. Furthermore, if HBP w' = (¢, 1/,7') satisfies w' € B({w'}), then
each v € V({w'}) is the payoff of some stationary wPBE.

This gives stationary equilibria in the game with unobserved calendar dates a very simple in-
terpretation within the framework outlined in Section 3.3. Characterizing the set of non-stationary
equilibrium payoffs requires characterizing the largest self-generating set of HBPs, while charac-
terizing the set of stationary equilibrium payoffs only requires searching the HBP space for self-

generating points.

4 Purifiability and Quasi-Markov Equilibria

Even when the HBP space has few dimensions, carrying out the algorithm presented above (Propo-
sitions 3.2 and 3.3) remains a daunting task. To get a sense of this, let an HB (¢, u) and an HBP
W= (gg, i, %) be given. Finding the set of action profile mappings « that make (¢, i, ) enforceable
by @ essentially amounts to finding the set of Bayes Nash equilibria of a one-shot sequential move
game whose outcome probability distributions match QE.H Given even a singleton set of HBPs
W = {w}, finding the set of decomposed HBPs B(W) means solving the above problem for every
possible HB (¢, 1) (of which there are infinitely many).!?

This section introduces an equilibrium refinement, which I call “quasi-Markov perfection,” which
greatly simplifies the set of strategies (i.e. HBAs) that must be considered in applications like that
of Section 5, where the long-run player’s actions are perfectly monitored and a single commitment
type. For complete information dynamic games with a stochastic payoff-relevant state variable,
applied work has often restricted attention to Markov perfect equilibria, defined as having strategies
that condition only on the current state. Here, the stage game payoffs are static — there is only
one Markov state in this sense — but the short-run player’s expected payofls are “dynamic” because
beliefs change depending on the public history (and possibly time). Quasi-Markov perfection is the
natural extension of Markov perfection to this incomplete information environment.

Besides enhancing tractability, quasi-Markov perfection has another virtue: the equilibria that
it rules out are all “fragile” because they are not purifiable in the sense of Harsanyi (1973), i.e. they
are not robust to arbitrarily small private, independent payoff shocks. I show this by extending

the results of BMM, who prove that for complete information dynamic sequential move games with

1T clarify, this one-shot game consists of the following four steps:

1. Nature chooses randomly chooses a history h € Y* with probability ¢(h|0), which is not payoff relevant except
that it affects beliefs as it is correlated with player 1’s type.

2. Player 2 chooses an action a2 € As.
3. Player 1 chooses an action a1 € A;.
4. Nature chooses y € Y according with probability p(y|az, a1).

Then player 2 receives payoff u3(az,a1,y) and player 1 receives (1 — §)ui(az,a1,y) + 67(hy). The task is to find
equilibria of this game such that history h and signal y occur with probability ¢(hy|0).
12This means solving for every possible probability distribution for nature’s move in step 1 of Footnote 11.
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bounded memory, all purifiable equilibria are Markov perfect. As BMM point out, since models
cannot hope to describe reality perfectly and so at least some private payoff information is always
present in reality, it is argued that this refinement does not come at the expense of realism.

At first glance, it may seem that beliefs are the appropriate extension of Markov states, as they
determine the expected short-run player payoffs. However, such an equivalence class is too coarse
for our purposes because two histories with the same beliefs today may lead to different beliefs
tomorrow, even if today’s public signal is the same. For example, suppose (as will be done in
Section 5) that the long-run player has two actions A; = {C, D}, with a single commitment type 0
who always plays C, and suppose that the long-run player’s action (and only her action) is perfectly
monitored (formally, Y = {C, D} and p(ai]|az,a1) =1 for all as € As). Let the memory length be
K = 2, and assume the belief u(é|h) = 0 for any history h containing the non-commitment action
D. Consider the situation of having history h = DD versus history A’ = DC today. Both histories
have belief 0, yet if C' is played today, the belief tomorrow is u(hC) = u(DC) = 0 in the former
case versus p(h'C) = p(CC) > p°(6) > 0 in the latter.

Quasi-Markov perfection allows different behavior at histories with the same beliefs today as
long as they lead to different beliefs sometime in the future. A quasi-Markov state is defined as
including all histories h, h’ which have the same beliefs today’s period ¢ (u!(h) = pt(h')), will lead
to the same beliefs tomorrow following any signal 3! today (u*t!(hy!*!) = p*(h'y'*!)), and the
same beliefs the next day following tomorrow’s signal y**2 (u!™!(hy!T1y*2) = pt(h/y*+1y*?)), and

so on forever.

Definition 4.1. Let any public wPBE (o, ) be given. For any period t, two date-histories
(t,h), (t,h') € H! are in the same quasi-Markov state for player 2, denoted (t,h) ~ (t,h'), if
they have the same beliefs at the current period t and for any given continuation history y* € Y*
for any k > 1; that is, u(0|(t, hy*)) = w(0|(t + k, W'y")) for all € ©, k € {1,...}, y* € Y*. Two

player 2 actions ag, a, € Ay are incentive-equivalent if p(ylag,a1) = p(yldh, ay) for all ay € A;, and
ui(az,a1) — uy(ag, ay) = ui(ay, a1) — ui(ah, al) Vay,a) € Aj.

Two player 1 date-histories (¢, has), (t,h'a)) are in the same quasi-Markov state for player 1 if ag
and a), are incentive equivalent (ag ~ af) and (¢, h), (¢, h’) have the same beliefs for any continuation
history y* € Y* for all k > 1 (but not necessarily at the current history, i.e. k& = 0).

The equilibrium (o, ) is quasi-Markov perfect if strategies are the same within a quasi-Markov
state for each player: oo(t,h) = oa(t,h') and o1(t, has) = o1(t, h'ay) for all (t,h), (t,h’') € H' and
ag, ah € Ag such that (¢,h) ~ (t,h') and (t, hag) ~ (t, h'd}).

3 consider the earlier example.

To see how quasi-Markov perfection simplifies the strategy space,!
The histories C'D and DD are in the same quasi-Markov state because both give belief 0 today,

and no matter what today’s signal y¢ is, the belief tomorrow (and in fact the whole history) will

13T am grateful to V. Bhaskar for sharing private notes demonstrating how purifiability allows a similar simplification
in the context of a chain store game.
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also be the same (formally, CDy' = DDy’ for both y* € {C, D}). The other two histories DC, CC
are each in distinct quasi-Markov states, so there are three total states for K = 2.

For K = 3, there are four states. The histories DDD,CDD, DCD,CCD are all in the same
state because all have belief 0 in the present period t, belief 0 the next period t + 1 following
signal C', belief 0 in period t + 2 following another signal C, and after a third signal C' all the
histories become C'CC' (after signal D they have belief 0, of course). The other three states are
{DDC,CDC}, {DCC} and {CCC}. In this example, quasi-Markov perfection means conditioning
on when the most recent D event occurred, a point fleshed out in the application in Section 5.

I now construct the (¢, e)-perturbed game, largely following the construction given by BMM.
Let Z; be a full-dimensional, closed subset of [0, 1]l for each player i, and let Z = Z; x Z;. Let
A*(Z) be the set of measures which have support Z generated by strictly positive densities. At
each full history h € H a payoff shock z = (22,21) € Z is drawn according to ¥ € A*(Z). The
payoff shocks are independent across the two players and the histories. The complete history with
shocks at period t is h € H = (A x Y x Z)!; also denote the set of player 1 full histories with
shocks at period t as H: = (AxY x Z;)! x Ay, and let H; = U2, HY. If player i chooses action a;,
then ez{" is added to her stage payoff, where ¢ > 0 and z%. Player i’s (ex-post) payoff for action

profile a, signal y and shock z; is
ai(aa Y, ZZ) = u;k (a7 y) + Ez@%'

Players privately observe only their own shocks. A strategy for player 2 at period t is % : H' x Zy —
AA,y. A strategy for player 1 is a mapping &1 : © x H; — AA,.

In any equilibrium of the perturbed game, players have a strict preference for their strategies
for almost all shocks. Strategies with this property are called “essentially sequentially strict.” The
following definition also extends quasi-Markov perfection to the perturbed game for strategies that

behave according to Definition 4.1 for almost all shocks.

Definition 4.2. A wPBE (o, i) is an essentially sequentially strict equilibrium if for all (¢,h) € H
and almost all payoff shocks zo € Zs, the action oa(t, h, z2) is pure and the unique maximizer, and
similarly for all ag € Ay and almost all z; € Z;, 01(t, hag, z1) is also pure and the unique maximizer.

An equilibrium (o, p1) of the perturbed game is quasi-Markov perfect if for almost all zo € Zs and
almost all z1 € Z1, 0a(t, h, z2) = 02(t, 1, 22) and o1(t, hag, z1) = o1(t, W' ah, z1) for all (¢, h), (¢, h') €
H, ay,ay, € Ay such that h ~ h' and ag ~ d,.

The following result (my version of Proposition 1 from BMM) shows that all equilibria of the
perturbed game are essentially sequentially strict, and every essentially sequentially strict equilib-
rium is quasi-Markov (see Lemma B.2). The intuition is that the continuity of ¢ ensures that a

player being indifferent occurs with probability zero.
Proposition 4.1. FEvery wPBE of the perturbed game is quasi-Markov perfect.

The following condition is what BMM call “weak purifiability,” which is weaker than the pu-
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Player 2 (Consumer)

Player 1 (Firm) Player 1 (Firm)

A

1 0 3 2
1 2 0 3

Figure 4: The product choice game, with player 1 (firm) payoffs on top and player 2 (consumer)
payoffs on bottom.

rifiability notion of Harsanyi (1973).* A sequence of current shock strategies (5%); converges in

outcomes to a strategy o in the unperturbed (full) game if

Jim / 58 (aglh, 22) dyp¥ (22) = o2(aglh)  and Jim / ¥ (ar|haby, z1) dip(z1) = o1 (a1|hab)
— 00 — 00

(7)
for each public history h and a5 € As.

Definition 4.3. A wPBE (0%, u*) of the full game G*° is purifiable if there exists a sequence
(k. e¥)y, with * € A*(Z) and e¥ — 0 such that there is a sequence of strategy profiles (6%)

converging in outcomes to o*, with 5% a wPBE of the (1*, e¥)-perturbed game.

I can now state the main purifiability result, the incomplete information version of Proposition

2 from BMM, showing that quasi-Markov perfection is implied by purifiability.
Proposition 4.2. Every purifiable wPBE is quasi-Markov perfect.

One may wonder to what extent the converse holds: are quasi-Markov equilibria purifiable?
Although I do not attempt a general answer, in the 1-period memory application in Section 5, 1

find the minimum and maximum payoff quasi-Markov equilibria are purifiable for almost all priors.

5 Product Choice Game

This section applies the theoretical machinery of Sections 3 and 4 to the product-choice game'® in
Figure 4. I assume short-run players (consumers) have perfect monitoring of the K most recent
long-run player (firm) actions but no monitoring of past short-run player actions.'® The firm is
either normal type 0y with payoffs in Figure 4 or “honest” commitment type 6 who always plays C

(“high quality”). Consumers have prior belief Mo(é) on the honest type, abbreviated simply as u°.

MBMM say an equilibrium is “weakly purifiable” if there exists a sequence of perturbed games converging to the
unperturbed game such that a sequence of corresponding wPBEs converge to the equilibrium. “Harsanyi purifiability”
requires that for every sequence of perturbed games, there exists a sequence of corresponding wPBEs converging to
the equilibrium. Harsanyi purifiability implies weak purifiability; see Definitions 6 and 7 of BMM.

'5This is the sequential-move version of the product-choice game used throughout Mailath and Samuelson (2006),
e.g. Figure 15.1.1.

16This type of monitoring is called “limited records” by Liu and Skrzypacz (2014).
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I assume that upon observing any play of D (“low quality”) off the equilibrium path, the

consumer has belief 0 on the honest type (Bayes’ rule clearly implies this on the equilibrium path).

Assumption 1. For any public history h containing D at any period, player 2 belicves that player
1 is the normal type 0y with probability one.

Quasi-Markov perfection then implies that players condition only on the period of the most
recent D in the public history and the date.!” For any history h € Y& let

t(h) = K +min{k : hy_ = D} (8)

be the number of Cs since the most recent D, called the “index of h.” For each k € {0,..., K — 1},
define I, = {h € YX : 1(h) = k} as the set of histories with index k, and define singleton set
I = {CK}, where C¥ is the K-length history containing only “C”. T also extend this notation to
the initial histories: for each period ¢ € {0, ..., K — 1} and each k € {0, ..., t}, let

I,i = {h € Ht : h—(k—i—l) =D and h_k/ = (C for all k‘/ S {k‘, ceey 1}}, (9)

i.e. I} is the set of all (initial) period ¢ histories such that the k most recent outcomes are all C.

For convenience, I use notation of the form alfldIfZ e (ilf" to denote the history containing &
instances of (player 1) action ap, followed by ko instances of a;, and so on, followed by a; for the
k, most recent periods; for example, DCEX=3D? is the history consisting of one D, followed by
K — 3 periods of C, followed by two periods of D. For each k, all the histories in I are in the
same quasi-Markov state by Definition 4.1. Furthermore, the fact that the cost of effort is constant
across the consumer’s actions implies that both consumer actions are incentive equivalent; hence,
the firm player does not condition on the consumer’s action.

Since attention is restricted to quasi-Markov strategies, the recursive tools of Section 3 must be
adapted to this restriction, which is straightforward. “Enforceability” as defined in Definition 3.11

is adapted as follows.

Definition 5.1. Let an HBA x = (¢, u, ) enforced by some HBP @ be given. z is quasi-Markov
enforced by w if as(h) = as(h’) and aj(hc) = aq(hd) for any two histories h, b’ € I}, for all k.

The analogous definitions of quasi-Markov decompose and quasi-Markov self-generating, as well
as the analogues of Propositions 3.1 and 3.2, are given by inserting “quasi-Markov” into the appro-
priate places; the respective proofs are straightforward modifications and so are omitted.

This partitioning greatly simplifies the analysis of the HBP space. Consider some HBP (¢, u, ) €
W. Since play at periods K, K + 1,... conditions only on the index of the history, the collapsed

payoff function space I' is (K + 1)-dimensional, one dimension for each index 0, ..., K. Similarly

'"In their environment, Liu and Skrzypacz (2014) similarly show that strategies in all stationary PBEs, including
(possibly) non-purifiable ones, only depend on the time since the last non-commitment action. Proposition 4.2 shows
that imposing purifiability also allows such a simplification for all finite stage games with bounded memory and a
single long-run player commitment type, as well as to non-stationary equilibria.
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partition the history distribution space ® by index; for a given history distribution ¢, abuse nota-
tion by denoting ¢(Ix|0) = ;s ¢(h|0). Note that d(Ix|d) = ¢(CK|0) = 1, so only the history
distributions for the normal type 6y are non-trivial; abbreviate ¢(Ix) = ¢(I|0p). All of this means
that ® is now K dimensional (the requirement that Ef:o ¢(Ix|0g) = 1 removes the (K + 1)-th de-
gree of freedom). Since beliefs are pinned down at every history, the belief mapping p is redundant.
Thus, I omit the belief mapping (“(¢,~)” instead of “(¢, u1,7)”) except when it is notationally con-
venient, in which case I abbreviate = u(A|Ix) (since beliefs at all other histories are simply zero).
Summarizing, purifiability (and hence quasi-Markov perfection) allows us to collapse the 2|Y ¥ — 1
dimensions of HBP space (|Y|¥ — 1 dimensions of history distributions and |Y'|¥ dimensions of
payoff function space, ignoring any non-redundant belief mappings) to 2K + 1 dimensions (K for

history distributions and K + 1 for payoff functions).

5.1 1-Period Memory

Consider the case where K = 1, which is sufficiently tractable to analytically characterize the exact
minimum and maximum quasi-Markov equilibrium payoffs for all priors % € [0,1] and almost all
discount factors d € [0,1). There are just two possible histories at any period ¢t > 1: Y& = {C, D}.

As discussed above, the HBP space W = M x I' has three dimensions: one for history
distributions and belief mappings (M), and two for payoff functions (I'). The space ® of his-
tory distributions ¢ is isomorphic to the 1-simplex, so I further abbreviate ¢ = ¢(C|y) (since
#(Cl6p) = 1 — ¢(DlBy)). For convenience, I use the real numbers in [0, 1] interchangeably with
history distributions ¢ € ®.

Since there are only two consumers actions Ay = {c,d}, I abbreviate oa(t,h) = oa(c|t,h) =
1 — oa(d|t,h). For player 1 we can abbreviate further because quasi-Markov perfection requires
that the firm condition only on the date, since either history C' or D is immediately erased by
the current period’s signal (and so leads to the same beliefs for any continuation history) and the
consumer’s actions ¢ and d are incentive-equivalent. Thus, for a given period ¢, all player 1 date-
histories (t, hag) are in the same quasi-Markov state. Hence, abbreviate o1(t) = o01(C|t, hag) for
all h € Y = {C,D} and as € As. I use similar abbreviation for action profile mappings o € A:
az(h) = as(c|h), a1 = a1(C|hag). T also use real numbers in [0, 1] interchangeably with these mixed
actions.

The results are presented first, followed by discussion of how the algorithm is carried out.

5.1.1 Results

The following proposition gives the exact minimum and maximum quasi-Markov equilibrium payoffs
for player 1 for all priors p° and all discount factors § # % The results are more easily understood

with the plot in Figure 5.

Proposition 5.1. Let £(3, u°) be the set of quasi-Markov equilibrium player 1 payoffs of the 1-period
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Player 1 Payoff Player 1 Payoff
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Figure 5: On the left, the minimum (black) and maximum (gray) quasi-Markov equilibrium payoffs
are plotted for § = 0.9. On the right, the minimum and maximum stationary payoffs are plotted.

memory product choice game. For § < %,

1 0< 1 1 01
min £(6, u°) = = f max & (6, u°) = : f (10)
31=8)+0 pu0>3 31=6)+6 p0>3
Forall5>%,
1 0<pu’ <5 1 po =
min (3, 4%) = § N (u°)  § <’ <} max €(6, %) = 4 2 0<ud<l (11)
2 l<pt<t 103+20) L<ut<u,

where \*(1u°) is defined as follows. Let q : R x [0,1] — R be defined by'® q(¢,u°) = [u°/(1 —
p]/[1 — 2¢]. Let L(°) = ming ¢*(0, u°) such that ¢%(0, %) > 3. Define A\f = 176#%1[(1 —F) +
30F(1 —6) — 6" Y(1 = 8)] for k € {L —1,L}. Finally,

(1-6)+ (5)\1L(H0)—1 qL(,uO)<()7MO) 1

=3
0
AlL(“ ) otherwise.

X (u) =

Recall that Proposition 4.2 proves that quasi-Markov perfection is only a necessary condition
of purifiability. In Appendix C.2 I prove that there is a purifiable equilibrium with the minimum
and maximum payoffs given in Proposition 5.1 for almost all priors.'?

Two features of the results are striking. First, the impact of reputation is sharp even when the

'8Recall that real numbers (in [0, 1]) and history distributions (in ®) are used interchangeably.
9The Lebesgue measure zero set of priors ignored in Appendix C.2 correspond to the priors with discontinuities
in Figure 5.
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firm is not very patient. In fact, the discontinuity from pu® = 0 to p® > 0 exists everywhere that
persuasive intertemporal incentives are even plausible, i.e. any discount factor § > % (at § < %, even
the strongest possible intertemporal incentives are discounted too heavily to affect firm behavior).
Second, we can see that non-stationary behavior expands the equilibrium payoff set beyond what
is possible with stationary behavior.

In the complete information case (u° = 0), all histories are in the same quasi-Markov state.
BMM show that the only purifiable equilibrium is the repeated one-shot equilibrium with payoff 1.

Going from zero to a slightly positive prior, there is no discontinuity for the minimum equilibrium
payoff, but there is for the maximum, which immediately jumps to the Stackelberg payoff of 2. For
0<u’< %, the minimum payoff is given by a stationary equilibrium where the firm plays C' with
some probability «; € [0, %) The lower o7 is, the more the consumer prefers d conditional on the
normal type 6y; however, a smaller a; also implies a higher belief at history C' the next period. The
minimum payoff stationary equilibrium has the firm mixing such that these countervailing effects
balance and the consumer is indifferent upon observing history C'. Since the consumer is indifferent
at history C' (where she has positive belief on the honest type), she strictly prefers d at history
D (when the belief is zero and the firm still plays the same mixed action). The consumer plays
az(D) = 0 and mixes with positive probability as(C') at history C' to keep the firm indifferent.

The maximum payoff stationary equilibrium (payoff of 2) is qualitatively similar, with the firm
mixing with probability a; = % so that the consumer is indifferent at history D, while strictly
preferring ¢ at history C'. At history D, the consumer mixes so that the firm is indifferent.

For prior ;¥ > é, the payoff 1 stationary equilibria are no longer sustainable. If the firm mixes
today (period t) with probability a4 () such that the consumer is indifferent at history C' with belief
wu(t,C), the prior is high enough that the belief tomorrow p(t + 1,C) > u(t,C) must be higher.
Keeping tomorrow’s consumer indifferent at history C' requires the firm mix at a lower probability
a1(t+ 1) < aq(t), so the equilibrium cannot be stationary. Instead, the minimum quasi-Markov
equilibrium payoff for % << % is given by a non-stationary equilibrium where the firm mixes in
periodic cycles, starting with some high probability and gradually playing C' more rarely. At the
end of the cycle, the belief exceeds % and the consumer strictly prefers ¢, at which point the firm
plays C with high probability, yielding a low belief next period and restarting the cycle. As the
prior increases, this cycle becomes shorter, reaching a high belief more quickly and thus yielding
a higher equilibrium payoff. Each discontinuity in the graph is from a step in the cycle being
eliminated by a higher prior. By contrast, the high payoff stationary equilibrium survives because
the consumer is indifferent at history D, where the belief (zero) is unaffected by the prior.

At p0 > %, the minimum payoff is the same (in terms of strategies) stationary equilibrium
that gave the maximum payoff for u° < % There also exists a non-stationary equilibrium where
the consumer is exploited every other period upon observing history C'. The firm always plays D
in even periods and C in odd periods. The odd-period consumers clearly have ¢ as a strict best

response. The even-period consumers also have ¢ as a strict best response, because the prior is so

high that ¢ gives a higher payoff despite the firm playing D with certainty and the fact that the
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» 7(C)

Figure 6: The set F of feasible HBPs (the “cube”) and the set of “useful” points F (the gray set).

history is uninformative ((C) = u°). This equilibrium gives the maximum payoff for these high

priors.

Remark 5.1. How restrictive is the assumption of quasi-Markov perfection, and what are equilibria
failing this refinement like? Though I do not attempt a general answer, Appendix C.3 constructs
a set of non-quasi-Markov equilibria that expand the set of equilibrium payoffs for low priors. For
all 0 € [0, %], there exist stationary equilibria that give every payoff in the interval [1,2]. In the
complete information case (u® = 0), there are such equilibria giving the firm the “high” payoff of 2
where BMM show the only purifiable payoff is 1. For priors p° € (%, %], there are equilibria with
payoff 1 that survive at higher priors. These equilibria feature relatively complicated and arbitrary

mixing by both players in order to keep each other indifferent, which is indeed not purifiable.

5.1.2 Algorithm

The starting point of the algorithm of Proposition 3.2 is the set of feasible HBPs FT, which is the
subset of W where the payoff functions have values in the set of feasible payoffs .#! = [0, 3]. This
set is drawn in Figure 6 as a “cube.” The algorithm involves repeatedly applying the B(-) operator
to all the points in this 3-dimensional set.

Fortunately, it is possible to ignore almost all of the points in F' because they generate the

empty set. In fact, only the gray points in Figure 6 generate non-empty sets. Note the “vertical”
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(coming out of the page) plane Z = {(¢, u,y) : v(C) = v(D) + 1%5}, which I call the indifference
plane, consisting of all points where the firm is indifferent between C and D.

To the “northwest” of the indifference plane, the firm strictly prefers D. This includes the 45°
plane (a line in payoff function space) outlined by the diagonal dashed lines in Figure 6, where there
is no intertemporal incentive because the continuation payoffs for both actions are equal. Consider
some HBP @ = (QNS, %) in this northwest set. Since she strictly prefers D under w, any enforceable
HBA (¢, a) clearly must have the firm always playing D: a3 = 0. Since the firm’s action is the
same as the public signal, inducibility requires that ¢ = a; = 0. Hence, if @ is not on the “Hoor” of
the northwest (i.e. ¢ > 0), there does not exist an HBA enforced by w, and so there are no HBPs
decomposed by w: B({w}) = @. In the northwest, only HBPs on the floor need to be tracked as
the algorithm is carried out.

Exactly the opposite occurs in the “southeast” of the indifference plane, where the firm strictly
prefers C. Letting w = ((5, 7) in the southeast be given, any enforceable HBA (¢, &) must have the
firm always playing C: oy = 1. Inducibility requires ¢ = oy = 1, and so unless @ is on the “ceiling”
of the southeast, there is no HBA enforced by w and B({w}) = @. Thus in the southeast, only the
ceiling needs to be tracked.

The indifference plane itself is special because every point ((]3, 7) in it generates non-empty sets.
Inducibility requires ¢ = oy for an enforceable HBA (¢, ), but since the firm is indifferent, I can
always choose oy to satisfy this without violating incentive compatibility.

To summarize, the set of “useless points” Fp = {w € F' : B({w}) = @} — consisting of
everything above the floor of the northwest and below the ceiling of the southeast — can be safely
ignored. Denote the remainder of the feasible space F = FT\Fy, the gray space in Figure 6, called
the “useful points.” Define the analogous operator B(W) = B(W) N F which ignores the useless
points generated by W. It is then possible to instead carry out the algorithm with B(-).

What can the useful points actually generate? Figure 7 shows the set of generated points for
a number of example HBPs @', ..., ' all located on the indifference plane (and therefore useful).
In the following discussion, I call these the “enforcing points” 1/ = (gz;j, 47), referring to J)] as the
“enforcing history distribution,” and so on. For an HBA (¢’,a’) enforced by @/, I refer to ¢/ as
the “current history distribution,” and so on.

First, consider w! = (d~>,’y) on the floor. Which HBAs x = (¢!, u!,al) are enforced by w?
Inducibility requires that the firm always play D (i.e., a} = 0), so if the consumer knows she faces
the normal type (like at history D), she will strictly prefer d. At history C, when her beliefs are
low (¢! is high), she also strictly prefers d; when her belief is low (¢! is high) she strictly prefers
c (i.e. al =1). Only at a certain threshold belief (and a corresponding threshold for ¢!) is the
consumer is indifferent so that we may choose any action o(C) € [0, 1].

Given an HBA x enforced by w, what HBPs w = (¢!, u!, ') are decomposed by x and @? As
Figure 7 indicates, if ¢! is off the “consumer indifference threshold” and so the consumer has strict
preferences at history C, the resulting HBP either has no intertemporal incentives (v}(C) = (D))
or too much (v}(C) > ~*(D) + %}‘5), thereby generating HBPs above the floor of the northwest or
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Figure 7: Ten example points w!,...,w'° on the indifference plane and the sets of points

B({w'}), ..., B({w!®}) they each generate. The useful points B({w'}),..., B({w'"}) generated by
each respectively is bolded. All points at the same elevation generate qualitatively similar sets, so
the examples are purposely selected at distinct elevations.

below the ceiling of the southeast — which are useless. Only when ¢! is exactly at this “consumer
indifference threshold” is it possible to decompose HBPs with “moderate” intertemporal incentives
— including on the indifference plane. This is crucial because the point generated on the indifference
plane is the only useful one, meaning we can forget about the rest in the next iteration of the
algorithm. Except for HBPs at the “half-way mark” like 1" (see below), all other HBPs generate

useful points only at a unique “elevation.” I describe why for the other cases shown in Figure 7.

Case 1. The HBPs @2, @3, w* have positive but still low enforcing history distributions: 0 < ¢~)2 <
#* < 1. The set of generated points for each @/ is qualitatively similar but “shifted up”
because the firm is playing C' with increasing (current) probability, making the consumer
indifference threshold ever higher. Again, each of these generates a unique HBP, which
is all we track for the next iteration. Given enforcing distribution gz~5, the proof shows
this generated HBP’s elevation is given by the function ¢/ = q(q;j ) = #0/A=p) (this is

1—27
described in greater detail in the discussion of Figure 8).

Case 2. The HBP @° has a high enough enforcing distribution ¢° = ¢ (1) where player 2 is
indifferent at current distribution ¢ = 1 (i.e. belief u°). Because the “lap” of the “wall-
sit” figure is in the ceiling of the southeast, the line segment of useful points (bolded) is

decomposed. For enforcing distributions strictly between ¢° and % (e.g. @), a vertical

line is decomposed in the southeast whose only useful point is on the ceiling.
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Figure 8: Given an enforcing HBP (¢,4) with history distribution ¢ (horizontal axis), I plot the
set of history distributions ¢ (vertical axis) for which a point (¢, ) is generated by w. The black

line is the 45° line. The different line styles describe the generated payoff function . The prior is

0_ 1
B = 1p-

Case 3. The enforcing HBP &' = ((137, 47) is at the half-way mark (i.e. o7 = %), which makes the
consumer is indifferent at history D when she knows she is facing the normal type, and
so she strictly prefers ¢ when she has positive belief on the honest type (at history C).
The consumer’s indifference at D allows this HBP to generate the rectangle depicted in

Figure 7, whose useful points (intersecting the gray set F) are bolded.

9 'Y the consumer strictly prefers

Case 4. For enforcing HBPs above the halfway mark like @8, w
c at both histories, which means decomposed HBPs have no intertemporal incentives, so

the unique useful generated points are on the 45° line on the floor.

I summarize the set of useful points generated by different HBPs with Figure 8 summarizes the
mapping from “enforcing elevation” to “generated elevation” for prior u® = %. Roughly speaking,
Figure 8 “collapses” the 3-dimensional Figure 7 into two dimensions, showing the enforcing elevation
on the horizontal axis and the generated elevation on the vertical axis. This mapping is the
correspondence R(qg, Y =A{¢:(o,7) € 8({(&5, )} }. The correspondence is labeled by line style to
indicate the payoffs that are decomposed at each elevation.

Proposition 5.1 gives the minimum and maximum equilibrium payoffs. Because R(-) determines
which elevations “plug into each other,” it becomes possible to determine the minimum and max-
imum payoffs generated at each elevation at each iteration. The proof works by then taking the
limit and applying the V(-) operator to the resulting HBPs with the highest and lowest payoffs.

Note that R crosses the 45° line at three points: q@l, qZ;2 and % These correspond to three
stationary equilibria, since stationary equilibria are given by to self-generating singleton HBPs

(recall Proposition 3.4). There are two “low” payoff and one “high” payoff stationary equilibria.
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Figure 9: Left, R((ﬁ, fi,7) is plotted for u° = %, where there is just a single low payoff stationary
equilibrium. Right, R(¢, ji,7) is plotted for u® = 0.15, where the minimum equilibrium payoff is
given by a non-stationary equilibrium traced out.

Figure 9 shows the effect of the prior x° increasing to % and just above. At p0 = %, the
two stationary low payoff equilibria seen in Figure 8 have “merged” into one. When the prior
increases above %, the stationary equilibrium disappears. Instead, the lowest payoff equilibrium is
non-stationary, given by a “cycle” of self-generating HBPs depicted by the arrows.

As the prior increases, the number of low payoff steps in the cycle necessarily decreases as the
solid gray curve rises, as depicted in Figure 10. At u® = %, the solid gray curve has been reduced
to a single point at the upper right corner, because ¢(0) = 1. This allows just a two period cycle,
alternating between the low payoff and the very high payoff. For pu° > %, the solid gray curve
disappears completely. This allows a higher equilibrium payoff than 2: a cycle alternating between
a high payoff of 2 (playing C' after the consumer plays ¢) and very high payoff of 3 (playing D after

the consumer plays ¢). In this case, the lowest payoff equilibrium is the stationary with payoff 2.

5.2 Long Memory

Two aspects of the 1-period memory results in Section 5.1 stand out. First, incomplete informa-
tion causes a qualitative change in the (purifiable) equilibrium payoff set even without extreme
patience. Second, assuming stationary equilibria is restrictive — relaxing the assumption expands
the equilibrium set. How do these results extend if memory is longer?

This section considers the case of long memory, the limit as K — oo. In fact, both features hold
in this limit. The effect of incomplete information is especially stark under stationary strategies:
for § > %, the unique purifiable equilibrium payoff is 2 (the Stackelberg payoff). However, allowing

non-stationary behavior expands the purifiable equilibrium payoff set, allowing payoffs less than the
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Figure 10: Left, the graph of R for % = 0.45, with the minimum payoff non-stationary equilib-
rium traced out. Right, the graph of R for u° = 0.55, with the maximum payoff non-stationary
equilibrium traced out. In both cases, the stationary equilibrium with payoff 2 is depicted, which
corresponds to the maximum equilibrium payoff on the left and the minimum on the right.

Stackelberg payoff: the non-stationary minimum purifiable equilibrium payoff approaches 1 (the

one-shot payoff) as the prior belief becomes small.

5.2.1 Stationary Equilibria

The following proposition shows that for stationary equilibria, the effect of reputation is particularly
strong: for discount factors above a threshold independent of the prior, the firm gets exactly the

Stackelberg payoff when memory is sufficiently long.

Proposition 5.2. Suppose pi° > 0 and 6§ > % There exists K*(u®) such that for all K > K*, the
player 1 payoff is exactly 2 for any stationary, purifiable wPBE.

The proof uses Proposition 3.4’s simple interpretation of a stationary equilibrium as a singleton
self-generating HBP (¢, i,y). The proof begins with a lemma characterizing this HBP, showing
that the payoff at the clean history y(C¥) is at least the Stackelberg payoff (2) for long memory,
similar to the bound of Theorem 2 in Liu and Skrzypacz (2014). The intuition is as follows. A
payoff v(Ix) < 2 requires that the consumer sometimes plays d at the clean history. This requires
both that the belief 1(C*) at the clean history be low (so ¢(Ix) must be sufficiently high), and that
the firm’s strategy at the clean history C¥ must play D sufficiently frequently. However, playing
D with at least probability % means the firm is also spending time at the freshly dirty history Io.
The firm must also spend time at histories in Iy, ..., [x_1 “cleaning” the history to arrive at I
frequently enough. When memory is long, satisfying all these requirements becomes impossible as

the history distribution gets “stretched out,” giving a contradiction.
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It must also be that C' is a best response at I for every k. To see why, if D is a strict best
response at some [, then the consumer will always play d at history I, which will be followed by the
continuation payoff (1) because the firm plays D. This continuation payoff y(Iy) = (1—0)+dv(lo)
cannot be better than (), so there is no intertemporal incentive to play C at history I;_;. By
backward induction, D is a best response at Iy and so y(Ip) = 1 (the one-shot payoff). Yet the fact
that v(Ix) > 2 and § > % then imply v(Ix—_1) > 2; an inductive argument then gives v(I;) > 2,
a contradiction. Since C' must be a best response at every non-initial history, it is easy to then
check that v(Ix) = 2. These arguments also show that the consumer must weakly prefer ¢ at such
histories.

I then use purifiability to characterize play in the initial periods 0, ..., K —1 (i.e., the antegame).
In an equilibrium & of the perturbed game, at any initial history [ ,f 1 where k < K — 1, the firm
is known to be normal and faces the same decision problem as at non-initial history I, and so has
the same strict best response at both I ,5{ ~1 and I for almost all shocks. Similarly, the consumer
also has the same strict best responses for almost all shocks, and so the continuation payoffs must
be identical: Vz(I[* ™) = V5(I;). However, at the initial clean history C*~!, although the firm’s
decision problem is the same as at Ix_1 where she weakly prefers ¢, the consumer now has at
least the prior belief on the honest type. When the perturbations of payoffs are sufficiently small,
the consumer at C~1 strictly prefers ¢ for all shocks, yielding a continuation payoff Vz(CK~1) >
Vs(Ix). A backward induction argument shows that Vz(C?) > V5(C1) > --- > V5(CK~1) and that
the firm plays C with positive probability at each of these clean histories. Making the perturbations

small thus shows that any purifiable equilibrium ¢ must have value V(o) = 2.

5.3 Non-Stationary Equilibria

For non-stationary equilibria, as memory grows long the dimensions of the HBP space explodes,
making the application of the algorithm performed for 1-period memory difficult. Instead, I es-
tablish the existence of a purifiable equilibrium with a low payoff, shown to be approximately the
minimum (non-stationary) purifiable equilibrium payoff, in the limit as K — oo. In particular, for
memory long enough the minimum equilibrium payoff is arbitrarily close to a value correspond-
ing to some number L(u°) periods of receiving 1 (the minimax payoff), and thereafter receiving

continuation payoff 2 — 17_6 (close to the Stackelberg payoff for a patient firm).

Proposition 5.3. Let § > % and any B > 0 be given. For almost all priors such that 0 < p° < %,
there exists positive integer L(u°) and K* such that for all K > K*, ‘min E(6, 10, K) — v* (4, uo)} <
B where v* (8, u0) = (1 — LW 4 §L0) (2- 13—5) and lim,0_,o L(1°) = oc.

The proof proceeds through the construction of series of lemmas. The first shows that v* (4, u%)
is a lower bound for lim g _,o, min (6, u°, K) by characterizing the maximum number of “low payoff”
periods possible in the antegame given the prior u°.

The recursive machinery of Section 3 is naturally extended to the (1), e)-perturbed game, es-

sentially by adding shocks to the definition of an action profile mapping and then adapting the
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definitions of (1, €)-enforceable, (1, €)-decomposition, and so on. Thus, a (1), €)-self-generating set
of HBPs containing (¢, 4,y) with a “matching” equilibrium & of the (1), ¢)-perturbed ~-antegame
implies the existence of an equilibrium of the full (1, €)-perturbed game.

Another lemma shows that the existence of a purifiable equilibrium with some payoff v is implied
by the existence of a “special” sequence of (¢!, e!)-self-generating sets (W*); and matching antegame
equilibria (6); for each (¢!, e!)-perturbed game whose payoffs V(6') — v as ! — 0. What is special
about this sequence is that the antegame game equilibria converge in outcomes, that the payoff
functions of the self-generating HBPs converge, and that the HBPs are in a particular set W. The
W is the set of HBPs (¢, pt,y) such that the payoff function ~(Iy) is strictly increasing in k are
sufficiently close together, i.e. that v(Ix) — v(lo) < 2(1 —9) + 2¢.

The rest of the proof shows that there exists a purifiable equilibrium with the payoff v*(6, u°). It
is shown that for the (¢, €)-perturbed game, an HBP w in the special set W can “reverse-generate”
another HBP w' also in W, i.e. there exists some w’ € W which (1, e)-decomposes w. Furthermore,
the continuity of this reverse-generation function makes it possible to pick w = (¢, ) so that this
infinite sequence of reverse-generated HBPs is bounded. Given the HBP w at the beginning of this
infinite sequence, I construct a matching y-antegame equilibrium with a payoff within an order of ¢
of v*(8, u°). With this bounded self-generating set of HBPs plus a matching antegame equilibrium
in hand, the existence of an equilibrium in the perturbed game with the above payoff is established.
As constructed, as e/ — 0 the antegame equilibria converge in outcomes, and the self-generating
set of HBPs have convergent payoff functions, so the payoffs of these perturbed equilibria converge

to the payoff of a purifiable equilibrium.

5.3.1 Discussion

By making memory long and then making the firm very patient, the classic Fudenberg and Levine
(1989) bound converges to the Stackelberg payoft:

lim Mloigo Jim min €(5, p K) = 2.
This works because because the periods where memory is bounded are pushed far into the future
where they are discounted away. When the limits for § and px° are reversed, the Fudenberg and
Levine bound has no bite.

For long memory with stationary behavior and a fixed discount factor, reputation has exactly
the same effect for a very small prior as it does for a larger one: the purifiable equilibrium payoff
is exactly 2. Thus, reversing the limits for § and ;° makes no difference, and there exists a discon-
tinuity from complete information to positive x°. By contrast, allowing non-stationary behavior

gives a very different result:

lim lim lim min&(6, u°, K) = 1.

u0—00—1 K—o0
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Thus, with non-stationary behavior there is no longer a discontinuity in the minimum purifiable
equilibrium payoff going from p® = 0 to u® > 0. (However, the discontinuity in the maximum
purifiable equilibrium payoff remains.)

Why does the argument for ruling out low payoff stationary equilibria not apply to the stationary
case? The proof for the existence of a low payoff non-stationary equilibrium constructs a special
HBP w = (¢, ) for the perturbed game, corresponding to the distribution of play and continuation
payoffs at period K. The payoff function ~ is carefully to induce a strict preference for D by
the firm at all histories and shocks in period L — 1 of the perturbed y-antegame, which in turn
allows construction of strategies for the periods 0, ..., L — 1 where the firm chooses D with sufficient
frequency to have L periods of low payoffs. An HBP like w cannot generate itself because several
iterations of the generating operator leads to a “strict” (over all shocks) preference for D, which the
proof of Proposition 5.2 rules out. By contrast, the proof of Proposition 5.3 inductively constructs

a sequence of distinct HBPs for the perturbed game that constitute a self-generating set, and so

represent a non-stationary equilibrium of the perturbed game.

6 Conclusion

This paper lays out theoretical tools for the study of bounded memory reputation games. Extending
the self-generation methods of APS and DE to bounded memory reputation, I derive a recursive
characterization of the set of equilibrium payoffs, allowing characterization of the entire equilibrium
set including non-stationary equilibria, with a simple interpretation for stationary equilibria as
self-generating “points” rather than sets. I also define a simplifying equilibrium refinement, quasi-
Markov perfection, and extend the results of BMM to show that this is a necessary condition of
purifiability.

Using these methods to study a product-choice game, for 1-period memory I solve for the exact
minimum and maximum purifiable equilibrium payoffs for almost all discount factors and prior
beliefs on a Stackelberg commitment type. For long memory, I find that the unique stationary
purifiable equilibrium payoff is exactly the Stackelberg payoff. By contrast, I find the approximate
non-stationary minimum payoff is lower, showing that it approaches the one-shot payoff as the prior
belief approaches zero. The results find that the introduction of the commitment type causes a
qualitative change in the purifiable equilibrium set even when the long-run player is not especially
patient, as does allowing non-stationary behavior. The product-choice game is a classic but simple
setting; an interesting direction for future research is generalizing these results to a broader class
of stage games.

Although the recursive framework is specified for the applications examined in this paper, it is
worth noting that it is straightforward to extend it to simultaneous-move stage games, imperfect
monitoring of player 2’s action by player 1, and multiple long-run players who have bounded
memory (with beliefs on each other’s types). An application of the latter case might be firms whose

employees and managers turn over at regular intervals, giving them bounded institutional memory.
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Another avenue for future work is a computational implementation of the algorithm presented here
— as done by Judd, Yeltekin, and Conklin (2003) for the original APS algorithm — which would

allow study of games too complicated for analytical solutions.
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Appendix

A Proofs for Sections 2 and 3

A.1 Proof of Proposition 3.1
Proof of Part 1

The proof is constructive, where possible following the approach of Mailath and Samuelson’s (2006)
proof (Proposition 7.3.1) of the APS results. Let any w = (¢, pu,y) € B(W) C W be given. I
construct a wPBE strategy profile o for the variant game G°,. Define functions Q : B(W) — A, U :
B(W) — W so that (¢, u, Q(w)) is enforced by U(w). Recursively define U'(w) € W as follows:
U%(w) = w, UY(w) = U(U*"1(w)). Let any full semipublic history h* € YK+t be given — note that h?
contains the initial history h° € YX. Denote (¢, uf,~7') = Uf(w) and Q*(w) = Q(U!(w)) = o' for all
t. Define the strategy profile oo(h?) = ab(h') and oy (htaz) = of (hlay) for each t,ht € H! as € As.
First I show that V,,(h?) = v(h") for initial history kY. From above,

() = V((¢, 1, Q(w)), U(w))(R°) = V((¢, 1, Q*(w)), U" (w)) (R°) (12)
= (1= 08)ur(a®(h,60)) + 6> > a(alh®,60)p(y°|a)y" (h%°). (13)
a€AyOcy

Substituting v} (h%") = V((¢!, ut, ab), U%(w)) (%), from (3) I have

(%) = (1 =8u(a(h60)+6> > a(aln®,00)p(y°|a)

a€Ayocy

(1= Syur(a' (%, 00)) + 6> > a'(alh®°, 60)p(y'|a)y* (h0y%y")

acAyley

and continuing to substitute gives

258 Y Po(h®0®lho)ui(o(h®,60)) +8" Y Po(h 0" |R", 60)7" (0}, -, bi_1)).

s=0 hseys hteyt
(14)

where P, (h*|h°,6p) is the probability of history h® occurring under strategy profile o in game Gou

conditional on initial history k" and the normal type #y. Taking the limit t — oo gives
(1-— Z 0° Y Po(h%9%|h°, 00 )u1 (a(h°h®, 60)) = V(a|h°, 6). (15)
s=0 hseYys

To show that o is a wPBE strategy profile, beliefs must be consistent with ¢. Short-run players
do not know the full history nor do they know player 1’s type; thus, beliefs map from public histories

to probability distributions over elements of the set © x H. However, since player 1 is playing a
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public strategy, beliefs on the full history do not affect player 2’s payoffs, so they can be ignored
aside from knowing the public history; the only beliefs that matter are beliefs on types 6. Together,
beliefs on each § and the public history h! characterize player 2’s maximization problem. I show
that beliefs (u!)°, on the type are consistent with o. The conditional probability P,(h°|#) of
initial history k" at period 0 is given by ¢(h°|#). Suppose that for some t the conditional (given
6) probability of public history h! satisfies P,(h!|#) = ¢!(h'|#). Then the conditional probability
P,(htt1|0) of history ht*! = hly at period t + 1 is equal to

S PR olalhh 0p(yla) = D ¢'(h'10) D al(alht,0)p(yla) = ¢"TH(RT6),

hter(hitl) acA hter(hi+1) acA

where 7(h'*1) = {h! € H' : Vk € {K —1,...,1},h""} | = h! ,} is the set of period ¢ histories that
match the oldest K — 1 periods of h**!. Then by induction P,(h'|f) = ¢!(h|0) for all t. The
definition of wPBE requires that the belief of player 2 at ¢ for histories h* on the equilibrium path
is
P,(ht|6)° (0 #'(h0) 100
p(olht) = e OO OO e, (16)
2geo P(WONA(O) > g o ¢ (R'0)A0(0)

so the consistency requirement is satisfied. For histories not on the equilibrium path, wPBE does

not impose any requirement beyond that a belief is defined, which is provided by .

Finally, I show that there are no profitable one-shot deviations. For short-run players this follows
from (2) in Definition 3.11. For all h', play at period ¢ is given by o!(h,0) = a!(h?,0) and beliefs
by pt; substituting of for o and uf for p, (2) immediately implies there is no profitable deviation
for the short-run player. The long-run player also has no profitable one-shot deviations due to (4)
in Definition 3.11, as is now shown. For any period t, (¢!, u!, at) is enforced by (¢!t utt1 ~i+1).
Then for all h! € H' and dl, € As,

(1= S)yur(ab, ar (h'ab, 00)) +6 D> Y ai(ar|hah, 00)p(y'|ab, a1)7(h'y")
a1€A ytEY

> (1= 06)ur(az,a)) +3 Y p(y[ab, ay)y ™ (h'y")
ytey

for all @) € A;. By the same argument as (12) through (15), it can be shown that v*1(a) is
the continuation payoff of action profile a being played in period ¢. Thus, there are no profitable
one-shot deviations for player 1.

Then for all w = (¢, u,y) € W, v(h°) is the value (to player 1) of a wPBE strategy profile for
variant game G3°, conditional on initial history hO. Thus, w € Dy, C D, and so B(W) C D.

Proof of Part 2

I prove that D C B(D) because Part 1 implies that if D is self-generating, B(D) C D and so
B(D) =D.
Let any w° = (¢°, u°,7°) € D be given. Then by Definition 3.7, there exists a public wPBE
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(o, p*) for variant game G0 0 such that Vo (h%) = ~(hP) for initial history h". Define history
distribution ¢! so that ¢'(ht|§) = P,«(h'|f). Because this is a wPBE, for any h! € H' on the
equilibrium path, player 2 beliefs are given by Bayes’ rule:

o — ORI 00w -

> e (O Po(hH0") 3 pce n0(0')¢" (Rt6")
Define belief mapping p! such that p!(0|h?) = p*(0|h'); (17) shows that p! is consistent with ¢
Because o* is public, I can define action mapping o' such that of(h') = o3(h') and o! (hlas, 0) =
o(hlas, 0) for each h' € H',as € As,0 € ©. Also define payoff functions v*(h?) = V(o |ht).
I now show that zf = (¢!, ut, at) is enforced by wit! = (¢!, pt+l 4H+1). First,

GHNTNG) = Pou(hHO) = Y Y Y Por(hl0)oz(az|h')of (a1|h az, 6) plylaz, ar)

hter(httl)az€Az yeY
=D D D s 0)as(as|ht)ar (a1 |htaz, 0)p(ylag, ar),

hter(htt1) az€Az y€Y

so inducibility is satisfied: (¢'T!, ut*1) € T (¢!, ut, at). Incentive compatibility for the long-run and
short-run players is a straightforward implication of ¢ not having profitable one-shot deviations.
Thus, 2! = (¢%, p!, at) is enforced by w!'™! = (¢!, ptt1 ~#+1). Furthermore,

V() = Vee(h')y= ) aglaglh’) D on(ar|h,6o) | (1= S)ur(az, a1) + Y p(ylaz, ar) Ve« (h'y)
as€As a1 €A, yey

= Y as(aglh’) Y an(alh’,6) [(1 = 8)ui(az,ar) + Y plylas,ar)y(h'y)

ag€As a1 €A yeyY
= Y as(aglh Ve, (2!, w ) (A1),
CL2€A2

so (o', ut,+') is decomposed by z* and w'*! (see Definition 3.12). Since the period ¢+1 continuation
game is strategically equivalent to the G;?HMH variant game, it is straightforward to show that
w'tt € Dyerr 1 C D. Since w! € D and w? is decomposed by w', w® € B(D) and so D C B(D).

A.2 Proof of Proposition 3.2

I start with a useful lemma that establishes B is additive in the sense of set unions, and therefore

monotonic in the sense of set inclusion.
Lemma A.1. Let any two sets W, W' of HBPs be given. Then B(W UW') = B(W) U B(W").

Proof. Let any w € B(W U W) be given. Then there exist HBA x and HBP w € (W U W) which
decompose w. Without loss of generality, suppose w C W. Since w is decomposed by x and w,

then w € B(W) € (B(W) U B(W")). Thus B(W UW’) C (B(W) U B(W")).
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Now let w € (B(W) U B(W')) be given. Without loss of generality, suppose w € B(W), so then
there exist HBA 2 and HBP @ € W which decompose w. Since w € (W U W), it is also true that
we BWUW’), so (BW)uBW')) c B(WUW’). [

The following lemma is a virtually identical adaptation from the APS version, so the proof is
omitted (see Lemma 7.3.2 of Mailath and Samuelson, 2006).

Lemma A.2. If W is compact, B(W) is closed.

F1is compact and the set of HBPs decomposable on F' is also feasible: B(F T) c Ff. Propo-
sition 3.1 and Lemma A.1 imply that, for any m, D(5) c B™(F') ¢ F'. Repeatedly applying B
therefore gives a decreasing sequence {B™(F1)}>_,. Then

m=0-"

o
DcFl =) B™MF.
m=0
I adapt the proof of Proposition 7.3.3 of Mailath and Samuelson (2006) to my setting, showing
that Fl, C B(}'lo), which by Proposition 3.1 proves the result. For any w = (¢, u,y) € flo,
w € B™(FT) for all m € {1,2,...}, and there exists (2™,%™) such that 2™ = (¢, u,a™) € X,

@™ € B Y(FT), and w is decomposed by z™ and @™.

o

Because the sequence (z™,w™)%_,

is bounded, without loss of generality assume that it con-
verges to a limit (z*, @*) = ((¢, u, o), (¢*, i*, 7)), using a convergent subsequence if necessary by
the Bolzano-Weierstrass theorem. I show that w* € .7-";0, that z* is enforced by w* and that w is
decomposed by z* and w*.

Suppose by contradiction that @w* ¢ .7-";0. By Lemma A.2, .7-"20 is closed, so there exists € > 0

such that BV (%) N Flo = @, where BYY () is defined as follows:2°

BY((6,1,7) = {(¢.1,7):Vhe YK V0 € ©,¢/(h]0) € [3(h]0) — €, d(h|0) + €],
W € My, 1/ (0]h) € [u(0]h) — &, u(0|h) +€],+" € BE(3)}

where BL (%) is the closed ball in T' (which is a |Y'|¥-dimensional Euclidean space) of radius ¢ with
center 4. There exists m’ such that for all m > m/, @™ € BV (w*) and because {B™(F1)}>_, is a

decreasing sequence, for any m” > m/,

BY@ ) n| () B™F)| #e.
m<m/!
The collection {BYY (w*)}|Jos_,{B™(F")} has the finite intersection property and B.(w*) U FT is

compact, so the aforementioned collection has a non-empty intersection (by Theorem 4.7.15 of
Corbae, Stinchcombe, and Zeman, 2009): BYY (*) N FL # @, a contradiction.

20The “closed ball with center  and radius €” is not well defined in the space W = M x T because M is not a
Euclidean space.
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It is easy to see that x* € X because X is closed and all ™ € X'. Since =™ is enforced by W™
for all m, taking the limit it is straightforward to show that x* is enforced by w*. Similarly it is
clear that lim,, o V(2™,@™) = v = V(a*,0*), w is decomposed by z* and @w*. Thus, FL is self
generating and bounded, so fgo C D, and by Proposition 3.1, F, [ =

A.3 Proof of Proposition 3.3

I prove that each element of V(W) is a wPBE player 1 payoff for the full game G*°. Let any
v € V(W) be given. By Definition 3.16, there exists HBP (¢, i1,y) € D such that v € £y, ) and
a strategy profile & € X7 of the y-antegame such that the distribution of outcomes matches ¢, i.e.
P;(h|0) = ¢(h|#) for each h € YX (where Ps(-) is defined as it was just after (14)), and with value
V(&) = v. Let i be the associated beliefs of the equilibrium with strategy profile . As in the
proof of part 1 of Proposition 3.1, define functions Q : D — A,U : D — D so that (¢, u, Q(w)) is
enforced by U(w). Recursively define Ul(w) € W for t € {K, K + 1,...} as follows: UX(w) = w,
Ut (w) = U(UY(w)). Denote (¢t, ut,7!) = UY(w) and Q*(w) = Q(U*(w)) = o for all ¢.

For the full game G°°, define public strategy profile o* € 3 such that as(t,h) = &4(h) and
o1 (t, hag) for each date-history (¢,h) € H and each ay € Ay. For periods t > K, define o3(t +
K, h) = o™ (h) and o} (t + K, hag) = a;(t + K, hag, 6y) for each (t + K, h) € H,ay € As. Define
(@ K AHEY = Ut (w). Define beliefs p* such that u*(0|t, h) = u*(0|h) for all t > K.

Note that Ps(h|0) = P,((K,h)|0) = ¢* (h|6). Suppose that for some some t > K, P,«((t,h)|0) =
§(h16). Since (91, 441, 411) = U((8!, i, 11)) € BU(@', ', 7)), the HB (61, ut+) is induced
by (¢!, ut,at). Then for all W € Y y €Y,

SHNYO) = D Y Y ' (hl6)ab(az|h)ai(ar|has, 6)p(ylaz, ar)

her(h'y) az€A2 yeY

= D >0 Pt 1)10)o5 (azlt, h)or(arlt, hag, 0)p(ylag, a1) = Pe-((t + 1,h'y)[6).

her(h'y) az€A2 yeY

Then by induction, P,«((t,h)|0) = ¢'(h|0) holds true at all ¢ > K. The direct analogue of (16)
shows that p*(0|h) is consistent at ¢ > K, and the analogous steps of (12) through (15) show that
Vo« (t,h) = +*(h). The incentive compatibility requirements of Definition 3.11 directly imply the
absence of profitable one-shot deviations in (o*, u*) for t > K.

The arguments above also show that continuation payoffs V,«(t, h%) for play beginning at period
K with public history h is given by v(h®). The fact that & is a wPBE of the y-antegame means
that by incentive compatibility at for player 1 at period K — 1 with history h¥—1,

(1= d)ur(ag,61(h*tag))+6 > Y su(a[h" az)p(ylas, a)y (R 1yH )

a1€A1 yK-legy

> (1—06)ua(ag,a)) +6 > plylag, di)y (B 1y
yK71€Y
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for each a} € Ay, so substituting o} (hX~tay) for 1 (h¥tag) and Vy« (RE=1yE~1) for y(RE—1yK 1)
proves that ¢* is incentive compatible for player 1 at period K — 1. By backward induction, it is
straightforward to show that ¢ being a wPBE of the y-antegame implies incentive compatibility
for o in the full game and V5 (h') = V«(h?) for each t € {0, ..., K — 1} and h € H’. Because player
2 observes the full history for periods 0,..., K — 1, beliefs carry over from the antegame to the full
game without modification (iz(6|h) = p*(0|h) for all t € {0,...,K —1},h € H',§ € ©). Thus, o is
a wPBE of the full game and v = V5(9) = V,«(2), sov € €.

I now prove V(D) = & by showing that £ C V(D) (since the above arguments prove V(D) C &).
Let v € € and the associated public wPBE (¢*, u*) of the full game G* be given (so that v = V(o).
At period K, the equilibrium distribution of histories conditional on type @ is P, ((K,h% |0)
Define history distribution ¢* so that ¢ (h%|0) = P, ((K,h%)|f), define belief mapping p/
that € (0|h%) = p*(0|(K, h%)), and payoff function v (hX) = V,« (K, hF).

I show that w = (¢, uf,+5) € Dyx k. Define strategy profile 6* € EZKMK of the (¢, puf)-
variant game as follows. Set 65(t,h) = o5(t + K, h) and 7] (¢, has) = oj(t + K, hag) for all h €
Y& ay € Ay. Define beliefs fi*(t,h) = u*(t+K, h). Since beliefs and strategies are the same (shifted
by K periods), the lack of profitable deviations in (o*, u*) for periods K, K + 1, ... implies a lack
of profitable deviations for (5*, i*) for periods 0,1,.... Thus, (6%, i*) is a wPBE of the (¢, u%)-
variant game. Since o*|(jn) = (o), Va+(0,h) = Vo= (t,h) = v*(h). Then by Definition 3.7,
w € Dyx ,,x CD.

For the 7" -antegame, define strategy profile 6 € ¥« so that &(h') = o*(h"). For the antegame,
define beliefs fi so that fi(h) = p*(h) for all t € {0, ..., K —1},h € H®. Since the short-run players in
periods 0, ..., K — 1 observe the full history in the full game G, the beliefs i in the v -antegame
are consistent with . Since there are no profitable deviations in (o, ) and the maximization
problems are identical in the antegame at every history ¢ € {0, ..., K — 1}, h € H?, there are also
no profitable one-shot deviations in &, so (J, f1) is a wPBE of the y-antegame with distribution of
period K histories ¢*€. Thus, v € E(p i 4x), and so v € V(D).

A.4 Proof of Proposition 3.4

Let any stationary wPBE (o, u*) be given. Note that this is a Markov chain on the state space of

histories.

Lemma A.3. Let some finite state space Q = {wi,...,wn} and a Markov chain {X;} on that

state space with transition matrix () be given. Let some initial probability distribution on the states

70 = (ny,...,70) be given, and let T be the time average distribution of X3, i.e.
0)s
= lim 5 ZW Q" (18)
for each i € {1,...,n}. Then w*° is stationary, i.e. ™° = 7°°Q.

Proof. Every Markov chain on a finite state space has at least one stationary distribution (Furman,
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2011). For aperiodic states, the limit (18) exists (see Property 2.17 of Feldman and Valdez-Flores,

1996); for periodic states, the limit also clearly exists. Finally,?! letting 7 = % =0 WOQS I have

t—1 t—1
T‘tQ _ %ZWOQH—I (Z ﬂ'OQS + WOQt 1 ) ’

s=0

so taking the limit 7°°Q = (limt_mo rt) Q = limy_y00 7'Q = limy_so0 % <Zs 0 Q% +10Qt — 7 ) =
limy oo 1 7 Zs OTFOQS =7 [ |

Define 7°°(h|6) = limy 00 =5 Yo x Poe(t, h]0) as the time average probability of history h €
YK generated by the Markov chain specified by ¢* conditional on type 0 as given in (18); note
that the initial distribution of this Markov chain is 7%(h|#) = P,«(K,h|f). Define ¢ so that

¢(h|0) = 7>°(h|#), and define belief mapping p so that u(0|h) = p*(0|h). Note that € My because
w* satisfies Bayes’ rule on the equilibrium path. Define action mapping « so that as(h) = o5(h)
and «aq(hag, 0) = of(hag,d). 1 show that x = (¢, u, ) is enforced by w = (¢, u,y). Lemma A.3
shows that 7°°(-|@) is stationary, so for any history h'y € Y&,

d(h'yl0) = 7o) = D Y > 7a(h|6)oz(az|h)o(ar|h,0)p(ylas,ar)

her(h'y) az€Az a1€A1

= > > > é(hlf)as(aglh)a(ar|h, 0)p(ylaz, a),

her(h'y) az€Az a1 €A1

so inducibility is satisfied: (¢, u) € (o, u, ). Defining payoff function v so that y(h) = V,«(h),
the lack of profitable one-shot deviations in ¢* immediately implies incentive compatibility for both

players, so x is enforced by w. Finally,

= Y Y os(azh)oi(ailh) [ (1= )ui(ag,ar) + 38D plylaz, ar)Ve-(hy) | = V(z, w),

a2€A2 a1€A yey

so w is decomposed by z and itself.

To prove the converse, let some HBP w' = (¢/,1/,7') and v € V({w'}) where v’ € B({w'})
be given. By Definition 3.16, there exists 7/-antegame wPBE & where V(G) = v € £ v ); then
P5(h|0) = ¢'(h]) for all h € Y& 6 € ©. There also exists HBA x = (¢, 1/, /) such that x,w’
decompose w’. Construct strategy profile o for the full game as follows. For each initial period
t < K and all h € H, let o2(h) = 62(h), o1(has) = 61(hasg) for all as € As. For all public histories
h € YK in later periods, define o3(h) = af(h),01(h) = o} (h). Tt is straightforward that because & is
a wPBE of the 4/-antegame, o is incentive compatible under the same beliefs, and that those beliefs

are consistent with play under o, for initial periods t < K. Essentially performing the argument

2The conclusion of this proof is based on an answer at Mathematics Stack Exchange:
http://math.stackexchange.com/questions/897667/for-finite-markov-chain-time-average-distribution-
is-always-a-stationary-distri.
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above in reverse, the definition of decomposition implies that ¢’ is a stationary distribution over
the set of histories under the Markov chain implied by o, and so the player 2 beliefs (specified by
u') are consistent with player 1’s behavior at periods ¢t > K. The definition of decomposition easily
yields V, (k) = +/(h) for all h € Y and the fact that z is enforced by w’ directly shows there are

no profitable deviations in ¢ for ¢t > K. Hence, o is a wPBE of the full game.

B Proofs for Section 4

B.1 Proof of Proposition 4.1

Although player 1 observes all her past shocks, all of them except the current shock can be ignored
in equilibrium. The following definition and lemma (essentially the same as Definition 4 and Lemma
2 in BMM) show this formally.

Definition B.1. A strategy &1 is a current shock strategy if for all heH,, containing non-shock
history hay € H x Ay and shocks 20, ..., 2%, o1(hag, 29, ..., 2~ L2 = o1 (has, Ei_K, i 1 2t) for

almost all 2{ € Z; and any 29,..., 271 € Z;.
Lemma B.1. If 61 is a best response to 62, then &1 is a current shock strategy.

Proof. Let a player 1 history h e Hl, containing non-shock history has € H! x Ay and shocks

20,..., 21, be given. Denote the public history at period ¢ as h. Let VtJrl (hyatJrl t“) be the
1

value of playing the strategy oy starting at period t + 1, following the reahzatlons of a§+ and
zi“ and let 1 = arg max,, Véirfm(hyaprl i“) be the best response. The payoff (at period t) of
playing action a; after player 2 action a} is
Vi so(hag,21) = Y plylaz,a1) [(1 — 0)(u1(az, ar) +e2""") (19)
yey

+5//Z ~t+1 t+1|hy2t+1)vgl+;2(hyat+l t+1) dw( t+1)dw( t+1) (20)

The decision problem is independent of all shocks before period ¢. For any actions aj,a] € Ay,
player 1 can only be indifferent between the two actions if zt “ zi 4 = ( for some constant (. Then

for almost all z{, player 1 has a unique best response and &; does not condition on 29, .. zf L m
The following result is an extension of Lemma 1 of BMM.
Lemma B.2. Fvery essentially sequentially strict wPBE is quasi-Markov perfect.

Proof. Let any two full semipublic histories h?, h* which lead to the same quasi-Markov state for

player 2 be given. I show that sequential strictness implies the same behavior at both histories.
Let some k > K and k-length sequence y* € Y* be given. Since players at periods t + K +

1,t 4+ K +2, ... cannot observe period ¢, it is clear that the value V (h'y*) does not depend on bt.
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t+K—1

Now, let a (K — 1)-length sequence y*~! € YX~1 be given. For each a}) € As, the decision

problem facing player 1 at bty *1a§+K -1 (at period t + K — 1) is independent of h?, and because
the equilibrium is essentially sequentially strict, the set of maximizing actions is the same singleton

for almost all shocks zt+K_1 € 7. Then I have oy (h'y® ~las, zf”(_l) = o1(htyS 1 ay, z§+K_1) for

t+K—1 By

almost all 2] Definition 4.1, player 2 has the same beliefs p(h!_;y% 1) = p(hl_,y51) at

both public histories (the shock z?K ~1 does not affect the belief since it is independently drawn).

Since player 1’s subsequent action is identical at both histories with probability one, player 2’s

btyK 1 t+K 1) :cn(l‘_)tyK 1 t+K— 1)

decision problem is the same at both histories, giving o 25 ) %y

for almost all shocks z§+K -1 ¢ Z§+K -1

Now suppose that for any k € {0, .. — 2}, V(ptyFth) = V(htyF*1), where y* € Y*. Then

t+k

as above, the decision problem and unique maximizer for player 1 is the same at hly* azz;" " and

htykGQZiJrk
and 6; (K—k) """ hi_ 1y yielding the same unique maximizing action at both hlstorles for almost all
t+k

for almost all sz € Zy; similarly, player 2 has the same beliefs at b —(K—k) bt 1y

shocks 2z, ™" € Zs, giving V(h!_ (K—k) btk = V(ht_ (K—k) --b!_y¥). By backwards induction,
I have og(hf_, ---ht_ 2bTF) = ag(f)th bt 24F) and Jl(htagzﬁk) = o1(htagzt™) for almost
all sz € 2o, 7| ik ¢ Z,. Thus, strategies are the same within a quasi-Markov state for player
2. An almost identical argument shows the same for quasi-Markov states of player 1, and so the

equilibrium is quasi-Markov perfect. |

Consider player 1’s decision at some period t. Suppose player 1 is indifferent between distinct
actions a; and @} at public history h € H?, player 2 action a and shock realization z1; borrowing

notation from the proof of Lemma B.1 (specifically (20)), I can write this as

ai,02

Vi, oo (haz, 21) = Vi 5, (has, 7). (21)
Define

0'2|hy // Z ~t+1 t+1|hy, t+1)vgl+0}.2(hyat+1 §+1) dw(zi+1) d¢(2§+1)

ag EAQ

as the integral term in (20). Substituting into (21) and rearranging yields

e(zf' — 211) = (1 = 8)[ua(ag, d}) — ua(ag, 1)) + 6 Y _ [p(ylaz, a1) — plylag, d))]V*(Galhy).  (22)
yey

This implies that the set of shocks z; such that (22) holds is Lebesgue measure zero, so the profile
is essentially sequentially strict. Lemma B.2 shows that every essentially strict equilibrium is quasi-

Markov perfect, so the wPBE is quasi-Markov.

B.2 Proof of Proposition 4.2

Proposition 4.1 shows that every wPBE in any perturbed game is quasi-Markov. Thus, for any

sequence (¥, eF), where limy_o € = 0, the limit of any sequence of wPBEs of the (1%, c*)-
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perturbed game must converge to a quasi-Markov equilibrium.

C Proofs for Section 5

C.1 Proof of Proposition 5.1

Let e(6,1°) = min&(6, u°), e(6, u°) = max (6, u°) denote the minimum and maximum quasi-
Markov equilibrium payoffs, respectively.

First consider the simpler case § < % Let any quasi-Markov equilibrium ¢ be given. For any
period t, let
ot C (1-90)ui(c,C)+oVIHYHC) > (1 — S)ui(c, D) + V(D)

D  otherwise
be a best response at period ¢ where V**+1(-) is the continuation payoff at period ¢ + 1. Note that
Vi(hte) = (1 = 8)ua(c,af) + 6V (ah), Vi(h'd) = (1 = S)ui (d, af) + oV (a})
so Vi(htc) = Vi(htd) + 2(1 — §). Since V*(h'ay) is independent of k! conditional on as,
Vi{(C)=VI(D) = (o (D)Vi(h'e) + (1 = 05(C)) — (1 = 05(D)))V' (h'd)
(D)) [V (h'e) = VI(R'd)] = 2(1 = 6)(03(C) — 03(D)).  (23)

Note that if C' is a best response at any period ¢ following player 2 action as,
(1= d)ur(az, C) + 8V'*H(O) = (1 = d)us(az, D) + V(D)

5(Vt+1(0) - Vt“(D)) > (1 —0)(ui(az, D) —ui(az,C)) =1 -4, (24)

yet from (23) the left hand side of (24) is less than 25(1 — §), a contradiction for § < 1. Thus, it
must be that player 1 always plays D: o1(t,h) = D for all t, h. For history D at any period, the
belief on the commitment type is 0 so player 2’s best response is d. For pu® < %, at period 0 player
2’s best response is d, so (d, D) is played every period and the equilibrium payoff is 1. For p° > %,
player 2’s best response at period 0 is ¢, so (¢, D) is played in period 0 and then (d, D) every period
for every period after that. For p® = %, player 2 is indifferent at period 0, any mixture for player
2 is possible in period 0, and (d, D) is played after that. Thus, (10) has been proven.

For the rest of the proof, suppose § > % I begin by introducing notation and some useful
preliminary lemmas. For brevity, for any history distribution ¢, denote ¢(C|fy) simply as ¢; for
any action mapping «, denote aa(C|h) as aa(h), and denote a1 (C|h, 6p) as ay (since player 1 does
not condition on history due to quasi-Markov perfection). Define Z = {(¢, 1,7) € Fi : v(C) =
v(D) +n}, where n = %5, as the “indifference plane” (i.e. at each HBP in Z, player 1 is indifferent

between C and D). Let Fp = {w € FI : B({w}) = @} be the set of “useless points” in F, meaning
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those which can only generate empty sets. Ignoring those points greatly simplifies the analysis.

Lemma C.1. Define the set F = FI\F,. An HBP & = (¢,[i,7) is in the set F only if one of
the following conditions is true: (1) ¢ = 0 and (C) —F(D) > n; (2) & € Z; or (3) ¢ = 1 and

3(C) —4(D) <.

Proof. Let some HBA x = (¢, i, ) enforced by w be given. First, suppose é = 0. Since inducibility
requires a; = ¢ = 0, D must be a best response for player 1, and therefore F(C) —3(D) > n;
otherwise, I have a contradiction, so B(w) = &. Second, suppose = (0,1). Inducibility requires
a1 = ¢ € (0,1), so both C and D must be best responses for player 1, and hence 5(C) — (D) =7,
which means @ € Z. Third, suppose ¢ = 1. Inducibility requires that C' be a best response for
player 1, so Condition 3 must hold. |

Define B(W) = B(W)NF and D = DN F. It is straightforward to adapt Propositions 3.2 and
3.3 to show N, B™(F) = D and that V(D) = V(D) = &, since the HBPs in F; cannot decompose
anything and for similar reasons, are not consistent with any antegame equilibria. Sometimes I
abuse notation by letting B(w) = B({w}) denote the set of “useful” HBPs decomposed by the
singleton {w}.

I present some results characterizing the set of useful HBPs that can be generated by any
particular HBP. For convenience, define g : R? — T so that g(vp,vc) = « such that (D) =
vp,7(C) = ve; for further brevity, let gz (vp) = g(vp,vp+n). Since belief mappings are redundant,
I often omit them when writing HBPs and HBAs (e.g. write “(¢,)” instead of “(¢, u,)”). Define
¢ = -
since 1t is taken as given. Define ¢3 so that ¢(¢3) = 1 (this is well-defined for p0 € (0, 1]). Define
7(-) as the inverse of ¢(-): r(¢) = ¢ (¢) = (1 - —) It is straightforward to show that ¢(-) and
r(-) are strictly increasing for ¢ € [0,%) and ¢ € (0, 00), respectively. Recall the abuse of notation
V(v1,v2) = (1 — §)vy + dvg where vy, ve € R, as well as V/ (vy,v9) = (1 — 6/)vy + §/vg, used here for

(¢) (defined in the statement of Proposition 5.1) as q(¢) = %, omitting u°

brevity.
The following lemma characterizes the set B(i) of useful HBPs generated by a single HBP .

Lemma C.2. Suppose u° € (0, %] Let any HBP w = (é,ﬁ) be given. Then

( ~

{(a(9), gz(V(1,7(D))))} é € [0, d3)
{(1,9) : 4(D) = V(1,5(D)), 4(C) € V(D) + 1. V(2,5(C))]} $=ds
B(@) = { {(1,g(V(1,7(D)),V(3,5(D)))} ¢ € (d3,3)
{(¢,7) 1 7(D) € V(1,7(D)),V(3,7(D)),4(C) = VB, A(D)N}NF ¢=1
{(0,9) : 9(C) = v(D) = V(2,7(C))} ¢ € (3,1]

Proof. 1 consider each case sequentially. Let some HBA x = (¢, i, @) enforced by @ and the HBP
w = (b, u,y) decomposed by x and w be given.
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First, suppose ¢ € [0, (;33) Inducibility requires that o = ¢ < %, so player 2’s payoff for playing
c at history D is

ug(c,a1(09)) =36 +0- (1 — ) <20 +1-(1— @) = ua(d, 1 (6p));

thus, d is strict best response, so aa(D) =0 and y(D) = (1 —9) + (D) = V(1,5(D)). At history
C, player 2 is indifferent if

Eluz(c,a1)|C] =3+ (1 = p)[¢ -3+ (1= 9) - 0] = Elup(d, an)|C] = 20+ (1 = p)[§ - 2+ (1 = 9) - 1]

pB—=21+(1—-pBod—20—(1-¢)] =p+(1—w26—1)]=0

2 —2¢]u=1-2¢. (25)
Substituting Bayes’ rule for p gives
0
~ M ~
9 29—t 195
| T
and rearranging yields (1 — 2¢)¢ = 1&20 = ¢*, so I can write
_ Y
¢ = 172&—(1((?)-

Thus, if ¢ > q(d;), player 2 strictly prefers d, and if the inequality is reversed strictly prefers c.
Hence, if ¢ > q(¢), ¥(C) = v(D) = (1 —6) + 0%(D) < v(D) + n, and thus w € Fy by Lemma C.1
(note that ¢(¢) > ¢ > 0). Similarly, if ¢ < q(¢),

C) =2(1 = 0) +67(C) 2 2(1 = 6) +6[3(D) +n] = 3(1 = 0) + 63(D) > (D) +n,

so w € Fy (note that g(¢) < 1). Thus, w € F only if ¢ = q(¢) and v(C) = (D) + 1.

Suppose ¢ = ¢3. By the same argument as the previous paragraph, v(D) = (1 — ) + 0%(D).
q(d3) =1, so0 if ¢ < 1 then v(C) = 2(1 — §) + 67(C) > v(D) + 7 and again, w € Fy. If ¢ = 1, then
player 2 is indifferent so any az(C) € [0,1] is enforceable, but if I want w € F I must choose as(C)
sufficiently high such that v(C) > v(D) + n; thus, v(C) € [y(D) +n,2(1 — §) + §5(C)].

Suppose ¢ € (s, 1). As before y(D) = (1 — §) + 65(D). Furthermore, player 2 strictly prefers
c at history C, so v(C) = 2(1 — §) + §7(C) > v(D) +n. Hence if w € F, ¢ = 1.

Suppose ¢ = % Then player 2 strictly prefers ¢ at history C so y(C) = 2(1 —4§
is indifferent at history D. Thus, any as(D) is enforceable, giving v(D) € [V(1,5(D

Finally, suppose ¢ € (%, 1]. Player 2 strictly prefers ¢ at either history, so y(D) = ~(C) =
2(1 —6) +6%(C), and w € F implies ¢ = 0. [ |

Define W, = {(¢,7) € F} as the set of “useful” HBPs with history distribution ¢ (this corre-

49



sponds to the plane at a particular “elevation” in Figure 7). The following corollary restates some of
the results of Lemma C.2 in a more directly useful way, characterizing the “elevations” from which

useful HBPs can be decomposed, and vice versa.

Corollary C.1. Suppose 1° € (0, 1).

1. Let any HBP w = (¢,v) € T be given. If there exists w = (¢,7) such that w € B(w), then
either ¢ = q(qb) ro= %

2. Conwversely, for any ¢ > q(0), any HBP w = (7($),7) € Wy(g) generates an HBP in Wy:
(¢,92((1 = 6) +0%(D)) € B(w).

3. For any ¢ € ®, any HBP @' = (%fy) € W1 generates an HBP in Wy: (¢,97(3(1 —6) +

2
(D) —n)) € B(w). For ¢ € (0,1), the sets B(w) above are singletons.

Define the minimum and maximum “relevant” payoffs?? at each history distribution following
the mth iteration of the B(-) operator (recall that the minima and maxima exist because B™(FT)

is closed by Lemma A.2):

min{y(D) : (¢,7) € B™(F)} ¢€[0.1) _ max{y(D) : (¢,7) € B"(FN)} ¢€[0,1)

yglz v$5

min{y(C) : (1,7) € B"(FN)} ¢=1 max{(C) : (1,7) € B"(F")} ¢=1.

For all ¢ € @, define v = limy, 00 0, 03° = limy, 500 0. Note that y% = 0,173 =3 — 17 and
V) = 1,39 = 3 for all ¢ € (0,1]. Because {B™(F)}n is a decreasing sequence (in the sense of set

inclusion), {vg'}m ({03 }m) is weakly increasing (weakly decreasing) and bounded; it follows that

o Jmin{y(D):(¢,7) €D} $€[0,1) o Jmax{y(D):(¢,7) €D} $€[0,1)

o min{y(C): (1,7) € D} ¢=1 oo max{y(C): (1,7) €D} ¢=1.

The following result characterizes the output of the “initialization” V(-) operator.

Lemma C.3. Let ;i° € (0,1] and w = (¢,7) € D(6, u°) be given. Then

{(1=6) + (D)} ¢ < ¢3
V({(¢,7)}) = S [(1 = 8) + 67(D),3(1 - 8) + 6v(D)] ¢ = 3
{2(1 = 0) +(C)} ¢ > 3.

If u° > %, then

)31 =0)+0v(D) ¢=0
vilen =1 T (26)

22By relevant, I mean the following for a given (¢,7) € F. If ¢ = 0, v(C) does not affect what can be generated;
if ¢ =1, v(D) does not affect what can be generated; if ¢ € (0,1), v(C) = v(D) + n so player 1 is indifferent and
either v(C) or v(D) “pins down” the other.
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Proof. For any v € V({(¢,7)}), there exists a PBE (¢*, u*) of the y-antegame such that V(c*) = v
and the distribution of outcomes matches ¢: o7 (2) = ¢.

First consider the u° € (0, %] case. Suppose ¢ < ¢33, and suppose by contradiction that player
2’s expected payoff at period 0 for playing c is greater than or equal to the payoff for d:

3+ (1= p")Bd+0-(1—¢)] > 2u" + (1 —p°)[p-2+ (1 —9) - 1] (27)
0 *
I%15:¢*21_%5 — 1f2¢=q@)2L (28)

which is a contradiction because ¢ < ¢3 implies q(p) < q(qgg) = 1, due to the monotonicity of ¢(-).
Thus, player 2 strictly prefers d. Since (¢,7) € D and ¢ < 1, y(D) > v(C) — n and so D is a best
response at period 0 for player 1. Thus, V(¢*) = (1 — §)ui(d, D) + dv(D) = (1 = 9) + 0v(D).

Suppose ¢ = <zA53. Then q(¢) = lf—% = 1 so replacing the inequalities in (28) with “=" and
working backwards, doing the same until (27), shows that player 2 is indifferent between ¢ and
d. For player 1, D is a best response since ¢3 < 1. Thus, I can pick any 05(@) € [0,1], so
V(6. = V(") : 05(2) € [0,1),§(2) = ds} = [(1 - 8) +54(D), 3(1 — 6) + 55(D)].

Suppose ¢ > ¢3. Then ¢(¢) > 1, and performing the analogous steps in the previous paragraph
shows that player 2 strictly prefers ¢ to d. Since o} (@) = ¢ > q&g > 0, C is a best response, so
V(o*) = (1—=90)ui(e,C) + 0v(C) =2(1 —08) + év(C).

Now turn to the simpler p® > % case. Player 2 strictly prefers ¢ no matter what player 1’s
strategy is. If ¢ = 0, then D is a best response, so V(c*) = (1—06)ui(c, D)+dv(D) = 3(1-9)+6v(D).
If ¢ > 0, then C' is a best response: V(o*) = (1 — d)ui(c,C) 4+ 6v(C) = 2(1 — §) + §v(C). [ ]

Now consider the first case (aside from p® = 0) listed in (11): suppose u® € (0, §]. I show that
the function ¢(-) has two fixed points for 4* < 3, one for 4% = %, and none for p® > ¥ (this turns
out to be why u° > % has a unique stationary equilibrium payoffs instead of two). Setting ¢ = q(¢)
yields ¢ = 1?—% which can be rearranged to get 0 = 26> — ¢ + ¢*. The quadratic formula gives

$=11%1-4-2¢") =1 1,/T— 8", (29)

since ¢* = % for p° = %, pu < % is sufficient and necessary for the discriminant to be non-negative,

and therefore for the existence of a fixed point. Define ¢1,ds € ® as the fixed points of q(+) such
that ¢31 < ¢ for ul < % and qgl = gZ;g for 40 = %.

Lemma C.4. Suppose 1° € (0, %]
1. For all ¢ € [(51, 1), vy’ = 1. Furthermore, v3° = 1/6, and v > 1 for all ¢ e [0,({51).
2. Forall p € [(51, 1), U3’ =2 —mn. Furthermore, v7° =2 and vy <2 for all ¢ e [0,(2)1).

Proof. Recall that r(-) is strictly increasing, and note that 7(¢1) = ¢1, (1) = ¢3 < 1. Then for all
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¢ € [61,1), 7(¢) € [¢1,1) C [q(0),1). Corollary C.1 implies that for every ¢ € [d1, 1),
vp™t = min{y(D): (¢,7) € B (F)}
= min{min{y(D) : (¢,7) € B(B™(F) N Wy ()}, min{~(D) : (¢,~) € B(B™(F) N W%)}}

— min{min{V(1,7(D)) : (r(é),) € B"(F)} min{V(3,7(D) — 1+ (3,7) € B"(F)})
min{V(l,yﬁ@) V(3, %n) n}

Note that Qgs =0 for all ¢ € [0,1). Suppose that for some m and for all ¢ € [d;l, 1), v = v ="
2

for some constant ¢". Then
vt = min{(1 - 8) + 6uyly), 3(1 - 6) + %n —n} = (1-0) +6¢™

By induction, for all m and ¢ € [(Z)l, 1), then (1 —0) +6¢" = QZZ'H = £m+1 for constant §m+1.
Hence, ygf = limy, 500 (" = 1.
Similarly, note that 173 =3 —nfor all ¢ € [0,1). Suppose for some m and for all ¢ € [qgl, 1),

vy = ¢™ for some constant (™. Then
ot = max{(1 = 6) 4+ 60}, ), 3(1 = 6) + 607 —n} = 3(1 = §) + 6C™ — 1.
2

By induction, for each m and ¢ € [¢1,1), v;”H = 3(1 =0) +06(™ —n = (™. Hence, vy =
limy, 500 (™ = 3(1 — 6) + 6 limy, 00 (™ — n which can be solved to get 17;" = limyy—e0 (™ =
3—1=2_n.

o

Next, Lemma C.2 and the above result give

W = min{y(C) : (1,9) € BMH(F)} = mlﬂ{7(0)¢(1’7>eg<gm(ﬁ)ﬂ< 1W>)}

¢€[¢372]

= min { min{(1 — 8) + 65(D) 4+ n : (¢3,7) € B™(F) N Wi}

min{3(1 - 8) + 65(D) : (¢,7) € B"(F) N ( et 1"V ) }

= min{(1—8) +6¢" +n,3(1 = 8) + 6¢"} = (1 = 6) + 6™+,

SO
1-6 1-9¢ 1
m+1 - - mo_ — —_— = =<
v = lim ot = (1-0) + 5 +90 lim ("= (1-96)+ 5 +9 5
Analogously,
o = max{3(1 - 8) +69(D) : (,9) € B"(F), b € [d3, 4]}
= max{3(1 —5)+5‘_’$,¢~5€ (63, 3]} = 3(1 = 9) + 8"



50 03° = 3(1 — 0) + 6 limp 0o (™ =3(1 =) +6(2 —n) = 2.
Finally, let v = min{vy : ¢ €[0,1)} and v™ = max{Uy; : ¢’ € [0,41)}. Lemma C.2 shows
that for any (¢,v) € B™(F),

min{(1 — &) + 65(D) : (,7) € B™(F)}
min{(1 —d) + ov"",2(1 — 0) + oul"}

v(D)

v

v

so vl > (1 — §) + 6v™ which gives

lim v > lim min{(1 —6) + 6v™, 2(1 — &) + dv}"}

m—o0o m—00

= min{(17(5)+5 lim ym,2(175)+1},

m—ro0

50 lim,,—s00 V™ > 1.2 Turning to the maxima,

oyt = max{max{3(1 — 8) + 507 : ¢ € [3,1)},2(1 — 8) + 5o7"}

~

0 < max{(1 - 8) + v, 3(1 — 6) + 007 —n} Vo€ (0,61)
2

75° =max{3(1 —9)+d(2—1n),2(1 —§) + 26} =2
5% < max{(1 — &) + v, 3(1 — &) + 6(2 —n) — n} = max{(1 — ) + v>°,2 —n}  V$ € (0,61).

If (1 - 6) +6v™ > 2 — n, then v*° = max{v§°, max{v}""" : ¢ € (0,¢1)} = max{2, (1 — 6) + 6v°}. If

v > 2 then v = (1 —§) + v = v = 1, a contradiction. Thus, v*° = 2. [

Lemmas C.3 and C.4 imply that

min V(D) = min{min{(1 —6) +6y(D) : (¢,7) € D, d < ¢°},
min{2(1 — §) + 6v(C) : (¢,7) € D, ¢ > ¢*}}
= min{min{V(1,v¥) : ¢ < 6*}, min{V(2,0F + 1) : ¢ € (6*, 1)}, V(2,25° — n)}
min{V(1,1),V(2,1+n)} = 1.

Thus, the first minimum listed in (11) has been proven.
11
92 X >
stationary equilibrium is at ¢ = %) I still define ¢3 so that g(¢3) = 1.

Now, suppose p® € (%, 1). This eliminates the fixed points b1, ¢ of q(+) (this means the only

Lemma C.5. Let u° € (%, %) For any ¢ € |0, $3), there exists finite k such that q’_“(qb) > %

Proof. Note that u° € (é, %) = ¢* € (%, 1). Since ¢°(0) = ¢*, for ¢* > % the lemma is trivial.

23This simply confirms the obvious fact that the continuation payoff must not be less than the minmax payoff.
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Suppose ¢* € (87 2)Let Aq(d) = q(¢) — ¢ = 12 2¢ —¢ = ¢*1¢;r$¢ . I show that Ag(¢) > 0
for ¢ € [0, %) Suppose not. Note that Ag(0) = ¢* > 0 and hmqﬁ_)% Aq(¢p) = oo. Since Ag(-) is
continuous, there must exist ¢’ € [0, ) such that 0 = ¢* —p+2¢? = ¢ = 1(1++/T—8¢%). But
o* > % because 10 > %, so the discriminant is negative, a contradiction.

The first and second derivatives of Ag(-) are Aq'(¢) = 2¢*(1 — 2¢)~2 — 1,A¢"(¢) = 8¢*(1 —
2¢)73 > 0 for ¢ < %, so Ag(+) is strictly convex. Furthermore, setting Aq'(¢) = 0 gives 2¢*(1 —
2¢)~2 — 1 = 0 which can be solved for ¢ = 3(1 +/2¢%); for ¢* € (3, 3) a solution ¢ € [0, 3) exists.
Thus, Ag(¢) has some minimum value Ag > 0 for ¢ € [0, 1) and so for any F,

0" () = ¢+ Aq(8) + Aq(q(0)) + Aq(q* () + -+ + Aq(d" ' (9) > ¢ + kAq,

proving that there exists finite k such that qE(¢) > % |

Having established its finite existence with Lemma C.5, recall the definition of L(1°) = miny, ¢*(0)
such that ¢*(0) > 2; recall also the definitions of A\¥ for & € {L — 1, L} in the statement of the
proposition. Define p* = ¢*(0) for k € {0,...,L}, and define intervals S*¥ = (p¥,p**!) c R for

ke {0,..,L —1} and SF = (p~, 1).

Lemma C.6. Suppose 1° € (%, %] If pt = %, then QPL = \E; otherwise, Q;i,l = )\ffl. Also,
o _ (1—6) +ov5 pl <1
0 =
- (1=0)+du5_,+n pr=1
Finally, min{vg® : ¢ € [0, bs3]} = v i1 and
. v L <1 vy + <1
min{vF ¢ € (do. D} =4 1 e
v} pl=1 v} =1.
=pt-t =pt

Proof. Note that A\¥ as defined in the statement of Proposition 5.1 is defined so that \f = (1 —
6F) 4+ 6%[3(1 — &) + A} — ). Also define A} so that Ay = (1 — &%) + 0%[3(1 — &) + 6AL], which gives
A= 15%“[1 — 0L 4+ 36%(1 — §)]. T abuse notation by letting v¥ = min{vg : ¢ € S} for a set S.

First, Corollary C.1 implies that for any m, va = 3(1 —0)+ (5@’;}2 —1n. To see why, recall that
r(-) is strictly increasing and note that for all ¢ € S?, p < ¢ < p! and then r(¢) < r(pl) =p' =0,
so there does not exist ¢’ such that ¢(¢’) = ¢. Hence only HBPs (¢/,+') where ¢/ = § can decompose
to HBPs (¢,v) where ¢ € S°. Taking the limit as m — oo gives v3% = 3(1 — §) + 6v77, — - In the
rest of the proof, for brevity I skip ahead to the limit as m — oo, e.g. omitting the intermediate
step of “v m“ =3(1-9)+ duy), — 1" above.

For each k€ {l,.,L} and all ¢ € S*, r(¢) € S¥~1. To see this, note that p* < ¢ < p*+! for
k < L (this is easily adapted for k = L), so r(p*) = pF~! < r(¢) < p* = r(p**1). Corollary C.1
shows that v, = min{V(1,v%_,), V(3,yi’72) —n}. Suppose (by contradiction) that V(3,079,) —n <
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V(1,v3-1). Then

1-6
V3, 085) —n < (1) + 001 < (1-0) +6 |VI3,05) — + | = VI3, 085)]
) 1—-9¢ 2, 00
L=OVBT) <n=-—" = 36(1—0)+d%, <1 (30)

For § > 1, the left hand side of (30) is less than 3 + %QT?Z <1 = 1739, <1, which is easily shown
to be contradicted by Lemma C.2.?* Thus, UGk = V(l,ygﬁc,l), and in fact the argument above
shows that for all =1 € S¥=1, ¢* € S¥, T have y;f,i = V(l,g;‘;_l). An almost identical argument
shows that y;i = V(l,y;ﬁ,l). Note that because QZS < V(3,Q‘1)72) -1 =%, Q;ﬁ < v for each k.

Suppose p” < 1. T show that v$°® = v3z + 1. Note that pll=r(pl) <r(1) = ¢3 < % < pk, so
(b3, 3) € 81 By Lemma C.2,

v]® = min{V(l,yz)—i—n,min{V(S,y;O) RS (453, %)},V(B,Qix/’z)} = min{V(l,ygoL,l)+n,V(3,ny72)}.

(31)
If p& > %, then % e SE1 and Q??2 = 03711, SO
of° = (1 =0) 4+ dvgr-1 + 1 =uvgL + 1. (32)

Suppose pr = % By Lemma C.2,

vy = min{V(3,v75,) — n,min{V(3,14) : ¢ € (5, 1)}, V(2,07°)} = min{V(3,v3,) — 1, V(2,21°)},

(33)
because (3,1) =S¥ and VgL 2 UL = 3. Recall (31); suppose by contradiction that
v1” =3(1=06) + vy, < (1=96) + dvgz1 + 1. (34)

Since 9(1)72 < 2 —n by Corollary C.1, I have

V(2,07%) = 2(1 = 6) + 0[3(1 = &) + bv7)p] > 3(1 = 6) + 6u755 — 1 = 16 = V0.

By induction that means v, = v3; for each k, and vT" = v7 = VL(QSS) = (1—6%) + 6301 —
2

9) + 5@2% —n] = AL, since p* matches the characterization for A\f at the beginning of the proof.

Returning to (34) I have

3(1=0)+6vT =3(1—0)+duyr <(1—=0)+0vgr+n=(1-08)+dvi.+n=uvy3+n
2

1
3(1—=06) —n<(1—-0)uy - -5 =2-n<y,
24Besides the fact that this implies a continuation payoff less than the minmax, this can be seen by simply letting
v™ = min{min{vy : ¢ € [0,1)},v}"} and generating the lowest payoff given by Lemma C.2 at any ¢ as the new lower
bound v > (1 — §) + dv™, which converges to 1 as m — oo.
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which is a contradiction because v°7 = v9°® < 199 < 2 —n by Corollary C.1. To summarize, for
P 2 2

pl = %, it has been shown that v3° = (1 —9) + 6v3r-1 +n = v +n, and furthermore vy, = ygi

for all k € {0,...,L} and y;‘z = )\f . It is then straightforward to check that the lemma has been

proven for pl = %

For the rest of the proof suppose % < pl < 1. (The p* = 1 case follows almost exactly the

same argument, adding or subtracting “n” as appropriate where “QS‘L”’ is mentioned and ignoring

the consequently empty set S.) By Lemma C.2, ng = min{V(3,y(1X/’2) —n,min{V(3,v4) : ¢ €

(3. 1)}, V(2,08)}
Suppose by contradiction that

vyo < 3(1—0) + 0y, —n. (35)

Then by Lemma C.2 and (32) it must be that v75 = 3(1—0) +0vpi. Since v} = (1—0%) +5Ly;8 =

1 —61) 4+ 6%[3(1 — &) + 6v°], it then matches the characterization of A} at the beginning of the
- 2

proof: Q;(L) = A\ Recall that v =3(1—4) + 5@{72 — 7); since % c Sk1

v =0 = (1 =6+l = (1 -0 + 65 3(1 - 6) + dvFi-. — ).
2

Therefore y(f?Q matches the characterization of AlL_l above: 9‘172 = )\1L_1. I can then write (35) as

0% = 3(1 = 0) 4+ 6upe = 3(1 — 6) + 6Ay < 3(1—6) + v, —n=3(1—38) + A" =7

Rearranging obtains Ay < )\f_l — 16—_25. Substituting the definitions of A%, AlL_l gives

52 52

Tl - 6F + 361 (1—6)] < Tzl - LN 4365711 — ) — oty — (1 - 9).

I spare the reader the tedious algebra that yields
1 — 355+ 426012 < 0. (36)

At § = 1 the left hand side is 0. Taking the derivative of the left hand side with respect to ¢ gives
—3(L+1)0% +2(L +2)6"+! = —(3L + 3)6" + (2L + 4)6"F!. Since 3L + 3 > 2L + 4, the derivative
is negative for § € (0,1), so the left hand side of (36) is positive for § € (0, 1), a contradiction.
Thus, v75 = 31-9)+ 6@‘1)?2 — 1 = v%, implying that v77 = vg, for each k € {0, ..., L}. Then
ygﬁ’ =3(1-9) —{—52;‘2,1 — 1, and rearrangement gives y;‘,?rl = )\QLA. Since Q;;S = v > y;‘f =vg >
>N = UG, min{vg® : ¢ € [0, ¢3]} = voi-1- It is also clear that min{vg® : ¢ € (¢3,1)} =

Q;% = v37. Above it was shown that v9® = QZ‘L’ + 7, proving the lemma for p» < 1. |

By Lemmas C.3 and C.6, for pL <1,

min V(D) = min{min{V(L,v3) : ¢ < d3}, min{V (2,03 + 1) : ¢ € (d3, 1)}, V(2,05°)};
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noting that y;%,l = min{yzo c¢ < qgg}, Qgij = min{gzo NS (g;)g, 1)}, and v = Q;}i +n, I have

min V(D) = min{V(1,v72-1), V(2,272)} = min{V(1,02-1),2(1 = ) + 6((1 — 6) + dvyz—1 +n)}
= min{V(1,10% 1), (1 = 6)(3+6) + 6°v% 1 }. (37)

If p = 1, via similar substitutions I have

min V(D) = min{min{V(1,03) : ¢ < g3}, min{V(2,05 +1) : ¢ € (3, 1)}, V(2,07°)}
= minfV(1,0% 1), V(2,205 1 + 1), V(2,03%)}
= min{V(1,1% 1), (1 = 6)(3+6) + 6°u5 1}, (38)

noting that (38) matches (37). Suppose by contradiction that (1 —9) + 071 > (1-96)(3+0)+

5@;2_1; rearrangement yields 6(1 — (5)@;%_1 >(1-96)2406) = v > 2‘“5 > 3, an infeasible
payoff, and so a contradiction. Rearranging (1 — ¢§) + 6@2‘5,1 = pr y161d5 QPL,l = %Q;% - .
Continuing,
_ V(1, \F1 pl>1 1—6)+ oAkt L>1
minV(D) = V(1,035 1) = ( ! ) T (1=9) ' b ’
V(Lsﬂﬁ—’?) =5 |A-0)+3[5Ar—n] pt=3

(L—=08)+ oA~ pt>1
At ph=3

Turning to the maxima v;°, the conclusions of Lemma C.4 hold for the ul e (% %) case using
c |

€ [0,¢3)} = 2,

almost identical arguments to the proof thereof. This then implies max{vd)
max{tg" : ¢ € [$3,1)} = 2 — 5 and 5° = 2. Thus,

max V(D) = max{V(l,max{t3 : ¢ € [0,¢3)}), V(3, max{v : ¢ € [¢3,1)}),V(2,55)}
= max{(1 —3) +25,3(1 — ) +8(2 —n),2(1 — ) + 25} = 2.

Now consider the p% > 2 case (the u° 2 case is handled at the end of the proof). I start with

the following analogue of Lemma C.2.

Lemma C.7. Suppose 1° € (%, 1]. Let any HBP w = (g?),’y) be given. Then

{(1,9(V(1,7(D)),V(3,7(D)))} o€0,3)
B(@) = {{(¢,7) : 7(D) € V(L 7(D), VB, YD), 1(C) =VB,ADNINF  d=3
{(0,7) : (D) =+(C),7(C) = 2(1 = 6) + 63(C)} ¢ € (5,1

Proof. T consider each case sequentially. Let some HBA x = (¢, i, @) enforced by @ and the HBP
w = (¢, u,7y) decomposed by x and @ be given.
Suppose <;~5 € [0, %) Inducibility requires a; = ¢~5 < %, so player 2 has d as a strict best response
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by the same reasoning as in the proof of Lemma 5.2, and D must also be a best response for player
1. Thus, v(D) = (1 — §)ui(d, D) 4+ 6%(D) = (1 — §) + 05(D). At history C, player 2 has a belief
greater than % for the commitment type, so arguments in the proof of Lemma 5.2 show that c is a
strict best response. Then v(C) = (1 — 0)ui(c, D) + d5(D) = 3(1 — 0) + §7(D).

Suppose <5 = % Player 2 is now indifferent at history D, so can choose any as € [0, 1], which
yields y(D) = (1 = d)[azui(¢c, D) + (1 — az)ua(d, D)] + 63(D) = (1 = 6)[3az + (1 — az)] + 63(D).
The same reasoning as above gives v(C) = 3(1 — §) + 05(D).

Suppose ¢ € (%, 1]. Player 2 strictly prefers ¢ at both histories C' and D, while C' is a best
response for player 1. Thus y(D) = v(C) = (1 — d)ui(e, C) + 67(C) = 2(1 — §) 4+ 67(C). ]

Lemma C.7 gives
vt = min{min{3(1 - ) + dvg' —n: o€ [2,1)},2(1 = 0) + ov*}
ot =3(1-68)+ i)y —n Vo e (0,1)
o = min{3(1 - §) + dvg' ¢ €0, e
Then v79, = 3(1 - J) + 0179, — 1, which yields v79, = 3 — 1/6 =2 —n. So for all ¢ € (0,1),
vy =3(1-0)+0(3-1/6)—(1-6)/0=3(1-6)+30—-1-(1-0)/6=2—n.
I can then write
ve° =min{3(1 —9) +5(2—n) —n,2(1 —9) + 0v7°} = min{2 — n, 2(1 — §) + Jv7°}
v]® = min{3(1 — §) + dv5°,3(1 —0) + (2 — 1)} = min{3(1 — &) + dvg°, 2}.
Suppose by contradiction v° < 2. Then
v =min{2 — 7,2(1 — &) + 6[3(1 — &) + 6v]} = min{2 — 7,2 + & — 362 + 6%}

If v3° < 2—n, then v§° = 2+ — 362+ 62vg® which can be solved for v3° = [2+6(1—30)]/[1—6?] > 2,
a contradiction; thus v7° < 2 implies v)® = 2—n. Yet v7° = 3(1—0)+dvy° = 3(1-9)+0(2—n) =2, a
contradiction. Thus, v7° = 2. Also suppose by contradiction v§°® < 2—n; then v§°® = 2(1—4§)+607° =
2. Hence, vg® =2 — .

To summarize: vg® =2 —n for all ¢ € [0,1) and v§® = 2. Plugging this into (26) in Lemma C.3
shows that min V(D) = 2.

Turning to the maxima, Lemma C.7 implies
o7 = max{max{3(1 — §) + ovg' —m: € (2. 1)},2(1 = 6) + 60"}

ottt =3(1=8)+ 0], —n VYo e (0,1)
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@i”"‘l = max{B(l — 5) + (51721 HEONS [07 %]}

Then for all ¢ € (0,1), v ’{gl = o™ = 3(1 — §) + 0vy), — 0, which in the limit gives 73° =
3(1=6)+dv —(1-96)/0 = vy =3-1/6 =2—mn. Note that ) = T)g = 3 —n and
29 = 3. Suppose for some m that y’ln/Q < 9" —n and ygn/z < 73'. Suppose by contradiction that

max{3(1 —d) + vy’ —n: ¢ € [3,1)} > 2(1 —6) + 607" Then

max{3(1 = 0) + 605" =1 : ¢ € [5,1)} = 3(1 = 8) + dv{jy —n > 2(1 = 8) + 507" (39)
(L=0)—n>6(0" —vy)) - —n > (01" —n —vy)),

but since the left hand side is strictly negative and the right hand side is non-negative, I reach a

contradiction. Note that the left hand side of (39) is equal to vl m+1 Thus by induction, for all m,

ot = 2(1 — §) + 0v > o't Similarly, 7" = 3(1 - §) + 556” >3(1-9)+ dvy),. Taking the
2

limit,

o0 = 2(1 — §) + v7°, 7% =3(1 —6) + dug°.

Solving these two equations gives

1—-96
05 = 2(1 = 6) +6[3(1 — 8) + 605°] = 2(1 = 6) +35(1 — 6) +0°0F = o = T —55(2+39)
_ 2438 28 + 362 1-6
0 =3(1-6) +6(1 - 8) T = (1—5)[3+ 1—52}_1—52(3”5)'

Finally, by Lemma C.3,
max V(D) = max{V(3,05°), max{V(2, 05 +n): ¢ € (0,1)},V(2,77°)}

_ max{v(3 ! ;2(2+35)> V(2,vf72+7])7V<2 ! ;2(3+25)>}

It is straightforward to show that the first term is strictly greater than the other two for § € (%, 1),
so max V(D) = 3(1 — §) + 1= 62(2(5—1—352) _552(3—1—25).
Now suppose pu° = % Note that ¢* =1, so ¢(0) = ﬁ =1,¢3=0, L =1and p~ = 1. Lemma

C.6 shows that vg® = v =175, = A =min{u 1 ¢ € (0,1)} and v° = 033 = (1—6) + A

Using the same arguments as for the u° € (9, 1) case above, I have min V(D) = (1) +(5)\L_1 For

the maxima, the same arguments as those above for p° € (4, 1] hold, so max V(D) = {=% 0 (34 26).

C.2 Purifiability of Quasi-Markov Equilibria

This section shows that for almost all priors ° and discount factors § > %, there exists a purifiable

125

equilibrium giving the minimum and maximum payoffs given in Proposition 5.1.%° For each case,

I construct the unperturbed equilibrium strategy profile ¢* and a sequence of perturbed game

25The § < % cases are straightforward (with player 1 always playing D) and so I omit them.
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strategy profiles (%), each corresponding to the (1, e¥)-perturbed game where 1 is a distribution
with strictly positive density on [0, 1]/4 and (¢¥); is a sequence where €¥ > 0 and ¥ — 0. I show
purifiability (according to Definition 4.3) by proving that for small enough ¥, &% is a wPBE of
the (1), e¥)-perturbed game, and that (5%); converges in outcomes to o*. (I omit proofs that the
unperturbed strategies ¢* are wPBEs of the unperturbed game, as they are essentially simpler
versions of the proofs for the perturbed equilibria.) The following lemma will be helpful in showing

the existence of the equilibria constructed.

Lemma C.8. Let two continuous functions 32 : [—1,1] x (0,00) = R and 31 : [-1,1] x (0,00) = R
be given. Suppose that there exists €* > 0 such that for all e € (0,e*), there exist numbers [ (i€
[—1,1] such that 5;(C_,|e) = —1,5:(Cile) = 1 for both i € {1,2}. Then there exist (f,(5 € [—1,1]
such that 32(Cile) = ¢3,51(Gle) = ¢7-

Proof. For e sufficiently small, there exist ¢ , 51,§2, (2 € (—1,1) such that 32(¢,le) = —1,32(C1le) =
L31(¢,le) = —1,31(C2le) = 1, so I can define the inverse functions 35 : [~1,1] x (0,00) —
[~1,1],37" ¢ [~1,1] x (0,00) — [~1,1]. Since these functions are continuous, so is the vector-
valued 51 : [~1,1]2 x (0,00) — [~1, 112 where 31(¢1, Gale) = (552 (G1l€), 374 (Gale)). Then 5 (Je)
is a continuous function from [—1, 1]? into itself, so by Brouwer’s fixed point theorem, 37!(-|¢) has a
fixed point (¢f,¢5) € [—1,1]. Thus, jfl(ﬁi) = ¢} implies that 32(¢{|e) = ¢5 and 3:1(¢Gle) =¢F. W

C.2.1 Stationary Equilibrium with Payoff 2 (0 < x® < 1)

The equilibrium for the unperturbed game is defined as follows:

1 h=o

1

o3(t,h) =41 h=C oi(t) = 5.
1-2X h=D

20

Define the sequence (6’“) . of equilibria in the sequence of perturbed games:

0 Azy<(k 0 Az <(F
8D, 2) = 65(t,C,20) = 1 GE(t, D, z) = 2< G Gt 21) = 1S
1 Az > Céc 1 Az > Cf
where Cf, Cé" are defined as the solution to the system of equations
1 1
G = 5(Cle") = AT - 1), (= 5(Gl") = (1= 0)(1 - 20A5(G)). (40)

Note that for large enough & (and hence small enough £¥), 30(—1]e¥) < —1, 32(1|e¥) > 1, 31(—1|eF) >
1, 31(1]e¥) < —1. Since 32(-), 31(+) are continuous, there exist [ (_; € [~1,1] such that 3i(Cle) =

—1,3:(C_ile) = 1 for both i € {1,2}. Thus, 32(-),31(-) satisfy the assumptions of Lemma C.8, so

a solution (¥, Cé“ € [~1,1] to this system exists for small enough €*. For convenience, define the
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expected outcomes

1 h=C

ash) = [ &5 z) =
o= [Aemascr =)

Gk = / Gt dp(z1) = 1 — AWy (CF)

for any t > 1. Also define the beliefs at history C at any period t: ji* = p®/[u® + (1 — u®)ak).
I now show that these strategies are mutual best responses. First, define V;*(p, a1, 22) as the
expected payoff for player 2 of action as given posterior belief p, expected player 1 action &y, and

shock z9:
Vi (p, a1, 22) = 3p + (1 - p)[3aa] + €°25, V' (p, an, 22) = 2p + (1 = p)[2an + (1 — aa)] + "2
Define AV, as the benefit of playing ¢ over d: AVa(p, aq, 22) = Vi (p, a1, z2) — Vii(p, a1, 22). Then

AVo(p,ay,z) = 3p+ (1 —p)3ai]—2p— (1 —p)[2a1 + (1 —a1)] + (25 — 29)
= p+(1-p)2a; — 1]+ *Az. (41)
At history D, the belief is p = 0, giving AV2(0, &%, 20) = 288 — 14+ e¥Azp = 2[1 — AU (¢F)] — 1+
eFAzy =1 — 2A01 (¢F) 4+ e¥Azy. Since (¥ satisfies 0 = 1 — 2AW(¢F) + eF¢k, 65(t, D, z3) is a best
response. At history C, the posterior is i¥ > u®, so for small enough ¥, AV, (i*, a¥, z) is positive

for all z9 and &’2‘7 (t,C, z9) is a best response. The same is true at the empty history @ at period 0.

Define V{"!(t, z1) as the payoff to player 1 of playing action a; at period ¢:
VE(t,z1) = (1 — &ur(ag, C) + 6V (t +1,0) + k¢

VP (t, z1) = (1 — 8)us(ag, D) + 6V (t + 1, D) + &*2P

where V(t 41, h) is the continuation payoff for the start of period ¢ + 1 with history h. The benefit
AV (t, z1) of playing C over D is AVi(t,z1) = VO (t, z1) — V{P(t, z1), giving

AVi(t,z1) = —(1=08)+d(V(t+1,C) =V (t+1,D)) +*¢ - 2P)
= —(1-90)+201-s@s™(C) —at™ (D)) +FAxn (42)

where o‘zé“(h) is the probability of next period’s player 2 choosing ¢ at history h. Then

AVi(t,z1) = —(1—=068)+2(1—68)d(ak(C)—ak(D)) +<FAz
= —(1-0)+2(1-08)5(1 — (1 — AW2((3))) +eF Az
= —(1—0)(1—20AUy(CH)) + ¥ Az = —eF¢F + P Az,

showing player 1’s strategy is a best response.

Finally, T show that (5*), converges in outcomes to ¢* as given in (7). For 65(3,2) =
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GE(t,C,29) = 1 = 03(@) = 05(t,C), the convergence is trivial. I show (F converges to A\Ill_l(%).
Suppose by contradiction that there exists some 8 > 0 so that for every k* there existed k > k*
such that |¢F — AUT'A)| > B = |AU(¢F) — 1| > B for some B/ > 0. Then [¢§| =
32(CF|E)| > 8% |2AW,(¢F) — 1| > E%B’, yet for e¥ small enough this contradicts the fact that a
solution ¢, ¢5 € [~1,1] for the system of equations (40) exists.

A similar argument shows that {5 converges to AW, ! (%) Suppose by contradiction that there
exists some 8 > 0 such that for every k* there exists k > k* so that |¢§ — AW,! (%) | > =
AT(cE) — &1 > A Then [¢F] = I51(¢H1e5)] > % (1 - 8)|1 — 20AWs(¢H)| > %(1 - 8)8, yet for *
small enough this contradicts ¥, (5 € [~1,1]. Thus, as k — oo, a5(D) — 03(t, D) and & — o7 (t)

completing the proof that (6%); converge in outcomes to o*.

C.2.2 Stationary Equilibrium with Payoff 1 (0 < 1.0 < §)

For 0 < u° < %, the minimum payoff equilibrium is defined as

0 h=o
. . 11
0 h=D

Note that o} (t) is a fixed point of r(-) = ¢~!(-) defined in the proof of Proposition 5.1; see (29)
for the calculation of the fixed points. Define the sequence (6%); of equilibria in the sequence of

perturbed games:

0 eFAzy < ¢k 0 efAz <k
256 55(t,D, ) =0 5 (t, z1) = 156G

~k _
) (ta Cv 22) - k k k k
1 %Az > (5 1 e"Az > (7

where C{“, Cé“ is defined by the system of equations

1—-9

o [1-20(1 = AWs(G))].

(43)

2(1 — A\I’l(C{C))A‘I’l(C{C)] k=

1
s = solchet) = o [1 -2 SR =k ) =

Note that because ;0 < % implies ¢* < %,

1 (1-2).2 1 4 1 32 1

—172y _k 3/°3 9
oy by Ly _,d=8) 5 1| —— 1= <
2(AV(3).€M = 5 [1 e el e L ek[ 27]< e*

Furthermore, 32(1,e%) = 6%,31(—1,5"3) = 129 6%,51(1,5’“) = eik(l —0)(1 —2J), and so by Lemma

€
C.8 a solution exists for small enough e!. For any t > 1 the expected outcomes are

1—AUy(EY h=C
h=D

a5) = [ ab(e.n) o) = it = [0t = 1- awi(ch).



I show that &% are mutual best responses. Note that i* = u®/[u® + (1 — p°)(1 — AW (¢F))].
Reusing the notation above in (41), at history C the belief is p = ii*, so

AV,(iF,65(C),20) = i+ (1—iF)[ah(C) — (1 - af(C))] + " Az
= JF 4 (1= iM)[201 — AT (CT)) — 1] + eF Az,

Rearranging and substituting i* gives

AVa(iF, ah,z) = 1—2(1—@F)AW(CF) +F Az,
1-2 (1 . e

PO+ (1= p0)(1 = AT (¢]))
_ (1—p%) (1 = AW(¢F))
= 1- QMO T 0 A\IJ;(C{C))A\IH(Q{C) 4R Az
(1— AT (¢F) AT (¢F)

¢* + (1 - AW ((T))

) AU (CF) + ¥ Az

= 1-2

+efAz = —5’“(5 +eF Az,

which makes it clear that &5(¢, C, 22) is a best response. At the initial history @, the belief is the
prior u® < ¥, so for small enough ¥, AV, (u®, a¥, 25) is negative for all zy; similarly, at history
D, the posterior is 0 < ¥, giving the same result. Thus &’5‘(@ ,22), 6’2“ (t, D, z2) are best responses.
Reusing the notation in (42),

0 = —(1-6)+2(1-08)d(a5C)—akD))+e"Az
= —(1=0)+2(1—=0)8(1 — AUy(¢h)) + ¥ Az = —eP¢F + F Az,

so player 1’s strategy &]f is a best response.

Finally, I show that (6*); converges in outcomes to o*. For 65(3,2) = 65(t,D,2) = 0 =
03(@) = a5(t, D), the convergence is trivial. T show ¢F converges to AW (% + /1T —28¢*). The
fact that a solution (¥, (¥ € [1, 1] for the system (43) requires that

U= AWM | (1= AN)AT ) 1

¢* + (1 — AU (¢F) |~ k—oo  ¢F + (L — AU (¢F) 2

1
681 = ls2(CHleM) = 1 -

so (AW (¢F)) converges; let py = limy, AWy (¢F). Then

(1-p)p 1 I _ 9 | o= *
LU TPP o 959 ="+ 1-F = 2435 (6" +1)=0
¢*+(1-p) 2 ( :

sop= -2 (—3 + /9 —4-2(¢* + 1)) =241/9-4-2(¢* +1) = 21/ T—8¢*. Thus, AV (¢F) —
% + i\/l —8¢* = af =1-Av(¢F) — % + i 1 —8¢* = of(t). A very similar argument to
that at the end of Section C.2.1 proves that ao(C) — o3(t,C). Thus, (5%); converge in outcomes

to o*.
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C.2.3 Non-Stationary Minimum Payoff Equilibrium (% <ul < %

For % < w0 < %, the minimum payoff equilibrium is defined as follows. Define L(u"),q(¢, u°)
as stated in Proposition 5.1 (I will usually omit the “u°” argument in both for brevity). Define
q°(0) = 0 for convenience. I restrict attention to priors u° such that % < ¢*(0, ") < 1 (the set of
priors p0 € (3, 3] where L(u%) € {3,1} is Lebesgue measure zero). Define [(t) = (t+1) mod (L+1).

The equilibrium strategies are

0 h=9 or I(t)#£0,h=D
o5(t,h) = % I(t) #0,h=C o (t) = qL—f(t) (0)
1 l(t)y=0

Define the sequence (5’“) i of equilibria in the sequence of perturbed games:

0 ekAz < MO

1 €kA21 > C:f’l_(t)

0 Az < O

~k _
0'2 (t, h7 22) = -
1 elAzy > D)

5']f(t, Zl) =

where I define the thresholds CS’O(C),CQC’O(D),(?O, ...,C§’L(C),(§’L(D),Cf’L below; for the empty

history, C§ ’1(®) = 1. For convenience and clarity, define expected outcomes

at= [ottamdne) = 1-an() A = [ a5 ) i) = 1-AW ()
and beliefs g*! = p0/[u® + (1 — Mo)dlf’(lfl) mod (LH)] for some ¢ such that [(t) = [. Define the
thresholds as follows. Let ¢(2'(D) = 1 for all I > 1, and let (¥ = 1. Define (271 (24 (0) as
solutions to the system of equations
GO =55 (G = [ - 26 (44)

G =500 N = 15_k5[1 —26(1 — AW (¢3H))]. (45)

(note that fi*! is a function of Cf’l_l for each [ > 1). Then for each | € {1,...,L — 1}, inductively

define Cf’lil, Cg’l, taking d]f’l as given, as solutions to the equations

_ 1 . - ~
GN(C) =30 = - A+ (- A 26y - 1)) (46)
ki1 _ ki gy 1—0 k,l
G = a6 = [ = 20(1 = AW (G7(C)))]- (47)
I show the existence of a solution below. Define C§’O(C) = (g’O(D) = —2 (i.e. defined so the

consumer chooses c¢ for all shocks zo € Z3).

Before continuing, the following result will be useful proving that the perturbed equilibria
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converge in outcomes to o*.

Lemma C.9. There exists finite J > 0 such that there exists € > 0 so that for all e € (0,¢), | < L,

L1 L1l (14 JEH 1 le)gr (1—JEH 1 le)gr L1 L1
- . (4
¢ OIS T i) 3 g S T 2gE (o) = gt <4 (OFe (48)
Proof. Define functions f4(g,1) = T LL_JIL(O)Z;]L_Z_%. Differentiating gives
Of+(e, 1) B e () L 2¢50)
e, l)= = — 0,0) =+J
== T ) F e w00 (1= 24510

for all [. Choosing some J > (QqL_l—_l(O))Q yields J*=! > g,(0,1) and —JE~! < g_(0,1). Recall

1—2¢L—1=1(0)
that ¢©=(0) = Then for small enough e,

1—2¢L—1=1(0)"

F2(0,0) — JE e < §_(e,1) < fyle,l) < §4(0,1) + JE e,

and since §_(0,1) = §4(0,1) = ¢*71(0) = #—*1—1(0)’ it has been shown that (48) holds for small
enough €. [

I show that for small enough ek, a solution to the system (44) - (47) exists. Note that
k,L—1 1

35 (—1,e) > 1 for small enough £* (since (;*~" = —1 implies "L = 0 < 1) and 35(1,e%) = — 5
Further note that 31((a, ") is defined identically to (43), and so it is straightforward to check that
3% (-, €%), 31(-) satisfy the assumptions of Lemma C.8. Thus, the system (44) and (45) has a solution

Cngfl(C),Cf’Ld € [—1,1]. This implies that
kL _ 1 ok, L — T
1< (C)—7[1—2M 1<1 —k <1-24 <E
€

2/.L0 2¢*
EL—1 5 + ~lc,L71 >1-é

14k > bl = ;
p0 + (1 — pf)ay

which can be rearranged to find
(1+e5)9" + (1 +Map™™ = 26" > (1= )¢ + (1 - hap ™!

skqﬁ* +(1+ sk)dk’L_l > 0" > —skqﬁ* +(1- f-:k)d'f’L_l
1—¢ek 5 < k I— 1 + ek
1+ 14+ek” = - 1 gk

Recall that ¢°(0) = 0 and ¢'(0) = ¢*. Then Lemma C.9 shows that there exists finite .J > 0 such
that o?lf 71 ¢ B.(¢1(0)) where Bg(v) is the open ball of radius § centered at v.

9"

65



Suppose that for some [ and some finite J > 0, &]f’l € Byr-i-1.(¢"7'71(0)). Note that

k,l
3l2(C1 ygk) = -

~ ~ ~k,l
At (1= i et - )]

M 4 (1= (@0 + (L~ 1= 1)) 1)

\/

D=

/\
|

Recall that r(¢) = ¢~ (¢) = % (1 - %) Note that since ¢%(0) < 1, ¢*71(0) < r(1
¢*); thus, for small enough ¥, ¢“~1=1(0) < ¢L71(0) < (1 — ¢*) — ( (L—=1-1)+7
Furthermore, choosing Cf L (i.e. the firm chooses C with probability 1) yields i*! = p% and

SO

—ek3h(~1leh)

0 0 1 (O 1 k k
o3 (e ) ) )
0k
= ) (T ) =

i.e. 35(—1]e¥) > 1. Note that 34(1|e¥) = —Eik. It is then straightforward to check that 35(-|€¥), 31 (-|€¥)
satisfy the assumptions of Lemma C.8, which shows that for | the system of equations (46) and
(47) have a solution C2 ,Cfl € [—1,1]. This implies that

1. - ~
1< GO) = =+ (- (- 2aEh] < 1

—ek < R (1= P — 21 — PYaR = 1 — 2R — 2(1 — Rhakt < ok
Rearranging and using the fact that d’f’l € Byr-i-1.(¢"7'71(0)) yields
21 — pFhakt — b <1 — 2P < 201 — FhHat! + ¢
2(1 — i) (g 11(0) = JEI1eR) — ok < 1 2B < 2(1 — RN (¢E 1 (0)) 4+ SR 4 gk
2(1 — P gE= 1 (0) — JEleR < 1 — 2k < 2(1 — Pyt (0) 4 JEl
which can be further rearranged to

2qL7171(O) _ JL*IEIC < 1 _ 2(1 _ qulfl(O))ﬂk,l < 2qulfl(0) + JL*ZEIC.

Substituting Bayes’ rule for i*! gives

—2(1 —¢" " 1(0)p°

ki1
p0 + (1 — p0)ay
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2(1 — ¢" 1 1)g* S+ a s 2(1 - ¢"71(0))9"
1— 2qL—l—1(0) — JL-lck 1 1— 2qL—l—1(0) 4 JL-lgk
(1= JElek)gr S gkl s (14 IRt
1— QqL_l_l(O) _ JL-lgk 1 1— 2qL—l—1(O) 4 JL-lgk

Finally, Lemma 48 yields @' € Bj._ix (¢*1(0)). By induction, &° = Bz« (¢%(0)).
I show that these are mutual best responses. For any ¢, let [ = I(t). I sometimes abuse notation
by letting “I” take the place of “¢,” e.g. o7 (l) instead of o] (t), to mean some period ¢ satisfying

I(t) = 1. For all I > 1, the benefit to player 2 of playing c over that of d at history C' is
AVL(AF el z) = aPP 4 (1= gPh a8 — 1) + F Az = RPN O) + P Az

so 65(1,C, z2) is a best response. For both the empty history @ and history D, the belief is 0,
so for all [ € {1,...,L} and small enough ¥, AVQ(O,&T’Z,ZQ) < 0 for all zo and so 65(2,2) =
G5(1,D,z3) = 0 is a best response. For [ = 0, d]f’o = Bjr.x (¢7(0)). Since ¢“(0) > 3 , for small
enough e*, AVg(O,d’f’O, z2) > 0 for all shocks 29 € Z2 and so 65(1 = 0,C, 29) = 65(1=0,D,2) = ¢
is a best response. Turning to player 1, for 0 <[ < L, I have

AVi(l,z1) = —(1—=108)+2(1—6)s(ak(C)—ab'™ (D)) +eFAz
= (1=0)[=1+26(1 — AU(FH))) + ¥ Az = PP 4 Pz

so ¥ (1, 21) is a best response. For | = L, AVi(l,21) = —(1 —6) +2(1 — 5)5(6/;’0(0) — dS’O(D)) +
eFAzy = —(1 — 8) + e*Az and so for small enough &*, 6’f(l =L—1,z1)=Dforall z; € Z; is a
best response.

The arguments above showed that &’f’l € B JL7171E(pL_l_1) for each [, which implies that

limy_soo d’f’l = 07(l). The fact that Cf’l € [~1,1] for I < L implies that as ¥ — 0, (1 —
N1 — 26d§’l(0)] — 0 and hence d],z’l(C) — 55. Convergence for &];’l(l,D,ZQ) =0forl >1

and 52(1 = 0,C, 2z2) = 62(1 = 0, D, z3) = 1 is trivial. Thus, (6%); converge in outcomes to o*.

C.2.4 Non-Stationary Maximum Payoff Equilibrium (% <ud <1)
The maximum payoff equilibrium is defined as follows:
1 event he{C, D}

o5(t,h) =<0 event,h=D oi(t) =
1 oddt

0 event

1 odd¢.

Since 03 is sequentially strict, purifying it is straightforward. Define the strategies the same way
for the perturbed games, ignoring the shocks: &%(t, h) = o (t, h) for all i,t, h.

For player 2, the posterior belief at each date-history is given by p(¢, h) where p(t,C) = p(t, @) =
u® for even ¢, p(t,C) = pu® for odd t, and p(t,h) = 0 for h = D. The benefit of playing ¢ over d is

67



given by

AVy(t,h,an,22) = p(t,h) + (1 —p(t, h))[2a1 — 1] + " Az

pl — (1 = p®) +e*Azy event,h=C
—1+eFAz even t,h =D
14+ eFAzy odd t,h =C
0+ (1 —p0) 4+ e¥Azy  odd t,h = D;

so for small enough €*, 5’2“ is a best response for all z3 (recall p° > %) For player 1,

—(1=6)+ebAz even ¢

A‘/l(ta Zl) =
(1 —08)[-1+20] +e¥Az odd t,

k

so because § > %, for small enough e*, o} is a best response for all zo at each period. Since &"

ives identical outcomes to o*, convergence in outcomes is clear.
M

C.3 Non-Quasi-Markov Equilibria

Define the firm’s strategy as o1(@as) = 3(1 — ¢*), 01(Das) = 3 and 01(Cas) = 2%%3?% for both
az € {c,d}. It can be checked that this strategy makes the consumer indifferent at all histories
@,C, D (at all periods). To keep the firm indifferent, it must be that o4(C) = o5(D) + 55, but
otherwise can choose any o4(C) = [35,1]. I am free to choose any ¢9(2) without affecting the
firm’s incentives. The equilibrium payoff can be calculated by evaluating the strategy of playing D

every period (a best response):
(1-9) [az(g)ul(c, C)+ (1 — 02(2))ur(d,C) + Zét[ag(C’)ul(c, C)+ (1 —02(C))ui(d, C)]
t=1

= (1-9) [202@) + ) 20'05(C) | = 2(1 — 6)02(2) + 2005(C).
t=1

Then choose any 02(2) € [0,1],02(C) € [2—15, 1] to get an equilibrium with a payoff in [1,2].

C.4 Proof of Proposition 5.2

By Proposition 3.4, for any stationary public wPBE (o, i), there exists a self-generating HBP
(¢, p,y) enforcing an HBA (¢, i, ) such that o2(h) = aa(h), o1(h) = ai(h), and V,(h) = ~y(h) for
all h € Y& and ay € Ay. Define n = 17_5 I begin with a lemma bounding the “clean history” payoff
from below by exactly the Stackelberg payoff (recall that I = {CX}).

Lemma C.10. Suppose p° > 0. There exists K*(u°) such that for all K > K*, v(Ix) > 2.
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Proof. Pick K* > 1/2¢*. Suppose by contradiction that «(Ix) < 2. This implies that ao(Ix) < 1,
for otherwise player 2 would always play c at Ig, yielding v(Ix) > (1 — d)u(e,C) + 6V (Ig) =

2(1—-6)+dv(Ixk) = ~(Ik) > 2, a contradiction. Thus d is a best reply for player 2 at Ik, so I

have

2[u(Ix) + (1 = pIx))ar(Ix)] + (1 — p(k))(1 — ea(Ix)) = 3[u(Ix) + (1 — p(lk))oa (Ik))-

Solving for a; (1) gives ag(Ix) < 2%1__25783) Substituting Bayes’ rule yields
~ e (L= 10)6(e) =0 1 ¢*
(k) < — PR _ 3 (1-505) @
Y T 2(1 — p0)p(1 2 I
2 (1 u0+(1—u0)¢(1K)> (1 - u)e(Ix) o(Ix)

Since a1(Ix) > 0, we can bound ¢(Ix) from below: 0 < 1 —

(see (1)) requires

% = ¢(Ik) > ¢*. Inducibility

o1) = oIx)on(Ti) + 6Tk (Tic-1) < [o(1x) + olti)] -5 (1= 55 5) (50)

which can be rearranged to ¢(Ix_1) > M > 2¢*. Inducibility also requires that 2¢* <

= 1-¢" /oK
d(Ix-1) < ¢(Ik—2) < --- < ¢(lp). Then Y, d(Iy) > 2K¢* > 1 for all K > K*, which violates
Definition 3.1 for history distribution ¢, a contradiction. |

Lemma C.11. y(Ip) =1 or v(Iy) > v(lo) +n for all k € {1, ..., K}.

Proof. Suppose by contradiction that v(Ip) > 1 and there exists k € {1,..., K} such that vy(I}) <
v(Ip) +n. Then at histories h € I;_1, C is not a best reply so aj(lx_1) = 0. At I_; the belief
is u(Ix—1) = 0, so player 2’s payoff for playing c is 0 while the payoff for d is 1, so d is the strict
best response: as(ly—1) = 0. Thus, y(Ixy—1) = (1 — §)ui(d, D) + 6V (ly) = (1 —9) + dv(Lp) <
v(ly) < v(Ip) +n. By induction y(Iy) = (1 — 0) + dv(Ip) for each k¥’ € {0,....k — 1}. Thus,
v(lo) = (1 —6) + 6v(Ip) = ~(Ip) = 1, a contradiction. [ ]

For the rest of the proof, assume K > K*, and so y(Ix) > 2. Suppose v(Ix) > (o) +n. Since
player 1’s best response at I is C, I have v(Ix) = (1 — d)ui(c,C) + ov(Ix) = 2(1 = 9) + dv(Ik),
which implies 7(Ix) = 2. Then player 1’s best response at history ck-1 (at period K — 1) is C,
so player 2’s best response at CX~1is ¢: V,(CE~1) = (1 — §)u(c,C) + dy(Ix) = 2. By backwards
induction, V,(C*) = 2 for all k € {0,..., K — 1}, so V(o) = 2.

Now suppose v(Ix) < v(lp) + 1. Lemma C.11 implies that v(Ip) = 1. Since ¢ >
v(lo) > ~v(Ik) — %}5 >2— %}5 > 1, a contradiction.

1

3, I have

For the remainder of the proof suppose that v(Ix) = v(lp) + 1. Note that since C' is a best
response, Y(Ix) = 2(1 — §) + 6y(Ik), so then v(Ix) =2 = v(ly) =2 —n. By Lemma C.11 this
implies v(Ix_1) > 2, but since C is a best response, y(Ix_1) = 2(1 — 6) + dy(Ix) = 2. Note that

this requires oo(Ix) = 02(Ix—1) = 1.
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Since (o, u) is purifiable, by Proposition 4.2 there exists a sequence (¥, €Y, such that ! €
A*(Z) and €' — 0, and a sequence of strategy profiles (6');, such that &' is a wPBE of the (¢!, €!)-
perturbed game, which converges in outcomes to o. By Proposition 4.1, each &' is essentially

sequentially strict and hence quasi-Markov. I prove the following claim:

Claim C.1. Suppose that for some j € {1,.., K — 1}: there exists {* such that for all [ > [*,
Vau(I) > Vai(Ix), Vai(I]) = Va(Iy) for all k < j, and limy_e Vzi(I7) = 2. Then Vzi(I7Zy) >
Vai(Ik), Vst (I171) = Vi (Iy) for all k < j — 1, and limy_,o Vi (I12]) = 2.

First, note that the decision problem for the firm at I,Zj is identical to that at I for all
ke{l,..,j—1}. Thus, 551(.7,];}) = &4 (Ix_1). For the consumer at I,Z;:}, the belief (zero) and the
firm’s expected behavior 7} (I J- ) and therefore the decision problem — are identical at I;,_;. For
almost all shocks 25 € Z, the consumer has the same strict best response &l2 (I Izj’ z9) = 55([ k—1,22)
and so [ G5(I] 71, z0) dip(z2) = [ Gh(In_1, 22) dip(2a). Thus, Vyi(I1_1) = Vzi(I]) = Vi (I1).

Consider the decision problem for the firm at the clean initial history Ij:ll. Note that the
intertemporal incentive is at least as strong at Ij_l1 as at Ix_1: Vi (Ij) V(1 j) > Va(Ig-1) —
Vi (Ip). Denote EGL(h) = [ &L(h,2) d(z;). I omit the straightforward argument that EG! (I] D>
E&l(Ig_1), ie. in expectatlon the firm plays C' at least as frequently (it is essentlally a simpler
version of the argument for the consumer immediately below). For the consumer at [ J] 1, they have
both belief M(Ijjjll) > 1 and are facing a firm playing C' with probability F&} (Ijjill) > E&t (Ix_1).
Let ﬁé(aﬂh, z9) be the consumer’s expected payoff for playing ag at history h given shock zo.Then

AUL(h, zp) = Ublelh, z0) — UL(d)h, z)
= [lu(h) -3+ (1= u(h)(BEG (h, 21) +0- 61 (h, 1)) + €'25]

[u(h) -2+ (1= p(h) (28, (h,21) + (1 — B} (h, 21)) + 4]
= u(h)+ (1 — u(h) G (h 21) — 1) + Az

where Azy = 2§ — z§. Note that

AUYIIZ ) = u(I2)) + (1= p(I2))(2EG (IZ)) — 1) + €' Az
> 10+ (1 p0) (2B (Ix—1) — 1) + ' Az

and
AUY(Ig—1,22) = 2E51 (I—1) — 1 + &' Az

for all z9. Let 35(h) be the value of Azy such that AUL(h, z3) = 0. Then

0> 10+ (1= ) (2B (I 1)~ 1)+ el3h (1) = sh(H7) < 2 [0+ (1= i) (2B5} (T 1)~ 1)
(51)
0= 285} (1) — 1+ <l3b(T 1) = 3h(Ix—) = ~ 256 (Txc_) 1] (52)

Purifiability requires limy; E&é(IK_l) =o0o(Ilg-1) =1 = liml;,lQ(IK_l) < —1, which implies
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lim; &Y (Ix—1) > 3(1 + &'). Substituting this bound into (51) shows there exists I’ such that for
all 1 > 1, 54(I)"}) < =1 = EG4(I_}) = 1. Then

Vii(I)21)
— 2(1- o)) + /max{(l = )l + 0V (1), (1= 8)(1 + 22P) + 6V (1)} di(=1)

> 2(1—6)Es(Ix) + /max{(l —0)ezl + 0V (Ik), (1 — 8)(1 + e2P) + 6V5i(Ip) } dip(z)
= Vallk),

for large I since it must be that 1 = EG4(I22)) > E&h(Ix). Also, oy(I2)) = lim E&Y(I]) >
lim; BG4 (Ix-1) = o1(Ix-1) > 0, it must be that lim; V5 (I22]) = 2(1 — 6) + §lim; Vyu (1) = 2.
Thus, Claim C.1 is proven.

Defining I,f( = I}, for all k, we can see that the hypothesis of Claim C.1 is true for j = K, and
by induction it is also true for all j < K, including j = 0. Thus, V(o) = lim; V;: (I§) = 2.

C.5 Proof of Proposition 5.3

Define (&1, 1°) so that & 41 = %(q(§t+1, uP) — ¢*), which is solved to get G(&p41, u¥) = 2441 + B*.
Define L(p°) as the maximum integer k such that ¢*(0, u°) < 1. For brevity I generally omit the
argument “u0.” e.g. “q(¢).” Define 7(&) = 3(& — ¢*) as the inverse of g(-). Recall the abuse of
notation V/(vy,v2) = (1 — 8)vy + 67vg, where vy, v € R,

The following lemma shows that v*(6, u°) — 8 = Vi(l, 2 —n)— B is a lower bound on the set of

purifiable equilibrium payoffs when memory is long.

Lemma C.12. Let any 8 > 0 be given. There exists K* such that for all K > K*, every purifiable
wPBE o of the full game satisfies V(o) > V(1,2 —n) — B.

Proof. Let J, = {t € {0,..., K—1} : V,(I}) < V(2, VU(Ittill))} denote the set of “low” initial periods.
I show that the size of this set |J,| < L. For any j € J,, a necessary condition is that &2([;) <1,

and so d must be a best response for the consumer. Hence

B[u(1]) + (1= u(1))a1(1))] < 2(u(L]) + (1 = w(I))&1 ()] + (1 = u(I)))(1 = 51(1)))

. y 1-2u()) =200+ (0P (I100)] (g .
which can be solved for 01(7) < 5= = st para-m e o) — 2\ T B ) S
P,(I11}100) = Py (I1|00)o1(I7), we have

P 00) < Po(1l00) - 5 (1= 5 ) = 5 (Btilo0) — 6°) = r(P. (1100)
o\lj411Y0) = £o\4;1V0 9 PU(IJJWO) ~ 9 a\451Y0 =TrLel4;100))-

Suppose by contradiction that L' = |J,| > L, denoting {j1,jo,..., i1/} = J» such that j; <
-++ < jpr without loss of generality. Then there would exist ¢ € {0,..., K} such that P,(I}|6p) <

71



F(Py(IF100)) < -+ < FX(P,(19]60)). Yet by the definition of L, 7' (P,(IJ]6p)) < #¥ (1) < 0, a
contradiction.

Let L = |J,] < L, and denote {J1,42,-»Ji} = J» such that j; < --- < j; without loss
of generality. By definition of J, and L, it must be that V, (IJJLLl) > VE-ULtD)(2,V, (K, I))
where V, (K, Ix) is the payoff at the clean history at period K. For each I < L, V(,(Ijjllill) >
VI1=a(2 Vo (K, Ik)).

For j € J, such that j > 1, the fact that VU(Ig) <V(2,V, (IJJL)) requires that that D is a best
response for the firm and that P, (I Jj |6o) > 0 (otherwise, the consumer’s belief would be 1). These
facts require that VJ(Ig) =1-0)1+ 202([5)) + 6V, (I7™) and that VU(IJ) > V(1) +n. Note

that VU(Ig) >(1-6)+ 5Vg(13“). I can then write

which can be solved to find that 02(15 ) > 5. Since VU(I]]-' ) is bounded from below by the payoff

conditional on playing C, I can write

Vi) = 20a()(1 = ) + Vo (11]) 2 2+ 350 6) 4 8V (11D =V (5.2

Note that for j = 0, we can simply bound V, (@) > §V,(I}).

The above arguments imply that V, (@) > svE-1 (%,VK_E(ZVU(K, IK))>. For any 8 > 0,
there exists K* such that for K > K*, V(&) > svi-1 (%, 2) — B which can be rearranged to get
Vo(2) > (1 — 5’3) +(2- 1T—6) 6L — B. Since L < L the lemma is proven. [

I now give the natural adaptation of the machinery of Section 3 to the (1, e)-perturbed game.
HBPs carry over directly, but HBAs must be slightly modified into objects I call “pHBAS” to account
for the payoff shocks.

Definition C.1. A perturbed action profile mapping (pAM) a : YE x © x Z — AAy x (AA;))A2
is a mapping from a public history h, type 6, and shocks z to mixed actions for each player
a(:lh,0,z) = (aa(-|h, z2), a1(-|hag, 8, z1)), where a(alh, 6, z) denotes the probability of pure action
profile a being played given h and 0. The set of all AMs is denoted A.

Definition C.2. A history distribution, belief mapping, and perturbed action profile mapping
object (pHBA) (¢, i, @) is a triplet containing an HB (¢, ) combined with an pAM «. The set of
all pHBAs is denoted X = M x A.

Definition C.3. The set of new HBs that are ¢ -inducible by the pHBA x = (¢, i1, ) is denoted
by the correspondence Ty, : X = M. Ty (z) is the set of HBs (¢, /1) such that for each 6 € ©,

SHyl)= > D D o(nlo) /aQ as|h, zo) o (a1 |has, 8, z1) p(ylas, a1) di(z) (53)

her(h) az€Az yey
and 1 € M 3 (i.e. @ is pinned down by Bayes’ rule on the support of qz~5)

72



I can then construct perturbed version of enforceability.

Definition C.4. For any W C W, a pHBA z = (¢, i1, ) € X is (1, €)-enforceable on W if there
exists HBP & = (¢, fi,7) € W such that

1. Inducibility: the distribution over histories and beliefs must be consistent: (¢, i) € Yy (z)
(see Definition C.3).

2. Short-run player incentive compatibility: player 2 has no profitable deviations:

Z/ Z o (v (hab, 0, 21), as(h, 22), 20) s (as|h, 29) u(0]h) dip(z1)

6cO as€Ag
> Y [ a(ar(ha 0. 20), s, co)u0)) ()
6co

for all z9 € Zs, a), € As.

3. Long-run player incentive compatibility: player 1 has no profitable deviations: for all
heYE aye Ay, a) € Ay, 1 € 20

Vag,z (2, 0)(h)

(1 = 6)iix (az, o1 (hag, 60), 21) + 6 Y > ax(as|hag, b, 21)p(ylas, az)y(hy)
a1€EAyYeY

> (1-0)in(al,az,21) +6 Y p(ylaz, ar)¥(hy)
yey

where Vg, ., (z,0) € I' is a payoff function.

Given pHBA z = (¢, i, ) enforced by w, abuse notation by letting V(z, @) € I" be the expected
player 1 payoff upon arriving at history h: V(z,w)(h) = [ 3, ca, @2(a2|h, 22)Vay 2 (2, W) (h) dip(2).
From this point, the analogous definitions of (¢, ¢)-decompose and (v, €)-self-generating are given
by inserting “(1, €)-” in the appropriate places and are omitted. Let By, (V) denote the set of HBPs
that are (¢, £)-decomposed by a set of HBPs W. Define the (¢, ¢)-perturbed (¢, p1)-variant game as
a straightforward adaptation of the construction of the (1, e)-perturbed game in Section 4 to the
(unperturbed) (¢, u)-variant game defined in Definition 3.6. Similarly, for a given payoff function
7, define the (v, ¢)-perturbed ~-antegame as the adaptation of the (unperturbed) ~-antegame in
Definition 3.15. Define ng’a)* as the set of wPBEs of the (1, ¢)-perturbed y-antegame. For any
HBP (¢, i1,7), define the set of “matching” vy-antegame equilibria

29" = {5 € 57 h e YX V0 € ©, P (h]0) = 6(h]6))}

and 5&’2 5 = {V(g) : 0 € Egi’;):;)}, allowing the “initialization operator” analogue of Definition
3.16.

Definition C.5. Let a set of HBPs W be given. Define V,, (W) = {v € Ve Wh.
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Define £¥¢ as the set of wPBE payoffs of the (¢, €)-perturbed game.

Proposition C.1. Let any set of (¢, €)-self-generating HBPs W be given (that is, W C By (W)).
Then Vy (W) C EV=.

The proof is a straightforward adaptation of the proofs of Propositions 3.1 and 3.3.

Note. From this point forward, definitions pertain specifically to the product choice game (or its
perturbed versions).

I introduce some useful notation and constructions for the lemmas below. Let any pHBA
x = (¢, u,a) enforced by some HBP w be given. Recall from Proposition 4.1 that wPBEs of
the perturbed game are quasi-Markov perfect. The same logic shows that for almost all shocks
z € Z and h,h' € I}, for all k, ag(h, z2) = as(h/, 22) and aq(hag, hag, z1) = aq(hag, h'aly, z1) for all
as, ahy € {c,d}. For brevity, I abbreviate values of payoff functions v using a subscript k as follows:
Y = (1) = y(h) for all h € I,.

Let a sequence (',¢'); such that ! € A*(Z), ¢/ — 0, and ('), is strictly decreasing be
given. I abbreviate Bi(-) = By .i(-). The Chebyshev distance between two payoff functions v,~" is

17 = ' lleo = maxg{|vr — 73|}

Definition C.6. Define I as the set of payoff functions ~ satisfying

YK > YK-1> > > %0 > 7k — 2(1—0) + 2¢ (54)
and define W = {(¢,7) : vy € T'}.

I construct several functions that capture the incentive compatibility requirements in the (¢, €)-
perturbed game. Define él : R — R as follows. Suppose the firm is at some date-history ¢, I}, for
k < K, and choosing C' reaches I, 1 next period with continuation payoff v, 1, while choosing D
reaches Iy with continuation payoff vg. Then 61 (vk+1—1g) gives the shock difference Az; = zlc — 2P
at which the firm would be indifferent between C' and D (note that if |vgy; — vo| > €, then

|C1(vp+1 — wo)| > 1 meaning a strict preference for all shocks z1). More formally, ¢;(vpi1 — vo)

satisfies
(1 — 8)eC1(vps1 — v0) 4 vpgr = (1 — ) 4 oo
. ¢ p 11 1 9
CQukt1 —wo) =21 — 21 = c1-0 [(1=0) = 6(vk41 — vo)] = —gﬁ(vkﬂ —vg —1n)).

Define 71(¢1) as the probability that the plays C given indifference at shock difference ¢i: 71(¢1) =
Jor 1{Az > (1} dy(z1) where 1{Az > (1} is an indicator function equal to 1 if Az > (1. (Note
that 71(¢1) =1 for (1 < —1 and 1({3) =0 for {; > 1.)

Define ég : R — R similarly for the consumer. Suppose the consumer is at some history [Ij, for
k < K, and the firm will subsequently be indifferent between C' and D when the shock difference
Az is equal to some threshold (7. fg((l) gives the shock difference Azy = 2§ — 2§ at which player 2
is indifferent given player 1’s indifference at shock difference (; (given belief 0 since k < K). That
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is, (2(¢1) satisfies

~

3i1(C1) + €C2(C1) = 271(G1) + (1 — 71(G1) = (o(C1) = 25 — 28 = 5(1—27?1(41))‘

Also define 79((2) = fo@ 1{Az > (3} dip(22). For convenience define 73 (Av) = 71 ({1 (Av)), 75 (Av) =
#a(Ca(Ci(Av))).

Define § : R? — R as follows. Suppose a history ¢, I;, for k < K is reached, and the continuation
payoffs for the firm are vg11 = V(¢ + 1,Ix41),v0 = V(¢ + 1,1p). Define §(vg11,v0) to give what
must be the continuation payoff V (¢, I):

G(vs1,v0) = 2(1 = 6)7a(Ca(Ci(vkr1 — o))
+/max{(1 — 0)ezl + dvppr, (1= 8)(1 +e2P) + duvg} dup(21). (55)

The t, Ik case is handled separately here. Note that given continuation payoffs vxg = V(¢ +
1,1x),vo = V(t+ 1, 1y), the firm is still indifferent at shock difference él (vi — vg). Define (3((1, )
as the shock difference Azy at which the consumer is indifferent given that the firm is indifferent
at shock difference (7, and where £ is the probability that the normal type arrives at Ix at period

t. Denote the belief at (¢, Ix) as u(§) = ’

M . . . .
=0 The consumer is indifferent if

3[A(€) + (1 — (&) (¢1)] +e25 = 2[A(€) + (1 — @) m1 ()] + (1 = BE))(L = 71(Cr)) + 25,

so then
G1,8) = -2 =2 (1- mE)(1 — (@) ~ [3E) + (1 - pE)m ()
= (208 + (- AR (@), (56)

Similar to above, define

9(vr,v0,6) = 2(1 = 8)ia(Ga(Ci v, v0),§))
—l—/max{(l = 8)exC 4 S, (1 — 8)(1 + e2P) + vy dub(z).  (57)

Let B:(v) denote the open ball of radius ¢ centered at v. Abbreviate z;* = [z di(z;) as the
expected value of the shock to action a;.

The following result shows that, roughly speaking, a sequence of bounded (¢!, €')-self-generating
subsets of W that converge in payoffs, with corresponding perturbed antegame equilibria that also

converge in outcomes, yield a purifiable equilibrium payoff in the limit.

Lemma C.13. Let a sequence (Wl,wl,(fl)l be given where for each |, W' C W is a bounded set
)

of (', l)-self-generating set of HBPs; w' = (¢',+)) € W; and &' € EE;Z ’il;* is a wPBE of the

(Y, e)-perturbed v'-antegame consistent with ¢'. Suppose there exists I* such that for all | > I*:
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1. For each pair of HBPs w' = (¢',41), @' = (¢',7") € W such that &' € By(@'), there ewists a

TS T
sequence (W', W' )0 i41 such that:

(a) for each I, W' € By(w"), and

(b) for some finite k> 0, |5 — 4" ||oo < ke' and |3 — A ||oo < kel

2. For all (¢,7) € W', vk € B(2).

3. The antegame equilibria (5'); converge in outcomes to some limit: for allt € {0, ..., K —1},k,1,

(f I}i,zz dip zz)) 1S a convergent sequence.
Then there exists a purifiable wPBE o of the unperturbed game G such that V(o) = lim;_, V(&).

Proof. For each [, Proposition C.1 shows that the existence of (W', w!,5!) — i.e., a bounded self-
generating set W' containing w' and a wPBE &' of the (¢!, e!)-perturbed ~'-antegame — implies
the existence of a wPBE &' of the (¢!, &!)-perturbed full game such that V(&') = V(5'). With
straightforward modifications to the proof of Proposition 3.3, the proof of Proposition C.1 constructs
&' so that for all t < K, k,i, GL(t, Iy, 2) = &l(t Iy, z;), and also constructs a sequence of HBPs
(wht = (¢”,fy”)) © o in W such that wh = w! and for all t € {K, K +1,...}, wht € Bj(w"*1) and
Vo (t, I) = 'yk . Since [GL(IL, z) dy(z) = [GL(1E, 2;) di(2;) for all t < K, the convergence of the
sequence ([ GH(I}, z) dw(z,-))l implies convergence in outcomes of (&'); for initial periods t < K.

The rest of the proof shows convergence in outcomes for ¢ > K. The statement of the proposition
implies that we can choose (w"?)2 . so that for each t € {K, K +1,...}, |[7%* — 4" o0 < we! for all
" > 1. Thus, the sequence (’yl’t)l is a Cauchy sequence with some limit 4*!. Furthermore, because
Vi € B:(2) for all [, vt = 2.

We can see that this implies convergence in outcomes to a wPBE of the unperturbed game as
follows. Let k < K and t > K be given. If wzfll > 'y(’)““rl + 1, then for [ large enough, it must be

that &' (t, Iy, 21) = C for all z; (since e — 0). Similarly, if fnyll < Attt

+ n, then for large [, it
must be that 5'11 (t,Ix,z1) = D for all z;. For large [, the consumer’s best response in each case is
clearly (¢, I, 22) = c and Gh(t, I, z2) = d, respectively.

For the rest of the proof consider the case where vzlfll = 78t+1 +1n. The fact that 4>t € T’ means

It It It It It
VR > AR > > > g > R —2(1 - 6) 26 (58)

Let pHBA zbt = (¢, ubt, ab?) be given such that wht is (¢!, e!)-decomposed by zbf, wht*! and
al’t(Ik, 2) = &l (t, I, z;) (this is possible due to Definition C.4).

Denote Eal'(I) = [ ol (Iy, z;) dip(z). T show that Eal'(Io) < Eal'(I) < -+ < Eal'(Ix_1).
Suppose not, so there exists £ € {0,..., K — 2} such that Eall’t(lk) = 7] (fy,if{l - 'yé’tH) >

Eo/l’t(IkH) = 7] (’y,lgfgl - 767t+1). Note that fr*() is weakly increasing Since v,iﬁl — fyé’Hl <

i = A6 it must be that Bal!(I) = Eal H(Iny1) € {0,1}. If EQb'(I},) = Eal H(Ijs1) = 1, the
fact that 4“'*! also satisfies (58) means Eal o) = -+ = Eait(IK_l) = Ea]L "Ix) =1, which
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implies

W =90RTL ") = (1= 0@+ ') + o™ = gy ™) =K,
a contradiction of (58). If Eab'(I) = EaY'(I441) = 0, similar reasoning as above implies that
Eozll’t(fk_l) == Eozll’t(fo) = 1, which yields vli’t = (1—5)(1+5l21D)+5'yé’t+1 = yi’t_l == v(l)’t,
a contradiction of (58).
Because all’t(IK,l,zl) = all’t(IK,zl) for almost all 21, the fact that vé’(t > 7%_1 implies that
Eaé’t(IK_l) < Eaé’t(IK). The fact that Eall’t(IK_l) > 0 for all [ implies that vji™t > 4t 4.

Furthermore, it cannot be that 5! > 45+

—+mn; otherwise for large | we would have Eall’t(I K1) =
Eall’t(IK) = 1 which implies Eaé’t(IK_l) = Eaé’t(IK) =1 and so ’yé’(t_l = ’yl;{t, a contradiction.
I show that liml(Eag’t(IK))l = 1. Suppose not; then for some 5 > 0, for any I’ there exists [ > I’

such that Eaé’t(IK) <1- 4. Then

W <201 = ) Eag (Ik1) + oyt + el <201 - 8)(1 = B) + a7 + £ (59)
Recall that 3! = limy, q/é’(t = liny Vé’(tJrl =2, so (59) is a contradiction.

I also show Eaé’t(Io) > 0. Suppose not: Eaé’t(Io) = 0. Recall that ’yl[’(t > 2—¢ and ’y%“ > 2—¢,

S0) vé’(t >(2—-¢)(1-96)+ 57%“ >2(1—-0)+ 57%“ —¢. Then Vé’t <2(1—-0)-0+ 57%“ +el <
'yi’(t —2(1 — 6) + 2¢!, a contradiction of (58).

For large [, the fact that 0 < Eab'(Iy), Eak'(Ix_1) < 1, imply that 0 < Ea%!(Iy), Ea}'(Ix_1) <
1; since Eall’t(Io) < Eall’t(ll) < e < Eall’t(IK_l) and Eaé’t(lk) = 75(Av) is strictly increas-
ing for values Av € {Av € R : 0 < #3(Av) < 1}, I have 0 < Eaé’t(lo) < Ea;’t(h) <

- < Eaé’t(IK_l) < 1. Note that vllf € Bgz(QEaé’t(Ik)(l —0) + 572’5{1). The convergence of
(’y,i’t,'y,i’iﬁl, e — (v, 'y;;fll, 0) clearly implies that (Ealz’t(l k)1 converges. Furthermore, for k < K
each Eaé’t(Ik) € (0,1) implies a unique Eall’t(Ik) (reasoning from the definition of 3(-)), and so
the convergence of Eag’t(l 1) implies the convergence of Eozll’t(l k)

Since [&l(t, I, z;) dip(z;) = Eaﬁ’t(Ik) for all t > K, k, i, the above proves that (&'); converges in
outcomes for all date-histories in periods ¢t > K. Define the strategy profile * of the (unperturbed)
full game so that o7 (¢, Iy) = limy [ 54(¢, I, z;) d(2;). It is then straightforward to check that &*
constitutes a wPBE of the unperturbed game. |

The rest of the proof establishes the existence of a purifiable wPBE ¢ such that V(o) = VE(1,2—
n), constructing a sequence satisfying the assumptions of Lemma C.13. Let u® € (0, %) be given
such that gZ(0, u°) < 1, which is true for almost all 4 € (0, 3). The following lemma establishes
that for any HBP in W, it is possible to construct an HBP w’ € W that (1, €)-generates it.

Lemma C.14. For small enough e, there exists a continuous function f : T — T such that for
any HBP w = (¢,7) € W, there exists an HBP w' = (¢, f(7)) € W such that w € By (w').
Furthermore, fo(v) +n(1 —¢) < fi(y) <--- < fx(7) < fo(7) +n(1 +¢).

Proof. The proof is by construction. Note that ¢;(+), 7;(+), 7*(+), C2(+) are continuous, and therefore

» N
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9(-),g(-) are as well. Moving vy € R through values “near” (within ¢ of) v, — 7 lets g(v;_,vp)

span a range given by

(1=6)(2+ezf) + (v +1n) V) = Vjq — 1 — €N

g(vllg-i—bvé)) =
(1—68)ezP + 5(vh +n) vy = Upyq — N+ En.

Furthermore, if (1 — 6)e + 6(vg + 1) < §(vjy1,vh) < (1 —6)(2 4 €2{) + 6(vf + 1), then (55) (the
definition of §(-)) implies that 0 < @5 (v}, — vp) < 1, which yields

1< G0t — 1) = (1 2 (s — ) <1 = 31— 2) < Aoy —vf) < (1 +2).
Therefore, for any v} satisfying
(1—8)e+ vk < yr—1 < (1—08)(2+ezY) + dvly (60)
there exists some v}, € [V} — n — en, v — n + en] such that §(vl,v() = yx—1 and
$(1—e) <7f(vi —vp) < i(1+e). (61)

Solving (60) for v} yields

% [vk-1—(1=0)(2+ 5210)] <V < ! [Yr—1 — (1 —0)e].

(=9

Define interval B(vg_1) = (% [vk—1 — (1 —6)(2+¢e20)], % [vk—1 — (1 — 6)e]). Then I can say for
any vy € U(vrx_1), there exists some v, such that §(v},v)) = vx—1 and (61) is true. Define the set
S = {(Vi,vk—1) € R? : v} € V(vk_1)}. The continuity of §(-) implies the existence of continuous
function s : & — R such that vx_1 = §(vh, s(V|vK-1)), (Vi 1E—1) < Ve — 1+ ne and?®

lim s(Vi|v—1) = vk — 1 — en. (62)

v —=inf V(v _1)

From (56) (the definition of Cy(+)) we have Co((1 (v —vh), &) = L(1=2[a(&) + (1 — @(&)) 75 (v —
v()]), and substituting (61) yields

—_

GG vk = s(iclyk-1)),6) < Z(1=2[a(6) + 5(1 - al€)(1 - 2)])

3

%6 (62) follows from the fact that if v = inf B(vx—1) = 3 [vk—1 — (1 — 6)(2+ €2})] and vy = v — 1 — en, then

. 1 1
G (v —vg) = fgn(vk —[vk —m—en]—n) = —-n(—en) =1,

and so 7} (v — v)) = 1 which implies §(vi,v6) = (1 —0)(2+¢ezf) + 6 - & [yx—1— (1 = 0)(2+e2)] = vx—1.
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for all v}, € B(yx_1). Then for e small enough, Co(C1(vhe — s(vi|yr-1)),€) < —1 (meaning the

consumer strictly prefers ¢ for all shocks), and from (57) we have

9V, s(Viclyr-1)), 0x) = 2(1—6) + Ey oy [max{(1 - )z’ +dvig, (1-8)(1+e21) +ds(vic |yc—1)}].

(63)
Thus §(v, s(Vi|YK—1), ¢ ) is independent of ¢ .
From (55) (the definition of g(-)) we have
Tr-1 = 2(1=0)73 (v — s(Viclvk-1))
+ By oy [max{ (1 — 8)ez{ + 6vig, (1= 6)(1 +e2{) + ds(vig|yre—1)}]-
(62) implies that
li 77 (Ve — s(v 1)) =1 — lim o (Ve — s(v] _1)) = 1.
v,Kﬁian%ﬂ(W_l) 1(vk (VklvK-1)) ol inf By 1) 2 (Vg (Vklvr-1))
Note that
9(vk, s(vklvr-1)), oK) — §(vk, s(Vi vk —1)) = 2(1 = §)[1 — 73 (v — s(vilvr-1))], (64)
and so
lim 9(vi, s(Vlvr 1)), bK) = VK1 < VK- (65)
vhe—inf V(v 1)
Let any 8 > 0 be given. Suppose that v > supU(yx—1) — . Then
Yrk-1 = 2(1-0)73(vk — s(vklyr-1))
+ By [max{(1 — §)ez{ + dvi, (1 — 0)(1 + e2P) + ds(vic|yr—1)}]
.k 1
> (1= 9)r3(uk — stk +3 (5 baer - (1= 0)e] - 5)
= 2(1 - )5 (v — s(Vilvk-1)) + 7K1 — B — (1 = d)e
which yields #5(vfe — s(vig|vi 1)) < gigy + 3¢ From (64) this yields
—( ! / ~ / / 55 1
9(vgs s(g vk -1)), 6K ) — 9k, s(Vk|vk-1)) > 2(1=0) |1 - 2(1— ) - 55
= (2—¢)(1—4)— B
Thus, for 8 < 5 we have
9ok, s(Wiclvk-1)), ¢Kx) > GV, s(Uglrr—1)) + (2 —€)(1 = &) — B9
> (v, s(Wiclyk—1)) + (2 —e)(1 =0) —¢
> Yrg-1+2(1—-0)— 2>k (66)
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where the last step is due to the fact that 4 € T (see Definition C.6). The continuity of g(-) together
with (65) and (66) prove that there exists some v € U(yx—_1) such that g(vl, s(vi|vx-1)) = 7K.
Thus, there exist continuous functions fx : T — R, fo : I — R such that

& = 9(fx(7), s(fx(V)|vE-1), oK), Jo(v) = s(fx(V)|vx-1)-

From (63), we have yx = 2(1—8)+ Ey () [max{(1—8)ez{ +0v}, (1—-0)(1+ez) +8s(vc|yx—1)}] >
3(1—0) 4+ dfo(y). Then dfo(y) < vx —3(1 —§), and so

9(fo(y), fo(0) = (A =08)(1+ezl)+dfo(y) <(1-0)(1+ez’) +vkx —3(L—08)  (67)
= VK—2(1—5)+€5%) < Y- (68)

There exists some v} _; € (fo(7), fi (7)) such that §(vi_4, fo(7)) = Yr—2 because §(fo(7), fo(7)) <
Yo < Yk—2 < vKk—-1 = §(fx(7), fo(7)). Similarly, for each k € {1, ..., K—2}, there exists v}, such that
G(vgs fo(7)) = Yk—1. Thus, for each k € {1,..., K — 1} there exists continuous function fj : I 5 R
satisfying g(fx(7), fo(7)) = k-1

Define function f : I' — T so that for f(v) =/, 7. = f(7) for each k € {0,..., K}. To see that
f(v) €T, note that

Y0 = 9(f1(7); fo(7)) <y = g(f2(7), fo(7)) < -+ <vx—1=9(fx(7), fo(7)),

and since (v, vp) is strictly increasing in vj_ , it must be that fi(vy) < fa(y) < --- < fr (7).

Furthermore, for all vj_, < fo(v) +n(1 —¢), we can see from (67) - (68) that g(vj_, fo(7)) =

(1—6)(1+4ezP) + 6 fo(7) < Y0, and so it must be that fo(y) +n(l —¢) < fi(y) < - < fr(v).
The definition of s(fx(7)|vx—1) requires (61) which implies

77—1g5€:77(1—5)<fK(7)—f0(’Y)<"7+1g5

e=n(l+¢) (69)

, and fi(-), ..., fxk—1() are defined so that fo(v) < fi(y) < -+ < fx—1(7). Since § > 1 I have
n < 2(1 —4), and thus for small enough ¢, fo(v) > fx(v) — (1 +¢)n > fr(v) —2(1 —0) + 2¢. Since
vy = fr(7) for all k, it has been shown that 7' € T.

I complete the construction of HBP w’ = (¢/,+'). Let pHBA x = (¢, i, ) so that for all k < K,

C Az > Gy — V) ¢ Az >G(G0 0 — )
a1 (I, z1) = . IjH (/) as(Iy, z2) = - IjH (/)
D Az <G (’Yk:+1 ~ ) d Az < C2(C1(’Yk-+1 - 7))

oI, 21) = C Azn >0V =) PRI L Az > Go(Ci(Yh —70), 6x)
D Aa <Gl =b) d A2 <Gl — ). ox)

Then define ¢ = 3 (1= [ a1 (g, 21) dip(21)) drs S = Yohere—1 Ok [ 1 (I, 21) dip(21), and ¢, =
k-1 [ a1(Ix—1,21) dip(z1) for all k € {1,..., K —1}. The constructions of Gi(), (), 4(-), g(-) ensure
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that x is (1, €)-enforced by w’, and w is (1, €)-decomposed by x, w’. [

The next lemma characterizes f(v) when 7k is particularly large and small, i.e. outside B.(2).
Lemma C.15. Let v =2+4¢ and v =2 — e. The following hold:
1. Ify €T and v > 0, then fx(y) > k.

2. Ify €T and vk < v, then fx(7) < VK.

Proof. This proof reuses the notation and constructions in the proof of Lemma C.14.
Proof of Part 1: Let v € I where i > @ be given. Suppose by contradiction that fr () < vk-
The proof of Lemma C.14 shows that

i = 2(1 = 8) + By(oy[max{(l = 8)ezf +8fx(7), (1 = 8)(1 +e2) + 6 fo(7)}] (70)

and due to (69) (i.e. because the firm is playing D with positive probability at Ix), we have
vk <2(1—=0)+ (1 -0 +¢e)+dfo(y) = (1 —0)(2+¢)+ d(fo(y) +n) which can be solved for
fo(y) = 3lvx — (1=6)(2+¢)] —n. (69) implies that fo(7) < fx(v) —n(l—¢), so fx(y) —n(l—¢) >
fo(v) = $[vx —(1—6)(2+¢)]—n which is solved to find v < (2+¢€)(1—8)+6fx(7) < (1—6)v+57vk,
which implies vk < v, a contradiction.

Proof of Part 2: Let some v € [ where vk < v be given. Suppose by contradiction that
JK(2) = 7. From (70) we have yc = 2(1 ) + (1 — 6) + 6 fo() = 2(1 — 8) + 6(fo(7) + 1) —>
fo(v) < §vk —3n. From (69), fo(v) > fr(y) —n(1+e). Then fr(v)—n(1+¢) < fo(y) < 57 —3n
which is solved to find yx > (1 —6)(2 —¢) + dfx(v) > (1 — §)v + dvk, which implies yx > v, a

contradiction. [}

Inductively define f™(v) so that f1(y) = f(v) and f™(y) = f(f™(v)). It will be convenient to
separate a payoff function 7 into two parts: the value at I (i.e. vx) and all other values (a K-length
vector v_r = (70, .-, Yx—1) € RE). T use the notation (y_x,vx) =~ and f™(v_r, k) = (7).

The following lemma and its corollaries show it is possible to construct a self-generating set

with an HBP (¢, = (y-k, vk )) with a particular v and arbitrary vy_x satisfying (71).

Lemma C.16. Let any K -length vector v_g = (7o, ..., vk —1) € RE such that
2—e>Ag 1> > >0 >2-2(1—-6)+2e =25+ 2¢ (71)

be given. Let any m > 1 be given. Then there exist v, 0™ where v < v < "™ < ¥ such that
TR (=K, ") =9, fR(v-k,v") =, and for allv € (™,0™), v < fR(y-K,v) < . Furthermore,
v<vl< o< <™ <o < B < T for all m.

Proof. The proof is by induction, first proving the m = 1 case. From (71), (y_k,v) and (y_k,v) are
in the set I'. Lemma C.15 shows that fx(y-k,v) > v and fx(v_k,v) < v. Because f(-) is contin-
uous, there exists some v', ! € (v,v) where v! < ¥! such that fx(v_r,0') =2, fx(y_k,0') =7,
and for all v € (v',7'), v < fr(V_K,v) < 7.
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Now suppose there exists some m such that for all m" € {1, ..., m}, the lemma has been proven,
i.e. there exist v™,7™ where v < v' < --- < V™ < ™ < --- < ¥' < ¥ such that R (v=k,v™) = v,
fR(y-K,?™) = v, and for all v € (v™,0™), v < fR(y-k,v) < ¥. Lemma C.15 implies that
Ty g, v™) < v and fR(y_g,9™) > ©. The continuity of f(-) implies that there exist
L gl e (u™ 9™) such that [t (v, 0™ ) = v, fET(y_k, 0Y) = o, and for all v €

(@, 0™, v < R (rok v) < 0. u
Corollary C.2. There exists v such that v™ < v < 0™ for all m.

Proof. Lemma C.16 proves that (v™),, is an increasing sequence bounded from above by v, so it
has some limit v* = lim,, v"*. Similar reasoning, plus the fact that v < v for all m, shows that

there exists limit o* = lim,, ™ > v*. Then any v € [v*, v*] satisfies v < v < 0™ for all m. [ |

Corollary C.3. Let any v_x = (Y0, .., 7k—1) € RE such that it satisfies (71) be given. There
exists payoff function v = (v_k,vK) where yx € (2—e,24¢€) such that for any history distribution
@, there exists a bounded (1, )-self-generating set W* containing (¢,v). Furthermore, for every
(¢',9") € W*, 75 € Bery)(2 = m); 0, € Bac(2 =€) for all k € {1,..., K — 1}; and 7} € B:(2).

Proof. From Corollary C.2, pick yx such that 2 — e < v < v < 0™ < 2 4 ¢ for all m, and let
v = (y-k,7k). Denote w® = (¢°,7°) = (¢,7). Since 1° satisfies (54), w® € W. Lemma C.14
states that there exists w! = (¢!, 4!) € W such that w® € By.c(w'). Furthermore, v! < fy?( <ot
means v < v, = fx(7°) < ©. Suppose that there exists some w™ = (¢™, ™) € W where
w® € By (w),w! € By (w?),...,w™ L € By (w™), and ™ = f™(+°). Then Lemma C.14 states
that there exists w1 = (¢!, y™*1) € W such that w™ € By (w™*!) and 4™+ = f(4™) =
()5 also, v < 4% < ™! means v < 7?“ < 0. By induction, there exists set of HBPs
W* = {w® w',w?, ...} € W such that for all m, w™ & By (w™h); thus W* C By (W*) and
(¢,7) € W*. Forall m, v <R <0 = g € B:(2) and v — 2(1 — §) + 2e < ~;" < v for all k,
W*is bounded.

For each w™, Lemma C.14 shows that 7' + n(l —¢) < A" < -+ < AR < " +n(l +¢).
Since Y € B:(2), 2 —e <R < +nl+¢e) = ' >2—-n—(1+ne>2-n—2 and
Y +nl—e)<24+e = 7' <2—n+(1+n)e <2—-n+2e. Then for each k € {1, ..., K — 1},
Yt > 5 An(l—e) > 2—n—2e+n(l—e) > 2—3e = (2—¢)—2¢, and 7" <R < 2+e = (2—¢)+2. A

The next lemma shows that constructing particular payoff functions v can ensure a specific

continuation value at histories IOL in any equilibrium & of the (¢, £)-perturbed ~-antegame.

Lemma C.17. For small enough ¢, there exists K -length vector v_r = (70, ...,7k—1) € RX sat-
isfying (71) such that for any vk € R such that v € T and any wPBE & of the (1, ¢)-perturbed
(Y—r, YK )-antegame, Vi (I}) = vy =2 —n+ 2¢.

Proof. Choose 7o =2 — n — 2¢. Inductively define §'(-|v0) = §(-,70), 9™ (-[70) = 9(6™(-10),0)-
Let any v,v" € (14 ¢,2 — ¢) such that v < v’ be given. I show there exists 0,7’ € (1 +¢,2 —¢)

such that §(0,v) = v, §(?',7) = ¢/, and ¥’ > 0. Recall from arguments in the proof of Lemma
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C.14 that g(yo +n —2e,%) < (1 —6)(1 +¢) + 070 < 7o for small e, and since (2 — ) — g
2-e)—(2-n—2)=n+¢ 2—ec,7%) = (1 —-08)(2+¢ez’)+862—¢) > . Since §(-,7) i
continuous and weakly increasing there exists 0 € (9 + 1 — 2¢,2 — ¢) such that §(9,79) = v and
¥ € (0,2 — €) such that §(?',2 —¢).

The previous paragraph shows it is possible to choose 71, ..., 75 _7_1 such that ¢ (vm|v) = Y0

w0

foreach m € {1,...,. K —L—1},and v <y <72 < -+ < Yp_1_1 < 2 —¢&. Similarly, I can choose
Yi_f < 2—¢e such that g5 2(v,_1|70) = vz. (The proof of this lemma requires no restrictions on
YK _Li1> - VKE—1,VK except v € ')

Let o € X7, .y be given. Working backward, the definitions of (1 (), (a(+) imply

(1K ) = C Az > Gy —70) oo (I, 23) = c Az > (G — 1)) (72)

D Az < iy — ) d Az <& —70)

for all k¥ < K, and the definition of §(-) implies V5(I™) = §(vk41,70), and for all ¢t < K —
1, Va(It) = g(Va(Iit)), Va(I§th). Then Va(IF') = g(y1,7%) = 0. Similarly Vz(I§?) =
g(V&(IlK_l),’Y()) = 3(9(r2,7),7%) = §*(72/70) = 7. Similarly, for all t € {L +1,...,L — 1},
Vs(I4) = 5 (vk_¢|70) = Y0. A similar argument shows V;,(IOE) = QK’E(’VK7E|70) = v . [ |

With v € T constructed as above, I can construct a wPBE of the (1, e)-perturbed ~y-antegame.

Lemma C.18. Let payoff function v € T where (Y0, -y YK —1) are chosen as specified by Lemma
C.17 and vk € B:(2) be given. For small enough e, there exists a wPBE ¢ € 22 (.6 of the
(v, €)-perturbed y-antegame such that V(5) € Ba- (VI (1,2 —n)).

Proof. (72) constructs strategies for &;(/ ,f ~1 ) for all 4, k < t, and almost all shocks z; € Z;, which
are best responses by the construction of @() Since players are indifferent at the measure zero set
of shocks omitted by (72), the actions at such shocks can be chosen arbitrarily. By construction of
a(+), V;,(I,ffl) = §(Vr+1,7%). Foreacht € {L+1,... K —1},k € {1,...,t — 1}, inductively define

51 2 = C Az > C:1(V&(I;i) — ) Ga(I) ) = 4 € Az > Ciz(fl(V&(I}i) —0))
D Az < G(Va(I}) =) d Az < G(Va(li) — )

(73)
noting that Vz(I;_}) = §(Vz(It), ) since Va(IOE) =... = V&(IOZ) = 7o (as shown in the proof of
Lemma (C.17)). Again, the constructions of (;(+), §(-) ensure these are all best responses.

Forallt € {L,..., K —1}, set 61(I},21) = C,52(1f, 29) = c. To see that these are best responses,
note that since vx > 2 — e, we have yx — 79 >2—¢e—[2—n—2¢] =n+¢, and so at Illg:ll the
firm weakly (strictly) prefers C' for all (almost all) shocks z; € Z;. Since the firm always plays C
at T[5!, the consumer strictly prefers c. Thus, V(I% 1) = (1—0)(2+e2{) + vk € (2—¢,2+¢).
Since V5(IFX 1) = - = Vg(IOEH) = 7 , a backward induction argument shows that &;(I}, 2;) is
also a best response for each t € {L, ..., K — 1}, yielding some Vg,(IZE) €(2—-¢2+¢).
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Having constructed best responses for periods ¢ > L above, the rest of the proof constructs
strategies for t < L. First, for all t < L and k < t, set Ga(I}, 22) = d and 61(I}, 21) = D for all
2z € Z. Note that since V;,(I%) —Vs(IE) < 24+ e —[2—n+ 2] = —e, the firm strictly prefers
D for almost all shocks z; € Z;, and so for all k € {0,..., K — 1}, the consumer strictly prefers d.
Define v;_; = (1 — 6)(1 + £zP) + dvg. Note that Vg(I,E_l) =wvp_y forall k < L — 1, and so at
all IOE*Q, wn ]%:32 the firm strictly prefers D for all z; € Z;. A backward induction argument then
shows that for all ¢t < L and k < t, 52(I}, 22) = d and 61(I},,z1) = D for all z € Z. Inductively
define vy_1 = (1 — 0)(1 4+ ezP) + dvy, for each k € {1,...,L}. Then Vs(I}) =wv forallt < L, k <t.

To construct the strategies at If for ¢ < t, it will be easier to first characterize the equilibrium
probabilities P5(I}|0y) of the normal type reaching these histories, and subsequently back out the
strategies that give rise to such probabilities. I use the variables &1, ...,&7_; € [0,1] to represent
Ps(I}), ...,P&(IEE;I), inductively construct a system of equations for &i,...,£7_; whose solution
corresponds to an equilibrium, and then show that a solution indeed exists. Define function fi(&;) =
Wiuo)& to translate the & variables into be_liefs.

First, define function A\;_;(&;_1) = g(Va(I£),vp, €5 1) (this corresponds to the value function
Va(I 5:11)), noting that it is continuous and weakly decreasing. Note that because V(1 i—:) —vp <
n — € (i.e. the firm strictly prefers D at I%:ll) Mo_1(&r_1)s Ar_1 () satisfies A\;_1(0) = A\;_; =
V(3 + ezP,vr) (corresponding to belief 1 on the honest type) and A\;_;(1) = A\;_; = V(1 +
ezP v;) (corresponding to belief p° < % on the honest type). Furthermore, given that the firm
always chooses D, the consumer at I %:11 with shock zo has a strict preference for d if 3a(¢;_1) +
e2§ < 20(&p_ 1) + (1 — f(€5_1)) + €24, which can be solved to find Az < G(Vs(IE), v, ¢51) =
%[1 — 2fi(€5_1)]. Choosing &7, 1 so that 1 = EQ(V&(I%),UE,gi_l) = % 1— 2%
i = [1%5 — 1} ¢*. Choosing §, | so that —1 = 62(V5(Izi)avi7,,j,1) similarly yields §; | =

yields

[1%% - 1} ¢*. For small enough ¢, 1 — 3¢ < %_Fa 1< 1—38 —1 < 1+ 3e.2” Recalling that g(0) = ¢*,
V(3 +ezP vr) &1 <q(0) —3e < (1—3¢)g(0)

A7 F) =
-10-1) V(1 +ezP vp) &, > q(0) + 32 > (14 3¢)g(0).

Define m,—2(&7_1) = 71 (Af_1(§5_1),vi—1). Then m7_,(£7_;) is continuous, weakly decreasing and
satisfies
1 &4 <q(0) — 3¢

(&5 _q) =
=) = €1 > q(0) + 3¢,

The next step is to impose the requirement that for any given £;_o, £ = £5_977_o(§5_1)
(which corresponds to the fact that P&(Iézlwo) = P&(I£:2‘90) [&1(IF72, 21) dyp(21)). Rearranging

1 2 L-2’
gives
§0-1
o= "7~ (74)
Tr—2(§1-1)
2TSuppose by contradiction that 1 —3¢ > 2= — 1. Then 1+ -3¢ — 32 >2— (1 +¢) =1 —¢, yielding ¢ < —3¢2,

14«
which is clearly false for small €. That 1—35 — 1 < 1+ 3¢ is shown similarly.
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for mz_9(€7_1) > 0. The right hand side is strictly increasing in £;7_;, starting at 0 (for {z_; = 0)
and reaching 1 for some &;_; € Bs<(q(0)). Define function xj_; : [0,1] — [0,1] as the value

Xi-1(z—2
Tr—2(Xp-1(€1-2))"
also strictly increasing, ranging from xj_;(0) = 0 to x7_1(1) € B3:(G(0)). Define A\;_o(&5_5) =
?70%—1(?@—1(&—2)_)7 Vi _1,€1—2)-

Define 7, = 3(2L=(+1) — 1). Suppose that for a given ¢t € {1,...,L — 2}, Ai41(&41) is a weakly

decreasing function such that

of £7_, that satisfies (74) as a function of {7_,, ie. &f_o =

Then x7_4(-) is

1. If &4 < ch*(tH)(O) — Te416€, then Ap1(&41) > V(1 +e,v040) + 0+ €.
2. I &1 > & EHD(0) + e, then Ay (§41) < V(1 + €, vi49).
3. m(&i41) is a function defined so that m(§i41) = 77 (A1 (&e+1) s Vit1)-

Then 7(§4+1) is a weakly decreasing function such that

1 &1 < @ 0D(0) — 141
T (§e1) = E () (75)
0 &1>q (0) + Ty q1€

Define the function X;rl1 :[0,1] — [0,1] as X;rll(ﬁtﬂ) = Ff(’z:l). Note that Xl;ll(ftﬂ) is strictly

increasing, ranging from Xt_+11(0) =0 to Xt_—i-ll(&+1) = 1 at some value & | € BTHIE(QZ_(HU(O)).

Thus, X;_ll (&41) is invertible; let x;41(&) be its inverse, so that

g = xt+1(&)

L Wt(Xt+1(£t)). (76)

Then x¢+1(&) is strictly increasing, x:+1(0) = 0 and x:+1(1) € BTt+1(ch_(t+1)(0)). Further note
that for &1 < gE" D (0) — 74e, xer1(&) = &-

Given the above, define function A\i(&) = g(Arr1(xer1(&)), vert, ). Let & be chosen so that
Co(Mr1(xes1(&)),vee1,&) = 1, corresponding to the consumer at I} having a strict preference for

d at almost all shocks z3 € Z5 but being indifferent when Aze = 1. From (56),

0 0 ~

e = 1-21(6)~2(1-AEm a1 ) = 1-2 52 (1= i men (&)

which rearranges to 0 = (1 —&)(1 — u°)& — (14 )u® — 2(1 — p0)&m(xer1(&)). Recall from (76)
that &me(Xet1(€e)) = xe+1(&), s0

0= (1= )1~ ) — (1 + )~ 20~ W1 (E) = &= 7 [(1+9)8" + s (€]

Choose §t so that
=1 =G\ (xet1(8), ve41,€,) = %[1 —2u(§,) — 2(1 — a(§,))me(xe1(E,))]- (77)
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Algebra similar to that above yields £, = I—Jlre[(l —£)¢" +2x¢+1(€,)]. Note that for small enough e,
(77) requires that m(x¢+1(§,)) < 1, and from (75) it must be that xz41(§,) > "= (0) — 74qe.

For v >0, v —2e < {7 < &7 < v+ 2¢ for small enough .28 Then

g > (L—a)¢" +2x4() —2e > ¢" +2(¢" HV(0) — rypae) — 3¢
= ¢ +2(d" D (0) — 328D — 1)e) — 32 = ¢* + 2D (0) — [3(2FF = 2) + 3]e
= gFY(0) — 7e.

& < (14)¢" +2x11(&) + 28 < ¢* + 27"V (0) + 7 p12) + 3¢
= ¢ +2("HD(0) + 3(2E7 D — 1)) + 32 = ¢" + 287 TV(0) + 3257 - 2) + 3¢

= (jL_t(O) + €.

Then:
1. If & < ¢~1(0) — 7e, then A(&) > V(1 + &, v41) + 0+ €.
2. If & > g=71(0) + 7, then M(&) < V(1 + &, v41).
3. Define m—1 (&) = 77 (Ae(&r), ve).

By induction, the above statements hold for each t € {1,...,L — 2}. From the t = 1 case, the
continuity of m(&}) = 77 (A1(&1),v1) and Ai(-) ensures there exists £ € By,(7571(0)) such that
mo(&F) = & Inductively pick &, = x¢41(&) for each t € {1,...,L — 2}.

With (&7, ...,€7 ;) in hand, I complete the construction of &. Define AW;(Az1) as the cdf of
Az = 2§ — 2P, and define AU () as the inverse of AU;(-) (which exists because ¢ has strictly
positive density). Define {5 = 1,7 = 0. For each ¢ € {0, ..., L — 1}, define
d Az < GAVT(-m(&0) &) -, D Az <AV — (&)

o1(ly,z1) =

¢ otherwise C otherwise.

Ga(If, z2) =

It is straightforward to show that P;(If|6y) = & for each t. This yields beliefs 1(£)) at each
I, Li:i consistent with P;(-), and the construction of (5(-) proves that the player 2 strategies
are best responses. It is also straightforward to check that Vz(I}) = g(Ag1 (&), vir1, &) = Ae(&F)
for each ¢ € {1,..., L — 2}. Finally, note that since mo(£}) = £ € Br,(7%1(0)) and g%~1(0) < 3. it
must be that A\;(£]) — v1 < n+ e. Furthermore,

GG (E) —v1), 1) =1 —21° — 2(1 — pO)mo(€f) > 1 — 240 — 2(1 — u°)(g51(0) + 7ye)

28T see this, suppose not: v—2e > l%rs or 17— > v+2e. If v—ev—2e—2e% > v, then —v—2—2e > 0 = 2 < —v—2

a contradiction. If ;= > v + 2¢, then v > v — & + 2¢ — 2¢? = 0> 1 — 2¢, a contradiction for small €.
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and rearranging the right hand side yields

(G ED) = o)1) > (0 (1= ) = = (1= 1) (67 +26771(0)) = 21 - pO)mie
= (W04 (1 - p0) = p® — (1 0t (0) - 2(1 — puO)rie
= (1= (1-d"0) =201 - uO)me

w0
w0
]_ .

Since ¢Z(0) < 1, for small enough ¢ it must be that Co(C1(AL(€F) —v1),1) > 1, and so G219, 20) = d
for all zy € Zy. Thus, (1—8)+dv; < V(5) < (1—8)(142¢)+06v1, and since v; = VE1 (14220, v;)
VE=Y (1 +e2P,2 — n+ 2¢) € Bao(VE1(1,2 — 7)), then V(5) € Bac(VE(1,2 —1)).

For each [, Lemma C.17 shows there is a K-length vector v~ i so that for any payoff function A=
(YL gy VL) for any 4L, it is possible to construct a wPBE &' for the (¢!, e!)-perturbed +!-antegame
where V(6!) € Byu(VE(1,2 — n)). Construct history distribution ¢! to match the equilibrium
probabilities of reaching final histories under ¢': ¢! = P;(Ix). Thus, &' € Zgiig . Corollary
C.3 shows we can pick vk € B./(2) so that there exists a bounded (¢!, &!)-self-generating set
W* containing (¢!, '), such that for every element w' = (¢',7') € W*, ~} € B (2 = n);
Y}, € Bou(2 —€l) for all k € {1,..., K — 1}; and 7} € B.i(2). Then for any [ and any pair of HBPs
at = (¢4 e W ! = (qﬁl“ l“) € W*+D the Chebyshev distance between 4! and 74+
is bounded by [|7! — ! | < [(2 — e!FL) + 261 — [(2 — &!) — 2¢!] = et + 3! < 4el. From the
definition of self-generation, for each ! and any pair of HBPs w*? € W* w!t1h0 ¢ W*+l  there
exist wht € W w1t € W such that w0 € By a(wht), w0 € Byiva e (w1,

Corollary C.4. The sequence ([ GL(If, 2) dw(zi)) converges as | — oo for all i, t, k.

Proof. 1 reuse and adapt notation from the proof of Lemma C.18. Let &' (I }6o) for all t < L
and f*l = 0; define v— =2 — 1+ 2¢! and inductively define v} | = (1 — 5)(1 +¢lZP) + 6v! for each
k€ {1,..,L}. Then Vu(I}) = vl for all t < L, k < t. Abbreviate EG(I}) f I,i,zz dip(z;).
The proof of Lemma C.18 shows that &' € B, . (Z~1(0)), and so lim; &' = g *(0). Since
E&i(I}) = m (&) and EGh(I}) = CQ(}\t+1<§t+1) vl 1, &), (BGH(IT)) converges for all 4, ¢t < L.
Since &4 (I}, 21) = D and G5(I,29) = d for all t < L,k < t, 2 € Z, convergence is clear.
For periods t € {L,..., K — 1}, the proof of Lemma C.18 constructs strategies at I} for all k < ¢
such that
Va(Id) =2-n—2e" <24 < Vou(Ih) < - < Vu(Il ) <2 — € (78)

The proof of Lemma C.18 also shows that Vi (I}) € B.(2) for all t > L. For all t > L.k, the fact
that the continuation payoffs (Vi (I},)); converge as | — oo and satisfy (78) allows a straightforward
adaptation of the arguments in the proof of Lemma C.13 to show that (EG}(I})); converges.”’ M

29The proof of Lemma C.13 shows that the sequence (Wl7 w, &l)l satisfying its assumptions implies the existence
of a sequence ('); where &' is a wPBE of the (¢!, e')-perturbed full game. For all periods ¢t > K, the proof shows
that the fact that the continuation payoffs satisfy

Vou(t, Ie) —2(1 — 8) + 268 < Vou(t, Io) < Vau(t, Io) < - < Vyu(t, Ix) € B.i(2)

plus the fact that (V,:(¢,Ix)); converges for all k implies that the sequence( [ &} (t, Ix, z:) dw(zi))l converges.
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Thus, the assumptions of Lemma C.13 are satisfied, so there exists a purifiable wPBE ¢ of the
unperturbed full game G such that V(o) = lim; V(6') = V(1,2 — 7).
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