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Abstract

Reputation models typically assume players have full memory, yet in many applications this

does not hold. This paper studies incomplete information games where players observe only

finitely many recent periods, deriving a recursive characterization of the equilibrium payoff set

that captures both stationary and previously unexplored non-stationary equilibria, as well as

tools for studying purifiable (i.e. robust to payoff perturbations) equilibria. These tools are

applied to a product choice game. For 1-period memory, I obtain the exact minimum and maxi-

mum purifiable equilibrium payoffs for almost all discount factors and prior beliefs on an“honest”

firm type. For long memory, I characterize the minimum purifiable non-stationary equilibrium

payoff and unique stationary payoff. In both cases, incomplete information and non-stationary

behavior qualitatively change the equilibrium payoff set. These results hold for fixed discount

factors independent of prior beliefs, and so do not require extreme patience.

JEL Classification: C73; D82; D83; L14

Keywords: Reputation; Bounded Memory; Purifiability; Product Choice Game

1 Introduction

Most reputation models assume that the full history of past behavior is observable, yet in many real

world settings this glimpse into the past goes only so far. For example, events on credit histories are

deleted after a certain time in many countries, as are infractions on driving records, and workers

typically provide only recent references to prospective employers when applying for jobs. Many

online markets display only recent reviews of sellers, or even if the full list is available, make recent

reviews ones the most prominent (e.g. eBay); it may be safer to assume buyers simply glance at a

few of the latest reviews instead of reading them all. The Court of Justice of the European Union

ruled in Google v. Costeja that individuals have a “right to be forgotten” and may demand search

engines remove links to old information “in light of the time that has elapsed.” What happens when

agents know that today’s behavior will some day be forgotten?

∗Department of Economics, Tulane University. Email address: bsperise@tulane.edu. I am especially grateful to
Tom Wiseman for his continuous advice and guidance on this paper, as well as to Stefano Barbieri, V. Bhaskar,
Uli Doraszelski, Neal Ghosh, Melinda Petre, Dale Stahl, Ina Taneva, Caroline Thomas, Sevin Yeltekin, and seminar
participants at Texas, Tulane, and the 11th World Congress of the Econometric Society for their helpful comments.
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The first half of this paper introduces general tools to study such environments where players

observe only finitely many recent periods. The primary contribution is a recursive characterization

of the set of equilibrium payoffs for a general class of bounded memory games with incomplete

information, presented in Section 3. This dynamic programming method has two main advantages.

First, it allows analysis of stationary as well as previously unexplored non-stationary equilibria.

Second, it works for a fixed discount factor, and so does not rely on the classic Fudenberg and

Levine (1989, 1992) bounds for very patient players. Section 4 introduces an equilibrium refinement

I call “quasi-Markov perfection”(extending the standard notion of Markov perfection from complete

information games), which rules out some fragile equilibria that are not “purifiable,” meaning they

do not survive the addition of small, independent private shocks to payoffs.

The second half of the paper (Section 5) applies these tools to a product choice game, where a

sequence of customers face a firm who is either a normal strategic type or an “honest” Stackelberg

commitment type. When customers have 1-period memory of the firm’s actions, I obtain a complete

characterization of the exact minimum and maximum purifiable equilibrium payoffs for almost

all discount factors and prior beliefs on the commitment type. For any discount factor above a

fixed threshold, the introduction of a positive prior belief on the commitment type dramatically

expands the equilibrium set; non-stationary equilibria also expand the set of equilibrium payoffs

for a range of priors. I also study the case of long memory. For any discount factor above a

fixed threshold, the Stackelberg payoff is the unique purifiable equilibrium payoff when memory

is sufficiently long. However, the minimum non-stationary equilibrium payoff is strictly less, and

approaches the minmax payoff as the prior belief approaches zero. These results show that both

incomplete information and non-stationary behavior have sharp impact on the set of purifiable

equilibria when the firm is not extremely patient.

The recursive characterization builds on the dynamic programming methods of Abreu, Pearce,

and Stacchetti (1990) (hereafter APS) and Doraszelski and Escobar (2012) (hereafter DE). For

the complete information case, APS characterize the equilibrium set for full memory, while DE

characterize it for bounded memory; in both cases, the recursive structure of these games allows the

set of equilibrium payoffs to be calculated as the largest fixed point of a “generating operator” that

transforms sets of objects containing payoffs, called the largest “self-generating set.” However, the

assumption of complete information can be restrictive, as even a slight relaxation can dramatically

change the equilibria in the product choice game.

I extend these techniques to incomplete information (“reputation”) under bounded memory.

More formally, I characterize the set of weak Perfect Bayesian Equilibrium (wPBE) payoffs of

repeated games under imperfect monitoring where a long-run player, who is one of finitely many

commitment types, faces a sequence of short-run players who observe only the K most recent

periods. This presents two main challenges. The first is that in addition to playing best responses,

players must also form beliefs consistent with Bayes’ rule.1 I show how these games also have a

1Note that bounded memory with complete information is effectively a restriction on strategies, while bounded
memory with incomplete information is a restriction on learning as well; i.e., for complete information, all bounded
memory equilibria are also full memory equilibria, but not so for incomplete information.
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recursive structure, allowing the construction of an analogous generating operator that, roughly

speaking, transforms sets of objects containing both payoffs and probability distributions over

beliefs.2 This also yields an algorithm for computing the largest fixed point by repeatedly applying

the generating operator. The second challenge is that the first K periods (where players still see the

full history) are qualitatively different from later periods, and so the largest self-generating set does

not directly give the equilibrium payoffs. Instead, the full game’s equilibrium payoffs are found by

solving for certain equilibria of a set of finitely repeated K-period games, with payoffs augmented

according to this fixed point.

This framework is necessary for studying non-stationary equilibria, where strategies may depend

on the calendar date. Previous papers studying bounded memory reputation assume stationary

strategies, which requires hiding the date from short-run players.3 Although this makes the analysis

much simpler, there are a variety of real-world applications where short-run players know the time:

creditors know the age of borrowers even when credit histories are bounded, auto insurers know the

age of drivers, and buyers can observe the age of a seller’s account on eBay. The framework enables

us to explore the impact of assuming stationarity. Stationary equilibria have a particularly simple

interpretation in this context as “self-generating points” rather than “self-generating sets;” that is,

instead of the more complicated task of finding the largest set of many points that generates itself,

computing stationary equilibria means searching for individual points which generate themselves.

To simplify application of the recursive framework, I focus attention on equilibria that are

purifiable in the sense of Harsanyi (1973), meaning they survive the addition of small, independent

(across actions and time) private shocks to the payoffs. For this purpose I define a refinement called

quasi-Markov perfection. For complete information dynamic games, attention is often restricted to

Markov perfect equilibria, where strategies condition only on the payoff relevant “Markov state”

instead of payoff-irrelevant history. Quasi-Markov perfection naturally extends this notion to the

incomplete information environment,4 and particularly simplifies games with one commitment type

and perfect monitoring of the long-run player’s actions. I show that all purifiable equilibria in this

class of games (in particular, with sequential-moves) are quasi-Markov, i.e. even very tiny private

payoff information destroys all non-quasi-Markov equilibria. This result is an extension of Bhaskar,

Mailath, and Morris (2013) (hereafter BMM), who show that Markov perfection is a necessary

condition for purifiability in a general class of complete information, sequential-move games with

bounded memory. As BMM argue, purifiability can be motivated by the notion that games are

only approximations of reality and so real payoffs are generally not exactly those in the model.

In applying these methods to the repeated sequential-move product choice game, I first consider

the case of 1-period memory, which is appealing because it is both the most restrictive possible

limit on memory and yields a simple state space in which to apply the recursive algorithm, making

2Unlike the full memory case, beliefs themselves are not sufficient.
3This is because although the strategies are time-independent, beliefs and therefore best responses may not be.
4I use the term “quasi-Markov” instead of “Markov” to distinguish it from the use of beliefs as Markov states, as

is often done in the literature (see Section 18.4.2 of Mailath and Samuelson (2006) for an example). Using beliefs as
states is too coarse for the results presented here, as discussed in Section 4.
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it possible to solve for the exact minimum and maximum purifiable equilibrium payoffs for almost

all discount factors and prior beliefs on the honest type.

What is new about these results relative to the literature? The complete information case is

well-understood: under full memory cooperation is simple to achieve,5 yet BMM show that any

bound K on memory (no matter how long) is disastrous: all cooperative equilibria are fragile

(non-purifiable), leaving the low one-shot equilibrium payoff as the unique purifiable equilibrium

payoff.

The analysis of 1-period memory with incomplete information yields several insights. First, an

arbitrarily small but positive prior belief on the honest type resurrects non-fragile cooperation even

with the shortest possible memory, allowing a purifiable equilibrium with the Stackelberg payoff.

Second, allowing non-stationary behavior expands the set of equilibrium payoffs: for a range of

priors, the extreme equilibrium payoffs are given by purifiable equilibria where players and beliefs

condition on the time in periodic cycles. Third, this technique obtains the actual minimum and

maximum payoffs rather than lower and upper bounds because it relies on the convergence of the

recursive algorithm instead of the traditional argument bounding the payoff of repeatedly playing

the commitment action (which may not be an equilibrium strategy).

There are similarities in the results for long-memory (the limit as K → ∞). Reputation has a

particularly sharp effect for stationary equilibria: the firm receives exactly the Stackelberg payoff

for discount factors above a threshold independent of the prior belief in all purifiable stationary

equilibria. This is found under the stationary behavior assumption by solving for the unique self-

generating point. Instead, I show how to adapt the recursive machinery to inductively construct

self-generating sets in nearby perturbed games to prove the existence of a purifiable equilibrium

whose payoff is arbitrarily close to the minimum equilibrium payoff as the memory grows large. The

result shows that the stationary assumption is restrictive: the minimum non-stationary purifiable

equilibrium is strictly less than the Stackelberg payoff, approaching the one-shot payoff as the prior

approaches zero (and then K is made sufficiently large).

For long memory, the arguments from Fudenberg and Levine (1989) give a bound showing that

a patient firm receives close to the Stackelberg payoff, by making memory long and then making the

firm very patient (i.e., “limδ→1 limK→∞”). Under stationarity, the Stackelberg payoff is the unique

purifiable equilibrium payoff, meaning the Fudenberg and Levine is very slack for a fixed discount

factor as the prior approaches zero. By contrast, the bound has much less slack with non-stationary

equilibria, as I find that the actual minimum payoff approaches the minmax.

This work relates to a variety of other papers on repeated games and reputation. Besides DE,

a number of other papers have extended APS to a variety of settings, e.g. see Atkeson (1991);

Phelan and Stacchetti (2001); and Ely, Hörner, and Olszewski (2005). Doraszelski and Escobar

(2010) show that stationary Markov perfect equilibria of almost all complete information dynamic

stochastic games are purifiable. Other work on bounded memory and complete information under

perfect monitoring includes Barlo, Carmona, and Sabourian (2009), who prove a folk theorem for 1-

5This is done with grim trigger strategies using arguments from Fudenberg, Kreps, and Maskin (1990).
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period memory with rich action sets, and Mailath and Olszewski (2011), who prove a folk theorem

for bounded memory strategies. Monte (2013) uses the term “bounded memory” in a different

sense, but also shows how limits on learning can lead to qualitatively different equilibria.6 Ekmekci

(2011) shows how restricting learning through a finite rating system can change behavior to avoid

the “temporary reputation” result of Cripps, Mailath, and Samuelson (2004). Under full-memory,

Faingold and Sannikov (2011) study continuous time reputation games where a large player faces

a population of small players, characterizing equilibria for fixed discount factors.

A number of papers study bounded memory with incomplete information focusing on stationary

equilibria (and so calendar dates are unobserved). The product choice game application of Section

5 is related to that of Liu (2011) and is closest to Liu and Skrzypacz (2014). Liu (2011) studies

behavior in a model where monitoring of past firm actions is endogenous as a costly action available

to consumers (instead of a fixed bound), yielding “random auditing” and reputation cycles. Liu

and Skrzypacz (2014) have similarly bounded memory with a continuous stage game, finding that

all stationary equilibria have interesting dynamics where consumers “ride reputation bubbles” by

helping a firm that they know is not honest build reputation to exploit future consumers, and also

give a time-independent, patience-based bound on payoffs which has bite for the “limδ→1 limK→∞”

limit discussed above. Sperisen (2015) studies bounded memory in the context of Ely and Välimäki’s

(2003) mechanic game where reputation is bad.

2 Model

I consider a two player sequential-move stage game G, with the infinite repetition of G denoted G∞,

starting at period 0. G∞ is referred to as the full game. In keeping with (perhaps here counter-

intuitive) convention, player 1 is a long-run player (who moves second) and player 2 is a short-run

player (who moves first), choosing an action from finite action space A2. Player 1 observes player

2’s action a2 ∈ A2 and then player 1 chooses action a1 from finite action space A1. A public signal

y from finite set Y is drawn from probability distribution ρ(y|a2, a1).

The space of action profiles is A ≡ A2 × A1 with typical action profile a. For any finite set X,

let ∆X be the set of probability distributions over X. Denote a mixed action profile as α ∈ ∆A.

Player 1 observes the full history of actions and signals (formalized in the next paragraph).

Player 2 observes the K most recent public signals but no other information about past play.

Player i receives ex-post payoff u∗i (a, y), with ex-ante payoffs given by ui(a) =
∑

y∈Y u
∗
i (a, y)ρ(y|a).

I abuse notation by letting ui(α) denote the ex ante payoff of mixed action profile α ∈ ∆A. Figure

1 depicts a simple example stage game.

The set of full histories at period t is Ht ≡ (A× Y )t; let H ≡
⋃
t H

t. The focus will primarily

not be on full histories (as discussed below), so I do not use the term “history” to refer to these.

The set of full semipublic histories at some period t is Ht ≡ Y t with typical element ht (superscript

t is used to make clear the length of such a history), with the set of all full semipublic histories

6Monte models “bounded memory” for a long-run player as a finite set of memory states, where a player’s strategy
is to choose an action for each state and transition rules between the states.
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Figure 1: An example stage game with two player 2 actions A2 ≡ {b1, b2}, two player 1 actions
A1 ≡ {c1, c2}, and two signals Y ≡ {y1, y2}. The dotted box is used for reference in Figure 3,
enclosing the part of the game where players move rather than nature.

H ≡
⋃∞
t=0Ht. These are called “semipublic” because each element of the history was public at some

point in the past. Denote the concatenation of full semipublic history ht and some signal y as hty.

Both players observe the date, thereby allowing non-stationary behavior.7 Player 2 observes

only the last K periods, which I call the public history. For period t, the set of public histories is

Y min{t,K}. Since short-run players are in information sets containing a public history and the date,

such pairs are called date-histories. Let Ht ≡ {t} × Y min{t,K} be the set of all date-histories at

period t, and let H ≡
⋃∞
t=0H

t denote the set of all date-histories. The focus is primarily on public

histories instead of full histories, so I often refer to a public history simply as a “history.”

To reflect the fact that the elements of the public history h have happened in the past, I index

its elements with negative indices: h ≡ (h−K , h−K+1, ..., h−1). For periods t ≥ K, at the end

of each period the oldest element h−K is deleted, every subsequent element is “pushed back” one

space, and the newly generated signal y from the current period’s play is appended. I denote this

as hy ≡ (h−K+1, ..., h−1, y) and say y is pushed on h.

The long-run player is one of the types in the set Θ ≡ {θ0} ∪ Θ̂, where θ0 is the “normal type”

with payoffs u∗1(a, y) given above, and Θ̂ is a finite set of “commitment types,” where each θ̂ ∈ Θ̂

is committed to playing a (possibly mixed) action α̂θ ∈ ∆A1 every period. Each player 2 has

prior belief µ0(θ) ∈ [0, 1] for each type θ ∈ Θ, and updates those beliefs based on the date-history

according to Bayes’ rule on the equilibrium path.

A strategy for player 2 at period t is a mapping σt2 : Ht → ∆A2; that is, it depends only on the

date and public history, which I call a public strategy. For convenience, denote the vector (σ0
2, σ

1
2, ...)

of all player 2 strategies as σ2 : H → ∆A2, so that σ2(t, h) = σt2(h). In general, a strategy for

player 1 is a mapping

σ1 : Θ×

( ∞⋃
t=0

Ht

)
×A2 → ∆A1.

I denote the value of a strategy profile σ ≡ (σ1, σ2) to player 1 as V (σ), while Vσ(t, h) denotes the

value (to player 1) of σ at some date-history (t, h) (I sometimes omit the subscript σ when the

7I discuss stationary equilibria when the date is hidden in an alternative specification in Section 3.4, where player
2 instead has the improper uniform prior on the date when she enters.
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context is clear). Player 2 has beliefs µ∗ : H → ∆Θ where µ∗(θ|t, h) is the belief on type θ ∈ Θ at

date-history (t, h) ∈ H.

Definition 2.1. (σ∗, µ∗) is a weak Perfect Bayesian Equilibrium (wPBE) if σ∗ are mutual best

responses with beliefs µ∗, and µ∗ is consistent with Bayes’ rule on the equilibrium path. σ∗ is

stationary if strategies at periods t ≥ K are independent of the calendar date.

Because of the focus on payoffs I can and will restrict attention to only public strategies σ1 :

Θ×H ×A2 → ∆A1 for player 1 as well. Denote the set of strategy profiles as Σ, the set of wPBE

strategy profiles as Σ∗, the set of public strategy profiles as Σ̂, and the set of wPBE public strategy

profiles as Σ̂∗. Assuming public strategy profiles is not restrictive with respect to payoffs because

for any wPBE with strategy profile σ̃ ∈ Σ∗, there exists public wPBE strategy profile σ̄ ∈ Σ̂∗ such

that V (σ̄) = V (σ̃).8 For brevity, I define the constant φ∗ ≡ µ0

1−µ0 frequently used in the proofs.

3 Recursive Characterization of Equilibrium Payoffs

While the recursive character of repeated games with full memory and complete information used

by APS is more clear, this section shows that bounded memory games with reputation have a more

subtle recursive structure that can be similarly exploited. The framework is best understood by

drawing analogies between its definitions and those of APS. I start by stating the APS approach

with deliberately vague language (with more concrete descriptions in parentheses) to hint at the

intuition of my approach.

1. Let summary statistics of hypothetical future equilibrium play (continuation payoffs) be given.

2. Enforcement: Given the hypothetical futures, what current play (action profiles) is possible?

3. Decomposition: Combine the possible current play and hypothetical futures into a new set of

hypothetical summary statistics of equilibrium play (average the payoffs of the current action

profile and the hypothetical continuation payoffs to get a new set of payoffs).

If the output of step 3 yields the hypothetical input in step 1, called a “self-generating set,” APS

show that input describes actual (non-hypothetical) equilibria.

Consider the example model depicted in Figure 1 satisfying the specification in Section 2,

omitting reputation — i.e., θ0 is known — until Section 3.1. The left-hand side of Figure 2 illustrates

the recursive structure of the game under full memory. The subtrees in each gray bracket are

strategically equivalent, due simply to the fact that the continuation subgame is the same as the

full game. Suppose two payoffs v1, v2 are known to be in the equilibrium payoff set E . It is possible

to construct an equilibrium σ so that Vσ(y1) = v1, Vσ(y2) = v2 are the continuation payoffs at the

8Since player 2’s strategy is necessarily public, this follows from a standard argument that if player 2’s strategy
is public, player 1 has a best response which is also public and yields the same expected payoffs to player 2 for each
action. Thus, any equilibrium where player 1’s strategy conditions on history not observed by player 2, there exists
a public equilibrium with the same payoff.
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period 1 histories y1 and y2, and then finding an action profile α to play in period 0 that is incentive

compatible with (enforced by) Vσ(y1), Vσ(y2). The average of the payoff of α and the continuation

payoffs v1, v2 then gives a new equilibrium payoff, V (σ).

Bounded memory breaks this strategic equivalence of the full game to the subtree at each

full history. The right hand side of Figure 2, depicting 1-period memory, shows how drawing a

gray bracket around a subtree starting at a specific full history is no longer possible. In period

1, the path of possible future play starting from history y1 is interwoven with that starting from

history y2, so constructing equilibria by arbitrarily assigning equilibrium payoffs at each history is

no longer possible; even if v1, v2 are both equilibrium payoffs, this does not mean an equilibrium

σ′ exists with these continuation payoffs in the same period, i.e. Vσ′(y1) = v1, Vσ′(y2) = v2. Thus,

individual payoffs are not sufficient summary statistics of future play to determine enforceable

current behavior. For bounded memory strategies, DE give the insight that payoff functions,

mapping from public histories to payoffs, are sufficient summaries of future play to determine what

current play is enforceable,9 which can then decompose new payoff functions. To get an intuition for

this, note that we can draw gray brackets in a recursive way that intersects the tree at each public

history on the right side of Figure 2. A self-generating set of payoff functions therefore describes

actual bounded memory equilibria.

3.1 Recursive Structure

When incomplete information is introduced, bounded memory is no longer simply a restriction of

the strategy set. Since the bounded memory affects learning, the game is actually different and the

equilibrium set is not simply a subset of the full memory equilibrium payoffs. A primary challenge

is to effectively summarize future play in a way that allows consistent updating of beliefs. In

particular, unlike full memory, the period t + 1 short-run player cannot simply update by using

period t’s posterior because it is forgotten: the period t player saw the outcome of period t −K,

which is erased upon reaching period t+ 1.

The central insight used by this paper’s framework is that with bounded memory and incomplete

information, continuation play is almost strategically equivalent to the full repeated game. In fact,

it is equivalent to a slightly modified version of the full game where period 0 is endowed with an

exogenous, fictitious initial history of length K, randomly drawn from a distribution dependent on

the long-run player type.

Construct a modified version of the full game, which I call a variant game, where nature ran-

domly picks a fictitious initial history of length K before play begins, but is thereafter identical

to the full game (starting at period K). With complete information, this initial history is payoff

irrelevant but players may condition on it. Let some equilibrium σ∗ of the full game be given, and

construct a payoff function γ : Y K → R where it gives the continuation payoff for each history h at

9DE treat the period 0 empty history as another state to which payoff functions must assign a payoff. In this paper
I treat “initial histories” (just period 0 in the 1-period memory case) separately because with reputation, learning is
different once memory becomes bounded after the initial histories.
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some period t ≥ K, i.e. γ(h) = Vσ∗(t, h). We can then construct a strategy profile σ̃ for the variant

game which is identical to σ∗ starting at period t, i.e. σ̃|(t′,h) = σ∗|(t+t′,h). Because the variant

game after nature’s initial choice is strategically equivalent to the full game upon arriving at some

history in period t, σ̃ is an equilibrium of the variant game with payoffs Vσ̃(0, h) = γ(h) for each

history h. Under complete information, the equilibrium distribution of play at period t in the full

game is payoff irrelevant, as is the probability distribution from which nature chooses the fictitious

history in the variant game. But when the long-run player’s type is unknown, these probabilities

are critical because they convey information about the long-run player.

Suppose that the variant game is defined so that nature picks the initial history according the

equilibrium distribution of play at some period t ≥ K in some equilibrium σ∗ of the full game. More

formally, let ph0 ≡ Pσ∗((t, h
t) = (t, h0)|θ) denote the probability that the period t public history

is h0 under strategy profile σ∗, conditional on player 1 type θ. In the variant game, nature picks

initial history h0 conditional on type θ with probability ph0 . Then the equilibrium distribution of

subsequent play in σ̃ will be identical to that of σ∗, shifted t periods earlier. This means that beliefs

consistent with σ̃ are also consistent with σ∗ (again, shifted by t periods). Thus, an equilibrium of

the full game starting at period t specifies an equilibrium of a variant game, and an equilibrium of a

variant game specifies possible period t continuation play in an equilibrium of the full game, whose

probability distribution over public histories at period t matches the initial history distribution of

the variant game.

3.2 Preliminaries and Variant Games

This section constructs objects that are hypothetical summary statistics of an equilibrium — specif-

ically hypothetical probability distributions over public histories, hypothetical beliefs on public

histories, and hypothetical continuation payoff functions. I begin by introducing these three main

hypothetical “primitives,” which are subsequently combined.

Definition 3.1. A history distribution (HD) φ : Θ → ∆Y K is a function mapping a type θ to a

conditional probability distribution φ(·|θ) ∈ ∆Y K over public histories, giving a probability φ(h|θ)
for observing history h conditional on type θ ∈ Θ, such that

∑
h∈Y K φ(h|θ) = 1. The support of φ

is suppφ ≡ {h ∈ Y K |∃θ ∈ Θ, φ(h, θ) > 0}. The set of all HDs is Φ.

Let some history distribution φ be given. In a hypothetical equilibrium whose probability

distribution over public histories at period t matches φ, for any h on the equilibrium path (i.e.

h ∈ suppφ) the belief of player 2 that the type is θ upon observing history h is given by Bayes’

rule, updating from the prior µ0. For off-equilibrium histories, beliefs must be defined but are not

restricted, so I construct an object to store hypothetical beliefs that are consistent with φ on its

support. Note that when φ has full support (suppφ = Y K), this is redundant.

Definition 3.2. Let any history distribution φ ∈ Φ be given. A function µ : Θ × Y K → [0, 1]

is a belief mapping (BM) that is consistent with φ if for each h ∈ suppφ, µ satisfies µ(θ|h) =
µ0(θ)φ(h|θ)∑

θ′∈Θ µ0(θ)φ(h|θ) for all θ ∈ Θ. Denote the set of all belief mappings consistent with φ as Mφ.
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Note that I do not construct hypothetical beliefs for the full history (unknown to short-run

players) because such beliefs are payoff irrelevant: the long-run player (who knows the full history)

does not condition on it. Finally, I introduce the third hypothetical “primitive.”

Definition 3.3. A payoff function (PF) is a function γ : Y K → R that maps from a public history

to a payoff. The set of all PFs is denoted Γ.

Since all three pieces of hypothetical “continuation information” are needed to know what kind

of current period behavior can be “enforced,” I combine the three primitives into the following

composite objects.

Definition 3.4. A history distribution and belief mapping (HB) is a pair (φ, µ) where φ ∈ Φ and

µ ∈Mφ. Denote the set of all HBs as M≡ {(φ, µ) : φ ∈ Φ, µ ∈Mφ}.

Definition 3.5. A history distribution, belief mapping and payoff function object (HBP) is a triplet

(φ, µ, γ) containing the HB (φ, µ) ∈M and a payoff function γ ∈ Γ. The set of all HBPs is denoted

W.

An HBP is the analogue of a payoff vector in APS and the analogue of a payoff function in DE

(indeed, with only one long-run player type the HB part becomes irrelevant, effectively simplifying

to a payoff function). In APS language, characterizing the “largest self-generating set” of HBPs

(defined formally in Section 3.3) is the central aim.

For each HB (φ, µ), I construct a modified version of the full game where an exogenous, fictitious

history is drawn according to φ.

Definition 3.6. Let any HB (φ, µ) ∈M be given. Define the (φ, µ)-variant game G∞φ,µ as follows.

1. Starting in period 0, a different short-run player 2 enters each period and plays the stage

game G with long-run player 1 (as in G∞).

2. Just before period 0, nature exogenously sets the public history to some initial history h0 ∈
Y K with probability φ(h0|θ) conditional on player 1’s type θ ∈ Θ. The first short-run player

(in period 0) observes h0, and the period 0 signal y0 is pushed on h0, yielding public history

h0y0 for the period 1 player, and so on (just as in the full game G∞ at period K and later).

3. For any wPBE (σ∗, µ∗) of the variant game G∞φ,µ, strategies and beliefs are required to

be defined at all initial histories, even those chosen with probability 0 by nature, so that

µ∗(θ|h0) = µ(θ|h0) for all h0 ∈ Y K .

The third condition is a bit unusual because it is nature’s choice, not player behavior, that keeps

a history h /∈ suppφ off the equilibrium path, yet I still require strategies and beliefs to be defined

there.

This strategic equivalence is between an equilibrium of full game and one of the variant game is

illustrated in Figure 3. Focus first on the left half of the figure. Let some wPBE (σ∗, µ∗) be given

11
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for the full game G∞. At the labels A1, A2, B1, and B2, I list the probability Pσ∗(h|θ) of reaching

the corresponding public history h conditional on type θ under strategy profile σ∗, along with the

belief µ∗(θ|h) on the type θ upon reaching public history h.

Turn now to the right half of the figure. Define HB (φ1, µ1) ∈ M so that φ1(h1|θ) = Pσ∗(h
1|θ)

and µ1(θ|h1) = µ∗(h1|θ) for each h1 ∈ Y and θ ∈ Θ. Similarly define HB (φ2, µ2) ∈ M so that

φ2(h2|θ) = Pσ∗(h
2|θ) and µ2(θ|h2) = µ∗(h2|θ) for each h2 ∈ Y and θ ∈ Θ. Note that σ∗|y1 (i.e. σ∗

starting at the A1 node in the full game) defines a wPBE for the variant game G∞φ1,µ1 starting at

the A1 node. Conversely, given any wPBE (σ̃, µ̃) of the variant game G∞φ1,µ1 , it can be “plugged

into” σ∗ starting at period 1 — replacing the strategies and beliefs at periods 1 and later — and

the newly merged strategy profile will constitute another wPBE of the full game.10

I now construct the primary set of interest D ⊂ W, which is shown in the next section to be

the “largest self-generating set” in the next section. In APS terms, it is the analogue to the set

E of equilibrium payoffs; in DE terms, it is the analogue to the set E of equilibrium continuation

payoff functions. Let Σφ,µ denote the set of strategy profiles for variant game G∞φ,µ, and denote

Σ∗φ,µ as the set of wPBE strategy profiles fore G∞φ,µ (not the full game). Let Vσ̃(h0) denote the

value of strategy profile σ̃ ∈ Σφ,µ to player 1, conditional on the realization of h0 as the initial

history. For each σ̃ ∈ Σφ,µ, define payoff function γσ̃φ,µ : Y K → R so that γσ̃φ,µ(h) = Vσ̃(h). Define

Γ∗φ,µ ≡ {γσ̃φ,µ : σ̃ ∈ Σ∗φ,µ} as the set of payoff functions for wPBEs of the (φ, µ)-variant games.

Definition 3.7. For each HB (φ, µ) ∈ M, define Dφ,µ ≡ {(φ, µ, γσ̃φ,µ) ∈ W : σ̃ ∈ Σ∗φ,µ; ∀y ∈
Y K , γσ̃φ,µ(y) = Vσ(y)} as the set of all HBPs containing HB (φ, µ) and the payoff function γσ̃φ,µ,

where for each h ∈ Y K , the value γσ̃φ,µ(h) gives player 1’s payoff for a wPBE of the (φ, µ)-variant

game, conditional on initial history realization h. Define D ≡
⋃

(φ,µ)∈MDφ,µ as the set of all such

HBPs for all the variant games.

It is worth pausing to clarify the purpose and meaning of the above constructions. An HBP

(φ, µ, γ) is a hypothetical description of the properties of an equilibrium of the full game G∞ at some

period t ≥ K; this is similar to how, in APS, a payoff vector v ∈ R2 is a hypothetical description of

an equilibrium at some history in a complete information repeated game with full memory. Those

hypothetical properties are the probability distribution over the public histories conditional on type,

the beliefs at each public history, and the payoffs of the long-run player starting at each of those

histories.

10This is more precisely stated as follows. Define “merged” wPBE (σ̄, µ̄) so that:

1. At period 0, take the strategies from the original full game strategy profile: σ̄(∅) = σ∗(∅).

2. Period 1 beliefs are taken from the original full game beliefs (which are the same as those specified for the
variant game): µ̄(h1|θ) = µ∗(h1|θ) = µ1(h0|θ).

3. For periods 1, 2, ..., the strategies are taken from the variant game strategy profile, shifted 1 period back:
σ̄t(h) = σ̃t(ht−1) for all t ≥ 1, h ∈ Y .

4. For periods 2, 3, ..., the beliefs are taken from the variant game beliefs, shifted 1 period back: µ̄(θ|(t, h)) =
µ̃(θ|(t− 1, h)) for all t ≥ 2, h ∈ Y .

It is straightforward to see that µ̄ must be consistent with σ̄, and that σ̄1, σ̄2 are mutual best responses.

13



Given an HB (φ, µ), the (φ, µ)-variant game is an actual game, but it is useful because of its

strategic equivalence to continuation play at some period t ≥ K of a hypothetical equilibrium of

the full game, whose equilibrium distribution of play and beliefs at t “match” the hypothetical

description given by (φ, µ). The set Dφ,µ is the set of all HBPs containing HB (φ, µ) and an

equilibrium payoff function for the (φ, µ)-variant game, meaning a function mapping initial histories

to the payoffs conditional on that initial history being realized; this can alternately be stated as

Dφ,µ = {(φ, µ)} × Γ∗φ,µ. Finally, D is the union over all these HBPs.

Any element (φ, µ, γ) ∈ D tells us that in the (φ, µ)-variant game, there exists an equilibrium

where player 1 receives payoff γ(h) if initial history h is realized. It also tells us that if there exists

an equilibrium of the full game whose equilibrium distribution and beliefs over the histories at some

period t match (φ, µ), then there also exists an equilibrium that matches (φ, µ) and has payoff γ(h)

upon arriving at history h in that period.

3.3 Self-Generation

This section defines the notions of enforceability, decomposition and self-generation, followed by

the main results for Section 3. Before proceeding, one more hypothetical primitive must be defined.

For full memory, APS use action profiles as a description of “current play,” but this is insufficient for

my purpose: I cannot pick just any action profile for each full history, since players only condition

on the most recent K periods. This is similar to the reason we must use payoff functions rather

than payoffs themselves. For complete information, DE use functions mapping from the public

history to an action profile. I abuse notation by reusing α, using context to indicate whether it is

a mixed action profile versus an “action profile mapping.”

Definition 3.8. An action profile mapping (AM) α : Y K×Θ→ ∆A2×(∆A1)A2 is a mapping from

a public history h and type θ to mixed actions for each player α(·|h, θ) ≡ (α2(·|h), α1(·|ha2, θ)),

where α(a|h, θ) denotes the probability of pure action profile a being played given h and θ. This is

often written as α(h, θ) for brevity. For each θ̂ ∈ Θ̂, α1(ha2, θ̂) = α̂θ̂ for all ha2 ∈ Y K × A2. The

set of all AMs is denoted A.

With full memory, the APS notion of “enforceability” captures the requirement that hypotheti-

cal current behavior (an action profile) is consistent with hypothetical future behavior (continuation

payoffs). With complete information, the only consistency needed is incentive compatibility. Repu-

tation adds the additional issue that current behavior determines future beliefs (and therefore future

payoffs), and so requires an additional consistency requirement besides incentive compatibility.

I call this requirement “inducibility.” Call the current period “today” and the next “tomorrow.”

Let some HBP (φ̃, µ̃, γ̃) be given, serving as a description of hypothetical future behavior starting

tomorrow, including the hypothetical tomorrow’s distributions over histories and beliefs (φ̃, µ̃). To-

day’s hypothetically consistent play must not only be enforced by the payoffs starting tomorrow;

it must also yield a distribution of histories that matches what tomorrow’s players expect (i.e.

φ̃). However, today’s play, described by an action profile mapping α, is not sufficient to give this

14



consistency since players condition on the public history observed today, which is itself random

(generated by yesterday’s players). Let the HB (φ, µ) describe the probability distribution for the

history observed today (i.e. the probability distribution of yesterday’s play) and today’s beliefs.

Together, (φ, µ) and α specify the (unique) probability distribution of the histories observed to-

morrow. Thus, it will be useful to combine HBs and AMs in a composite object I call an “HBA,”

analogous to the an action profile in APS.

Definition 3.9. A history distribution, belief mapping, and action profile mapping object (HBA)

(φ, µ, α) is a triplet containing an HB (φ, µ) combined with an AM α. The set of all HBAs is

denoted X ≡M×A.

Define τ(h′) ≡ {h ∈ Y K : ∀k ∈ {K, ..., 2}, h−k+1 = h′−k} as the set of public histories that can

“be followed by h′,” i.e. the K − 1 oldest elements of h′ are the same as the K − 1 most recent

elements of h.

Definition 3.10. The set of new HBs that are inducible by the HBA x ≡ (φ, µ, α) is denoted by

the correspondence Υ : X ⇒M. Υ(x) is the set of HBs (φ̃, µ̃) such that for each θ ∈ Θ,

φ̃(h′y|θ) =
∑

h′∈τ(h)

∑
a2∈A2

∑
y∈Y

φ(h|θ)α2(a2|h)α1(a1|ha2, θ)ρ(y|a2, a1) (1)

and µ̃ ∈Mφ̃ (i.e. µ̃ is pinned down by Bayes’ rule on the support of φ̃).

This completes the definition of hypothetical description of current play, the HBA (analogous

to an action profile in APS), and Section 3.2 constructed the hypothetical description of future

play, the HBP (analogous to a continuation payoff vector in APS). It is now possible to define

the incomplete information notion of enforceability, which requires that current and future play be

consistent in terms of incentives (as in APS and DE) as well as in terms of beliefs (captured by

inducibility).

Definition 3.11. For any W ⊂ W, an HBA x ≡ (φ, µ, α) ∈ X is enforceable on W if there exists

HBP w̃ ≡ (φ̃, µ̃, γ̃) ∈W such that

1. Inducibility: the distribution over histories and beliefs must be consistent: (φ̃, µ̃) ∈ Υ(x)

(see Definition 3.10).

2. Short-run player incentive compatibility: player 2 has no profitable deviations:∑
θ∈Θ

∑
a2∈A2

u2(α1(ha2, θ), a2)α2(a2|h)µ(θ|h) ≥
∑
θ∈Θ

u2(α1(ha′2, θ), a
′
2)µ(θ|h) (2)

for all a′2 ∈ A2.

3. Long-run player incentive compatibility: player 1 has no profitable deviations: for all
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h ∈ Y K , a2 ∈ A2, a′1 ∈ A1,

Va2(x, w̃)(h) ≡ (1− δ)u1(a2, α1(ha2, θ0)) + δ
∑
a1∈A

∑
y∈Y

α1(a1|ha2, θ0)ρ(y|a1, a2)γ̃(hy) (3)

≥ (1− δ)u1(a′1, a2) + δ
∑
y∈Y

ρ(y|a2, a1)γ̃(hy) (4)

where Va2(x, w̃) ∈ Γ is a payoff function.

The HBP w̃ enforces the HBA x.

The function Va2(x, w̃)(h) defined in (3) gives the discounted average player 1 payoff upon

arriving at public history h, conditional on player 2 action a2. Define V(x, w̃) ∈ Γ to give the actual

expected player 1 payoff upon arriving at h by averaging over player 2’s strategy: V(x, w̃)(h) =∑
a2∈A2

α2(a2|h)Va2(x, w̃)(h).

Note. It will also be convenient to use the abuse of notation V(v1, v2) ≡ (1 − δ)v1 + δv2 where

v1, v2 ∈ R. For brevity I also use Vj(v1, v2) ≡ (1− δj)v1 + δjv2.

I now define corresponding notion of “decomposability.” Roughly speaking, an HBP w ≡
(φ, µ, γ) is decomposed or“generated”by another HBP w̃ ≡ (φ̃, µ̃, γ̃) if there exists an HBA (φ, µ, α)

enforced by w̃, so that the payoffs of those in α and γ̃ “average” out to those in γ.

Definition 3.12. An HBP w ≡ (φ, µ, γ) ∈ W is decomposable on W ⊂ W if there exists action

profile mapping α ∈ A such that

1. x ≡ (φ, µ, α) is enforced by some w̃ ≡ (φ̃, µ̃, γ̃) ∈W , and

2. for all h ∈ Y K , γ(h) = V(x, w̃)(h).

The HBP w is decomposed (or “generated”) by the pair (x, w̃) (on W ).

The following is my version of the APS set operator and “self-generation.”

Definition 3.13. For any W ⊂ W, define

B(W ) ≡ {(φ, µ, γ) ∈W : γ = V(x, w̃) for some x ∈ X enforced by some w̃ ∈W}.

Definition 3.14. A set of HBPs W ⊂ W is self-generating if W ⊂ B(W ).

It is now possible to state the self-generation and factorization results, showing that D is the

largest self-generating set. Recall from Section 3.2 that the set D is, roughly speaking, the set

of all HBPs (φ, µ, γ) such that for the (φ, µ)-variant game (G∞φ,µ), γ(h) gives the player 1 payoffs

in some equilibrium of G∞φ,µ when the (fictitious) initial history h is realized. These HBPs are of

interest because they describe equilibrium payoffs for the full game G∞ starting at period K (when

the public history gets “full”), conditional on the existence of a hypothetical equilibrium whose

distribution over histories at period K matches the distribution specified by φ.
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Proposition 3.1. The following hold:

1. Self-generation: Suppose that a bounded set W ⊂ W is self-generating. Then W ⊂ D.

2. Factorization: D = B(D).

Proofs for this and all other results are in the Appendix.

Before presenting the algorithm, I define its initial starting point, the feasible set of HBPs. Let

F † ⊂ R be the set of feasible payoffs for player 1, and let F† ≡ {(φ, µ, γ) ∈ W : ∀h ∈ Y K , γ(h) ∈
F †} denote the set of feasible HBPs (the set of all HBs paired with all payoff functions with

feasible values). Repeatedly applying the B(·) operator to this set converges to D. This algorithm

is effectively carried out by hand for the 1-period memory product choice game in Section 5.1.

Proposition 3.2. For each m ∈ N, Bm+1(F†) ⊂ Bm(F†) and D =
⋂∞
m=0 Bm(F†).

The difficult part of the analysis is behind us, and can now turn to the ultimate objective of

calculating the set E of wPBE payoffs of the full game. Given D, finding E boils down to solving the

equilibrium payoffs of a (full-memory) finitely repeated game with periods 0, ...,K−1, with payoffs

augmented at the end of period K − 1 by the discounted continuation payoffs in γ for some HBP

(φ, µ, γ) ∈ D, with the additional requirement that equilibrium behavior match φ so that beliefs

are consistent. I call such a finitely repeated game an “antegame” since it represents the first K

periods of play in the full game.

Definition 3.15. Let any payoff function γ be given. The γ-antegame is defined as follows. Player

1’s type θ is drawn with probability µ0(θ), and the stage game G is repeated K times (with first

period 0), with all players observing the full history. Let h ≡ (h0, ..., hK−1) ∈ Y K denote the public

history at the end of this game. Each short-run player 2 in period t receives their (ex-post) stage

payoff u∗2(at, y) where at, yt are the action profile played and signal generated at period t, while

player 1 receives payoff

(1− δ)
K−1∑
t=0

δtu∗1(at, yt) + δKγ(h).

Let Σ∗γ denote that set of wPBE strategy profiles for the γ-antegame.

As above, let V (σ̃) denote the value of σ̃ ∈ Σ∗γ to player 1. Let Pσ̃(h|θ) be the probability of

“final history” h ∈ Y K given σ̃ ∈ Σ∗γ and type θ ∈ Θ. For each w ≡ (φ, µ, γ), define

E(φ,µ,γ) ≡ {V (σ̃) : σ̃ ∈ Σ∗γ ; ∀h ∈ Y K , Pσ̃(h|θ) = φ(h|θ)} (5)

as the set of payoffs of equilibria of the γ-antegame whose conditional probability distribution of

final histories matches φ. The following operator summarizes this process.

Definition 3.16. Let a set of HBPs W ∈ W be given. Define V(W ) ≡ {v ∈ Ew : w ∈W} ⊂ R.
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Again, applying the V operator to a set of HBPs means solving the relatively simple task of

finding the wPBE payoffs of finitely K-repeated games with full memory. Finally, applying the V
operator to D yields the equilibrium payoffs of the full game.

Proposition 3.3. For any set of HBPs W ⊂ D, V(W ) ⊂ E. Furthermore, V(D) = E.

The full procedure of solving for the equilibrium payoffs can be summarized as follows. First,

repeatedly apply the B(·) operator to the set F† of feasible HBPs, yielding the set D (as in Propo-

sition 3.2). Second, apply the V(·) operator to D, yielding the set E of equilibrium payoffs (as in

Proposition 3.3).

3.4 Stationary Equilibria

Previous analysis of bounded memory reputation environments has generally restricted attention

to equilibria with strategies that are stationary, i.e. not conditioning on the calendar date (for

periods t ≥ K). If short-run players observe the calendar date, there may not be a wPBE with

such strategies since beliefs, and therefore incentives, may depend on the calendar date. Let two

public histories ht ∈ Ht, h̃t
′ ∈ Ht′ for t, t′ ≥ K which are identical except for the period (t 6= t′),

i.e. for every k ∈ {K, ..., 1}, ht−k = h̃t
′
−k; denote this equivalence ht w h̃t

′
. There is no guarantee

that short-run player best response in period t at public history ht is a best response in a different

period t′ with h̃t
′
w ht since beliefs and thus expected payoffs may differ. This is not a problem if

the equilibrium distribution of histories at each period is identical for all periods t ≥ K, but such

an assumption may be quite restrictive.

Definition 3.17. Let σ ∈ Σ be a strategy profile of the full game. σ is stationary if it depends only

on the public history and is independent of the calendar date; that is, for two histories ht, h̃t
′
such

that ht w h̃t
′
, σ2(ht) = σ2(h̃t

′
) and σ1(hta2) = σ1(h̃t

′
a2).

Instead, assume short-run players do not observe the calendar date, except for periods 0, ...,K−1

where the length of the history gives the date away. Thus, the set of public histories in this

specification is H ≡
⋃K
t=0 Y

K . Instead, they have the improper uniform prior over all periods

K,K + 1, ..., and so their beliefs are based on the limit of the average probability of play:

µ(h|θ) =
µ0(θ) limt→∞

{
1

t−K
∑t

s=K P
t
σ(h|θ)

}
∑

θ′∈Θ µ
0(θ′) limt→∞

{
1

t−K
∑t

s=K P
t
σ(h|θ′)

} (6)

where P tσ(h|θ) is the probability of history h at period t given strategy profile σ and long-run player

type θ. Combining the “time-average” history distribution φ (given by the limit terms in (6)) with

the corresponding belief mapping µ and payoff function γ, with values are given by the continuation

payoffs of σ, yields a self-generating singleton HBP (φ, µ, γ).

Proposition 3.4. For any stationary wPBE (σ∗, µ∗), there exists an HBP w ≡ (φ, µ, γ) such that

w ∈ B({w}), i.e. w is decomposed by some HBA x ≡ (φ, µ, α) ∈ X and itself, where the following
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are satisfied: α2(h) = σ∗2(h), α1(ha2, θ) = σ∗1(ha2, θ), µ
∗(θ|h) = µ(θ|h) and V (h) = γ(h), for all

h ∈ Y K , a2 ∈ A2 and θ ∈ Θ. Furthermore, if HBP w′ ≡ (φ′, µ′, γ′) satisfies w′ ∈ B({w′}), then

each v ∈ V({w′}) is the payoff of some stationary wPBE.

This gives stationary equilibria in the game with unobserved calendar dates a very simple in-

terpretation within the framework outlined in Section 3.3. Characterizing the set of non-stationary

equilibrium payoffs requires characterizing the largest self-generating set of HBPs, while charac-

terizing the set of stationary equilibrium payoffs only requires searching the HBP space for self-

generating points.

4 Purifiability and Quasi-Markov Equilibria

Even when the HBP space has few dimensions, carrying out the algorithm presented above (Propo-

sitions 3.2 and 3.3) remains a daunting task. To get a sense of this, let an HB (φ, µ) and an HBP

w̃ ≡ (φ̃, µ̃, γ̃) be given. Finding the set of action profile mappings α that make (φ, µ, α) enforceable

by w̃ essentially amounts to finding the set of Bayes Nash equilibria of a one-shot sequential move

game whose outcome probability distributions match φ̃.11 Given even a singleton set of HBPs

W̃ ≡ {w̃}, finding the set of decomposed HBPs B(W̃ ) means solving the above problem for every

possible HB (φ, µ) (of which there are infinitely many).12

This section introduces an equilibrium refinement, which I call “quasi-Markov perfection,” which

greatly simplifies the set of strategies (i.e. HBAs) that must be considered in applications like that

of Section 5, where the long-run player’s actions are perfectly monitored and a single commitment

type. For complete information dynamic games with a stochastic payoff-relevant state variable,

applied work has often restricted attention to Markov perfect equilibria, defined as having strategies

that condition only on the current state. Here, the stage game payoffs are static — there is only

one Markov state in this sense — but the short-run player’s expected payoffs are “dynamic” because

beliefs change depending on the public history (and possibly time). Quasi-Markov perfection is the

natural extension of Markov perfection to this incomplete information environment.

Besides enhancing tractability, quasi-Markov perfection has another virtue: the equilibria that

it rules out are all “fragile” because they are not purifiable in the sense of Harsanyi (1973), i.e. they

are not robust to arbitrarily small private, independent payoff shocks. I show this by extending

the results of BMM, who prove that for complete information dynamic sequential move games with

11To clarify, this one-shot game consists of the following four steps:

1. Nature chooses randomly chooses a history h ∈ Y K with probability φ(h|θ), which is not payoff relevant except
that it affects beliefs as it is correlated with player 1’s type.

2. Player 2 chooses an action a2 ∈ A2.

3. Player 1 chooses an action a1 ∈ A1.

4. Nature chooses y ∈ Y according with probability ρ(y|a2, a1).

Then player 2 receives payoff u∗2(a2, a1, y) and player 1 receives (1 − δ)u∗1(a2, a1, y) + δγ̃(hy). The task is to find
equilibria of this game such that history h and signal y occur with probability φ̃(hy|θ).

12This means solving for every possible probability distribution for nature’s move in step 1 of Footnote 11.
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bounded memory, all purifiable equilibria are Markov perfect. As BMM point out, since models

cannot hope to describe reality perfectly and so at least some private payoff information is always

present in reality, it is argued that this refinement does not come at the expense of realism.

At first glance, it may seem that beliefs are the appropriate extension of Markov states, as they

determine the expected short-run player payoffs. However, such an equivalence class is too coarse

for our purposes because two histories with the same beliefs today may lead to different beliefs

tomorrow, even if today’s public signal is the same. For example, suppose (as will be done in

Section 5) that the long-run player has two actions A1 ≡ {C,D}, with a single commitment type θ̂

who always plays C, and suppose that the long-run player’s action (and only her action) is perfectly

monitored (formally, Y ≡ {C,D} and ρ(a1|a2, a1) = 1 for all a2 ∈ A2). Let the memory length be

K = 2, and assume the belief µ(θ̂|h) = 0 for any history h containing the non-commitment action

D. Consider the situation of having history h ≡ DD versus history h′ ≡ DC today. Both histories

have belief 0, yet if C is played today, the belief tomorrow is µ(hC) = µ(DC) = 0 in the former

case versus µ(h′C) = µ(CC) ≥ µ0(θ̂) > 0 in the latter.

Quasi-Markov perfection allows different behavior at histories with the same beliefs today as

long as they lead to different beliefs sometime in the future. A quasi-Markov state is defined as

including all histories h, h′ which have the same beliefs today’s period t (µt(h) = µt(h′)), will lead

to the same beliefs tomorrow following any signal yt+1 today (µt+1(hyt+1) = µt(h′yt+1)), and the

same beliefs the next day following tomorrow’s signal yt+2 (µt+1(hyt+1yt+2) = µt(h′yt+1yt+2)), and

so on forever.

Definition 4.1. Let any public wPBE (σ, µ) be given. For any period t, two date-histories

(t, h), (t, h′) ∈ Ht are in the same quasi-Markov state for player 2, denoted (t, h) ∼ (t, h′), if

they have the same beliefs at the current period t and for any given continuation history yk ∈ Y k

for any k ≥ 1; that is, µ(θ|(t, hyk)) = µ(θ|(t + k, h′yk)) for all θ ∈ Θ, k ∈ {1, ...}, yk ∈ Y k. Two

player 2 actions a2, a
′
2 ∈ A2 are incentive-equivalent if ρ(y|a2, a1) = ρ(y|a′2, a1) for all a1 ∈ A1, and

u1(a2, a1)− u1(a2, a
′
1) = u1(a′2, a1)− u1(a′2, a

′
1) ∀a1, a

′
1 ∈ A1.

Two player 1 date-histories (t, ha2), (t, h′a′2) are in the same quasi-Markov state for player 1 if a2

and a′2 are incentive equivalent (a2 ∼ a′2) and (t, h), (t, h′) have the same beliefs for any continuation

history yk ∈ Y k for all k ≥ 1 (but not necessarily at the current history, i.e. k = 0).

The equilibrium (σ, µ) is quasi-Markov perfect if strategies are the same within a quasi-Markov

state for each player: σ2(t, h) = σ2(t, h′) and σ1(t, ha2) = σ1(t, h′a′2) for all (t, h), (t, h′) ∈ Ht and

a2, a
′
2 ∈ A2 such that (t, h) ∼ (t, h′) and (t, ha2) ∼ (t, h′a′2).

To see how quasi-Markov perfection simplifies the strategy space,13 consider the earlier example.

The histories CD and DD are in the same quasi-Markov state because both give belief 0 today,

and no matter what today’s signal yt is, the belief tomorrow (and in fact the whole history) will

13I am grateful to V. Bhaskar for sharing private notes demonstrating how purifiability allows a similar simplification
in the context of a chain store game.
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also be the same (formally, CDyt = DDyt for both yt ∈ {C,D}). The other two histories DC,CC

are each in distinct quasi-Markov states, so there are three total states for K = 2.

For K = 3, there are four states. The histories DDD,CDD,DCD,CCD are all in the same

state because all have belief 0 in the present period t, belief 0 the next period t + 1 following

signal C, belief 0 in period t + 2 following another signal C, and after a third signal C all the

histories become CCC (after signal D they have belief 0, of course). The other three states are

{DDC,CDC}, {DCC} and {CCC}. In this example, quasi-Markov perfection means conditioning

on when the most recent D event occurred, a point fleshed out in the application in Section 5.

I now construct the (ψ, ε)-perturbed game, largely following the construction given by BMM.

Let Zi be a full-dimensional, closed subset of [0, 1]|Ai| for each player i, and let Z ≡ Z2 × Z1. Let

∆∗(Z) be the set of measures which have support Z generated by strictly positive densities. At

each full history h ∈ H a payoff shock z ≡ (z2, z1) ∈ Z is drawn according to ψ ∈ ∆∗(Z). The

payoff shocks are independent across the two players and the histories. The complete history with

shocks at period t is h̃ ∈ H̃t ≡ (A × Y × Z)t; also denote the set of player 1 full histories with

shocks at period t as H̃t
1 ≡ (A×Y ×Z1)t×A2, and let H̃1 ≡

⋃∞
t=0 H̃t

1. If player i chooses action ai,

then εzaii is added to her stage payoff, where ε > 0 and zai . Player i’s (ex-post) payoff for action

profile a, signal y and shock zi is

ũi(a, y, zi) = u∗i (a, y) + εzaii .

Players privately observe only their own shocks. A strategy for player 2 at period t is σ̃t2 : Ht×Z2 →
∆A2. A strategy for player 1 is a mapping σ̃1 : Θ× H̃1 → ∆A1.

In any equilibrium of the perturbed game, players have a strict preference for their strategies

for almost all shocks. Strategies with this property are called “essentially sequentially strict.” The

following definition also extends quasi-Markov perfection to the perturbed game for strategies that

behave according to Definition 4.1 for almost all shocks.

Definition 4.2. A wPBE (σ, µ) is an essentially sequentially strict equilibrium if for all (t, h) ∈ H
and almost all payoff shocks z2 ∈ Z2, the action σ2(t, h, z2) is pure and the unique maximizer, and

similarly for all a2 ∈ A2 and almost all z1 ∈ Z1, σ1(t, ha2, z1) is also pure and the unique maximizer.

An equilibrium (σ, µ) of the perturbed game is quasi-Markov perfect if for almost all z2 ∈ Z2 and

almost all z1 ∈ Z1, σ2(t, h, z2) = σ2(t, h′, z2) and σ1(t, ha2, z1) = σ1(t, h′a′2, z1) for all (t, h), (t, h′) ∈
H, a2, a

′
2 ∈ A2 such that h ∼ h′ and a2 ∼ a′2.

The following result (my version of Proposition 1 from BMM) shows that all equilibria of the

perturbed game are essentially sequentially strict, and every essentially sequentially strict equilib-

rium is quasi-Markov (see Lemma B.2). The intuition is that the continuity of ψ ensures that a

player being indifferent occurs with probability zero.

Proposition 4.1. Every wPBE of the perturbed game is quasi-Markov perfect.

The following condition is what BMM call “weak purifiability,” which is weaker than the pu-
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Figure 4: The product choice game, with player 1 (firm) payoffs on top and player 2 (consumer)
payoffs on bottom.

rifiability notion of Harsanyi (1973).14 A sequence of current shock strategies (σ̃k)k converges in

outcomes to a strategy σ in the unperturbed (full) game if

lim
k→∞

∫
σ̃k2 (a2|h, z2) dψk(z2) = σ2(a2|h) and lim

k→∞

∫
σ̃k1 (a1|ha′2, z1) dψk(z1) = σ1(a1|ha′2)

(7)

for each public history h and a′2 ∈ A2.

Definition 4.3. A wPBE (σ∗, µ∗) of the full game G∞ is purifiable if there exists a sequence

(ψk, εk)k with ψk ∈ ∆∗(Z) and εk → 0 such that there is a sequence of strategy profiles (σ̃k)k

converging in outcomes to σ∗, with σ̃k a wPBE of the (ψk, εk)-perturbed game.

I can now state the main purifiability result, the incomplete information version of Proposition

2 from BMM, showing that quasi-Markov perfection is implied by purifiability.

Proposition 4.2. Every purifiable wPBE is quasi-Markov perfect.

One may wonder to what extent the converse holds: are quasi-Markov equilibria purifiable?

Although I do not attempt a general answer, in the 1-period memory application in Section 5, I

find the minimum and maximum payoff quasi-Markov equilibria are purifiable for almost all priors.

5 Product Choice Game

This section applies the theoretical machinery of Sections 3 and 4 to the product-choice game15 in

Figure 4. I assume short-run players (consumers) have perfect monitoring of the K most recent

long-run player (firm) actions but no monitoring of past short-run player actions.16 The firm is

either normal type θ0 with payoffs in Figure 4 or “honest” commitment type θ̂ who always plays C

(“high quality”). Consumers have prior belief µ0(θ̂) on the honest type, abbreviated simply as µ0.

14BMM say an equilibrium is “weakly purifiable” if there exists a sequence of perturbed games converging to the
unperturbed game such that a sequence of corresponding wPBEs converge to the equilibrium. “Harsanyi purifiability”
requires that for every sequence of perturbed games, there exists a sequence of corresponding wPBEs converging to
the equilibrium. Harsanyi purifiability implies weak purifiability; see Definitions 6 and 7 of BMM.

15This is the sequential-move version of the product-choice game used throughout Mailath and Samuelson (2006),
e.g. Figure 15.1.1.

16This type of monitoring is called “limited records” by Liu and Skrzypacz (2014).
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I assume that upon observing any play of D (“low quality”) off the equilibrium path, the

consumer has belief 0 on the honest type (Bayes’ rule clearly implies this on the equilibrium path).

Assumption 1. For any public history h containing D at any period, player 2 believes that player

1 is the normal type θ0 with probability one.

Quasi-Markov perfection then implies that players condition only on the period of the most

recent D in the public history and the date.17 For any history h ∈ Y K , let

ι(h) ≡ K + min{k : h1−k = D} (8)

be the number of Cs since the most recent D, called the “index of h.” For each k ∈ {0, ...,K − 1},
define Ik ≡ {h ∈ Y K : ι(h) = k} as the set of histories with index k, and define singleton set

IK ≡ {CK}, where CK is the K-length history containing only “C”. I also extend this notation to

the initial histories: for each period t ∈ {0, ...,K − 1} and each k ∈ {0, ..., t}, let

Itk ≡ {h ∈ Ht : h−(k+1) = D and h−k′ = C for all k′ ∈ {k, ..., 1}}, (9)

i.e. Itk is the set of all (initial) period t histories such that the k most recent outcomes are all C.

For convenience, I use notation of the form ak1
1 ã

k2
1 · · · ā

kn
1 to denote the history containing k1

instances of (player 1) action a1, followed by k2 instances of ã1, and so on, followed by ā1 for the

kn most recent periods; for example, DCK−3D2 is the history consisting of one D, followed by

K − 3 periods of C, followed by two periods of D. For each k, all the histories in Ik are in the

same quasi-Markov state by Definition 4.1. Furthermore, the fact that the cost of effort is constant

across the consumer’s actions implies that both consumer actions are incentive equivalent; hence,

the firm player does not condition on the consumer’s action.

Since attention is restricted to quasi-Markov strategies, the recursive tools of Section 3 must be

adapted to this restriction, which is straightforward. “Enforceability” as defined in Definition 3.11

is adapted as follows.

Definition 5.1. Let an HBA x ≡ (φ, µ, α) enforced by some HBP w̃ be given. x is quasi-Markov

enforced by w̃ if α2(h) = α2(h′) and α1(hc) = α1(hd) for any two histories h, h′ ∈ Ik for all k.

The analogous definitions of quasi-Markov decompose and quasi-Markov self-generating, as well

as the analogues of Propositions 3.1 and 3.2, are given by inserting “quasi-Markov” into the appro-

priate places; the respective proofs are straightforward modifications and so are omitted.

This partitioning greatly simplifies the analysis of the HBP space. Consider some HBP (φ, µ, γ) ∈
W. Since play at periods K,K + 1, ... conditions only on the index of the history, the collapsed

payoff function space Γ is (K + 1)-dimensional, one dimension for each index 0, ...,K. Similarly

17In their environment, Liu and Skrzypacz (2014) similarly show that strategies in all stationary PBEs, including
(possibly) non-purifiable ones, only depend on the time since the last non-commitment action. Proposition 4.2 shows
that imposing purifiability also allows such a simplification for all finite stage games with bounded memory and a
single long-run player commitment type, as well as to non-stationary equilibria.
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partition the history distribution space Φ by index; for a given history distribution φ, abuse nota-

tion by denoting φ(Ik|θ) ≡
∑

h∈Ik φ(h|θ). Note that φ(IK |θ̂) ≡ φ(CK |θ̂) = 1, so only the history

distributions for the normal type θ0 are non-trivial; abbreviate φ(Ik) ≡ φ(Ik|θ0). All of this means

that Φ is now K dimensional (the requirement that
∑K

k=0 φ(Ik|θ0) = 1 removes the (K + 1)-th de-

gree of freedom). Since beliefs are pinned down at every history, the belief mapping µ is redundant.

Thus, I omit the belief mapping (“(φ, γ)” instead of “(φ, µ, γ)”) except when it is notationally con-

venient, in which case I abbreviate µ ≡ µ(θ̂|IK) (since beliefs at all other histories are simply zero).

Summarizing, purifiability (and hence quasi-Markov perfection) allows us to collapse the 2|Y |K − 1

dimensions of HBP space (|Y |K − 1 dimensions of history distributions and |Y |K dimensions of

payoff function space, ignoring any non-redundant belief mappings) to 2K + 1 dimensions (K for

history distributions and K + 1 for payoff functions).

5.1 1-Period Memory

Consider the case where K = 1, which is sufficiently tractable to analytically characterize the exact

minimum and maximum quasi-Markov equilibrium payoffs for all priors µ0 ∈ [0, 1] and almost all

discount factors δ ∈ [0, 1). There are just two possible histories at any period t ≥ 1: Y K = {C,D}.
As discussed above, the HBP space W ≡ M × Γ has three dimensions: one for history

distributions and belief mappings (M), and two for payoff functions (Γ). The space Φ of his-

tory distributions φ is isomorphic to the 1-simplex, so I further abbreviate φ ≡ φ(C|θ0) (since

φ(C|θ0) = 1 − φ(D|θ0)). For convenience, I use the real numbers in [0, 1] interchangeably with

history distributions φ ∈ Φ.

Since there are only two consumers actions A2 ≡ {c, d}, I abbreviate σ2(t, h) ≡ σ2(c|t, h) =

1 − σ2(d|t, h). For player 1 we can abbreviate further because quasi-Markov perfection requires

that the firm condition only on the date, since either history C or D is immediately erased by

the current period’s signal (and so leads to the same beliefs for any continuation history) and the

consumer’s actions c and d are incentive-equivalent. Thus, for a given period t, all player 1 date-

histories (t, ha2) are in the same quasi-Markov state. Hence, abbreviate σ1(t) ≡ σ1(C|t, ha2) for

all h ∈ Y ≡ {C,D} and a2 ∈ A2. I use similar abbreviation for action profile mappings α ∈ A:

α2(h) ≡ α2(c|h), α1 ≡ α1(C|ha2). I also use real numbers in [0, 1] interchangeably with these mixed

actions.

The results are presented first, followed by discussion of how the algorithm is carried out.

5.1.1 Results

The following proposition gives the exact minimum and maximum quasi-Markov equilibrium payoffs

for player 1 for all priors µ0 and all discount factors δ 6= 1
2 . The results are more easily understood

with the plot in Figure 5.

Proposition 5.1. Let E(δ, µ0) be the set of quasi-Markov equilibrium player 1 payoffs of the 1-period

24



Figure 5: On the left, the minimum (black) and maximum (gray) quasi-Markov equilibrium payoffs
are plotted for δ = 0.9. On the right, the minimum and maximum stationary payoffs are plotted.

memory product choice game. For δ < 1
2 ,

min E(δ, µ0) =

1 µ0 ≤ 1
2

3(1− δ) + δ µ0 > 1
2

max E(δ, µ0) =

1 µ0 < 1
2

3(1− δ) + δ µ0 ≥ 1
2 .

(10)

For all δ > 1
2 ,

min E(δ, µ0) =


1 0 ≤ µ0 ≤ 1

9

λ∗(µ0) 1
9 < µ0 ≤ 1

2

2 1
2 < µ0 ≤ 1

max E(δ, µ0) =


1 µ0 = 0

2 0 < µ0 < 1
2

1−δ
1−δ2 (3 + 2δ) 1

2 ≤ µ
0 ≤ 1,

(11)

where λ∗(µ0) is defined as follows. Let q : R × [0, 1] → R be defined by18 q(φ, µ0) = [µ0/(1 −
µ0)]/[1 − 2φ]. Let L(µ0) = mink q

k(0, µ0) such that qk(0, µ0) ≥ 1
2 . Define λk1 ≡ 1

1−δk+1 [(1 − δk) +

3δk(1− δ)− δk−1(1− δ)] for k ∈ {L− 1, L}. Finally,

λ∗(µ0) =

(1− δ) + δλ
L(µ0)−1
1 qL(µ0)(0, µ0) = 1

2

λ
L(µ0)
1 otherwise.

Recall that Proposition 4.2 proves that quasi-Markov perfection is only a necessary condition

of purifiability. In Appendix C.2 I prove that there is a purifiable equilibrium with the minimum

and maximum payoffs given in Proposition 5.1 for almost all priors.19

Two features of the results are striking. First, the impact of reputation is sharp even when the

18Recall that real numbers (in [0, 1]) and history distributions (in Φ) are used interchangeably.
19The Lebesgue measure zero set of priors ignored in Appendix C.2 correspond to the priors with discontinuities

in Figure 5.
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firm is not very patient. In fact, the discontinuity from µ0 = 0 to µ0 > 0 exists everywhere that

persuasive intertemporal incentives are even plausible, i.e. any discount factor δ > 1
2 (at δ < 1

2 , even

the strongest possible intertemporal incentives are discounted too heavily to affect firm behavior).

Second, we can see that non-stationary behavior expands the equilibrium payoff set beyond what

is possible with stationary behavior.

In the complete information case (µ0 = 0), all histories are in the same quasi-Markov state.

BMM show that the only purifiable equilibrium is the repeated one-shot equilibrium with payoff 1.

Going from zero to a slightly positive prior, there is no discontinuity for the minimum equilibrium

payoff, but there is for the maximum, which immediately jumps to the Stackelberg payoff of 2. For

0 < µ0 ≤ 1
9 , the minimum payoff is given by a stationary equilibrium where the firm plays C with

some probability α1 ∈ [0, 1
2). The lower α1 is, the more the consumer prefers d conditional on the

normal type θ0; however, a smaller α1 also implies a higher belief at history C the next period. The

minimum payoff stationary equilibrium has the firm mixing such that these countervailing effects

balance and the consumer is indifferent upon observing history C. Since the consumer is indifferent

at history C (where she has positive belief on the honest type), she strictly prefers d at history

D (when the belief is zero and the firm still plays the same mixed action). The consumer plays

α2(D) = 0 and mixes with positive probability α2(C) at history C to keep the firm indifferent.

The maximum payoff stationary equilibrium (payoff of 2) is qualitatively similar, with the firm

mixing with probability α1 = 1
2 so that the consumer is indifferent at history D, while strictly

preferring c at history C. At history D, the consumer mixes so that the firm is indifferent.

For prior µ0 > 1
9 , the payoff 1 stationary equilibria are no longer sustainable. If the firm mixes

today (period t) with probability α1(t) such that the consumer is indifferent at history C with belief

µ(t, C), the prior is high enough that the belief tomorrow µ(t + 1, C) > µ(t, C) must be higher.

Keeping tomorrow’s consumer indifferent at history C requires the firm mix at a lower probability

α1(t + 1) < α1(t), so the equilibrium cannot be stationary. Instead, the minimum quasi-Markov

equilibrium payoff for 1
9 < µ0 ≤ 1

2 is given by a non-stationary equilibrium where the firm mixes in

periodic cycles, starting with some high probability and gradually playing C more rarely. At the

end of the cycle, the belief exceeds 1
2 and the consumer strictly prefers c, at which point the firm

plays C with high probability, yielding a low belief next period and restarting the cycle. As the

prior increases, this cycle becomes shorter, reaching a high belief more quickly and thus yielding

a higher equilibrium payoff. Each discontinuity in the graph is from a step in the cycle being

eliminated by a higher prior. By contrast, the high payoff stationary equilibrium survives because

the consumer is indifferent at history D, where the belief (zero) is unaffected by the prior.

At µ0 > 1
2 , the minimum payoff is the same (in terms of strategies) stationary equilibrium

that gave the maximum payoff for µ0 < 1
2 . There also exists a non-stationary equilibrium where

the consumer is exploited every other period upon observing history C. The firm always plays D

in even periods and C in odd periods. The odd-period consumers clearly have c as a strict best

response. The even-period consumers also have c as a strict best response, because the prior is so

high that c gives a higher payoff despite the firm playing D with certainty and the fact that the
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Figure 6: The set F† of feasible HBPs (the “cube”) and the set of “useful” points F̄ (the gray set).

history is uninformative (µ(C) = µ0). This equilibrium gives the maximum payoff for these high

priors.

Remark 5.1. How restrictive is the assumption of quasi-Markov perfection, and what are equilibria

failing this refinement like? Though I do not attempt a general answer, Appendix C.3 constructs

a set of non-quasi-Markov equilibria that expand the set of equilibrium payoffs for low priors. For

all µ0 ∈ [0, 1
3 ], there exist stationary equilibria that give every payoff in the interval [1, 2]. In the

complete information case (µ0 = 0), there are such equilibria giving the firm the “high” payoff of 2

where BMM show the only purifiable payoff is 1. For priors µ0 ∈ (1
9 ,

1
3 ], there are equilibria with

payoff 1 that survive at higher priors. These equilibria feature relatively complicated and arbitrary

mixing by both players in order to keep each other indifferent, which is indeed not purifiable.

5.1.2 Algorithm

The starting point of the algorithm of Proposition 3.2 is the set of feasible HBPs F†, which is the

subset of W where the payoff functions have values in the set of feasible payoffs F † ≡ [0, 3]. This

set is drawn in Figure 6 as a “cube.” The algorithm involves repeatedly applying the B(·) operator

to all the points in this 3-dimensional set.

Fortunately, it is possible to ignore almost all of the points in F† because they generate the

empty set. In fact, only the gray points in Figure 6 generate non-empty sets. Note the “vertical”
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(coming out of the page) plane I ≡ {(φ, µ, γ) : γ(C) = γ(D) + 1−δ
δ }, which I call the indifference

plane, consisting of all points where the firm is indifferent between C and D.

To the “northwest” of the indifference plane, the firm strictly prefers D. This includes the 45◦

plane (a line in payoff function space) outlined by the diagonal dashed lines in Figure 6, where there

is no intertemporal incentive because the continuation payoffs for both actions are equal. Consider

some HBP w̃ ≡ (φ̃, γ̃) in this northwest set. Since she strictly prefers D under w̃, any enforceable

HBA (φ, α) clearly must have the firm always playing D: α1 = 0. Since the firm’s action is the

same as the public signal, inducibility requires that φ̃ = α1 = 0. Hence, if w̃ is not on the “floor” of

the northwest (i.e. φ̃ > 0), there does not exist an HBA enforced by w̃, and so there are no HBPs

decomposed by w̃: B({w̃}) = ∅. In the northwest, only HBPs on the floor need to be tracked as

the algorithm is carried out.

Exactly the opposite occurs in the “southeast” of the indifference plane, where the firm strictly

prefers C. Letting w̃ ≡ (φ̃, γ̃) in the southeast be given, any enforceable HBA (φ, α) must have the

firm always playing C: α1 = 1. Inducibility requires φ̃ = α1 = 1, and so unless w̃ is on the “ceiling”

of the southeast, there is no HBA enforced by w̃ and B({w̃}) = ∅. Thus in the southeast, only the

ceiling needs to be tracked.

The indifference plane itself is special because every point (φ̃, γ̃) in it generates non-empty sets.

Inducibility requires φ̃ = α1 for an enforceable HBA (φ, α), but since the firm is indifferent, I can

always choose α1 to satisfy this without violating incentive compatibility.

To summarize, the set of “useless points” F∅ ≡ {w ∈ F† : B({w}) = ∅} — consisting of

everything above the floor of the northwest and below the ceiling of the southeast — can be safely

ignored. Denote the remainder of the feasible space F̄ ≡ F†\F∅, the gray space in Figure 6, called

the “useful points.” Define the analogous operator B̄(W ) ≡ B(W ) ∩ F̄ which ignores the useless

points generated by W . It is then possible to instead carry out the algorithm with B̄(·).
What can the useful points actually generate? Figure 7 shows the set of generated points for

a number of example HBPs w̃1, ..., w̃10 all located on the indifference plane (and therefore useful).

In the following discussion, I call these the “enforcing points” w̃j ≡ (φ̃j , γ̃j), referring to φ̃j as the

“enforcing history distribution,” and so on. For an HBA (φj , αj) enforced by w̃j , I refer to φj as

the “current history distribution,” and so on.

First, consider w̃1 ≡ (φ̃, γ̃) on the floor. Which HBAs x ≡ (φ1, µ1, α1) are enforced by w̃?

Inducibility requires that the firm always play D (i.e., α1
1 = 0), so if the consumer knows she faces

the normal type (like at history D), she will strictly prefer d. At history C, when her beliefs are

low (φ1 is high), she also strictly prefers d; when her belief is low (φ1 is high) she strictly prefers

c (i.e. α1
1 = 1). Only at a certain threshold belief (and a corresponding threshold for φ1) is the

consumer is indifferent so that we may choose any action α1
2(C) ∈ [0, 1].

Given an HBA x enforced by w̃, what HBPs w ≡ (φ1, µ1, γ1) are decomposed by x and w̃? As

Figure 7 indicates, if φ1 is off the “consumer indifference threshold” and so the consumer has strict

preferences at history C, the resulting HBP either has no intertemporal incentives (γ1(C) = γ1(D))

or too much (γ1(C) > γ1(D) + 1−δ
δ ), thereby generating HBPs above the floor of the northwest or
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Figure 7: Ten example points w̃1, ..., w̃10 on the indifference plane and the sets of points
B({w̃1}), ...,B({w̃10}) they each generate. The useful points B̄({w̃1}), ...,B({w̃10}) generated by
each respectively is bolded. All points at the same elevation generate qualitatively similar sets, so
the examples are purposely selected at distinct elevations.

below the ceiling of the southeast — which are useless. Only when φ1 is exactly at this “consumer

indifference threshold” is it possible to decompose HBPs with “moderate” intertemporal incentives

— including on the indifference plane. This is crucial because the point generated on the indifference

plane is the only useful one, meaning we can forget about the rest in the next iteration of the

algorithm. Except for HBPs at the “half-way mark” like w̃7 (see below), all other HBPs generate

useful points only at a unique “elevation.” I describe why for the other cases shown in Figure 7.

Case 1. The HBPs w̃2, w̃3, w̃4 have positive but still low enforcing history distributions: 0 < φ̃2 <

φ̃3 < φ̃4. The set of generated points for each w̃j is qualitatively similar but “shifted up”

because the firm is playing C with increasing (current) probability, making the consumer

indifference threshold ever higher. Again, each of these generates a unique HBP, which

is all we track for the next iteration. Given enforcing distribution φ̃, the proof shows

this generated HBP’s elevation is given by the function φj = q(φ̃j) = µ0/(1−µ0)

1−2φ̃j
(this is

described in greater detail in the discussion of Figure 8).

Case 2. The HBP w̃5 has a high enough enforcing distribution φ̃5 = q−1(1) where player 2 is

indifferent at current distribution φ = 1 (i.e. belief µ0). Because the “lap” of the “wall-

sit” figure is in the ceiling of the southeast, the line segment of useful points (bolded) is

decomposed. For enforcing distributions strictly between φ̃5 and 1
2 (e.g. w̃6), a vertical

line is decomposed in the southeast whose only useful point is on the ceiling.
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Figure 8: Given an enforcing HBP (φ̃, γ̃) with history distribution φ̃ (horizontal axis), I plot the
set of history distributions φ (vertical axis) for which a point (φ, γ) is generated by w̃. The black
line is the 45◦ line. The different line styles describe the generated payoff function γ. The prior is
µ0 = 1

10 .

Case 3. The enforcing HBP w̃7 = (φ̃7, γ̃7) is at the half-way mark (i.e. φ̃7 = 1
2), which makes the

consumer is indifferent at history D when she knows she is facing the normal type, and

so she strictly prefers c when she has positive belief on the honest type (at history C).

The consumer’s indifference at D allows this HBP to generate the rectangle depicted in

Figure 7, whose useful points (intersecting the gray set F̄) are bolded.

Case 4. For enforcing HBPs above the halfway mark like w̃8, w̃9, w̃10 the consumer strictly prefers

c at both histories, which means decomposed HBPs have no intertemporal incentives, so

the unique useful generated points are on the 45◦ line on the floor.

I summarize the set of useful points generated by different HBPs with Figure 8 summarizes the

mapping from “enforcing elevation” to “generated elevation” for prior µ0 = 1
10 . Roughly speaking,

Figure 8“collapses” the 3-dimensional Figure 7 into two dimensions, showing the enforcing elevation

on the horizontal axis and the generated elevation on the vertical axis. This mapping is the

correspondence R(φ̃, γ̃) ≡ {φ : (φ, γ) ∈ B̄({(φ̃, γ̃)})}. The correspondence is labeled by line style to

indicate the payoffs that are decomposed at each elevation.

Proposition 5.1 gives the minimum and maximum equilibrium payoffs. Because R(·) determines

which elevations “plug into each other,” it becomes possible to determine the minimum and max-

imum payoffs generated at each elevation at each iteration. The proof works by then taking the

limit and applying the V(·) operator to the resulting HBPs with the highest and lowest payoffs.

Note that R crosses the 45◦ line at three points: φ̂1, φ̂2 and 1
2 . These correspond to three

stationary equilibria, since stationary equilibria are given by to self-generating singleton HBPs

(recall Proposition 3.4). There are two “low” payoff and one “high” payoff stationary equilibria.
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Figure 9: Left, R(φ̃, µ̃, γ̃) is plotted for µ0 = 1
9 , where there is just a single low payoff stationary

equilibrium. Right, R(φ̃, µ̃, γ̃) is plotted for µ0 = 0.15, where the minimum equilibrium payoff is
given by a non-stationary equilibrium traced out.

Figure 9 shows the effect of the prior µ0 increasing to 1
9 and just above. At µ0 = 1

9 , the

two stationary low payoff equilibria seen in Figure 8 have “merged” into one. When the prior

increases above 1
9 , the stationary equilibrium disappears. Instead, the lowest payoff equilibrium is

non-stationary, given by a “cycle” of self-generating HBPs depicted by the arrows.

As the prior increases, the number of low payoff steps in the cycle necessarily decreases as the

solid gray curve rises, as depicted in Figure 10. At µ0 = 1
2 , the solid gray curve has been reduced

to a single point at the upper right corner, because q(0) = 1. This allows just a two period cycle,

alternating between the low payoff and the very high payoff. For µ0 > 1
2 , the solid gray curve

disappears completely. This allows a higher equilibrium payoff than 2: a cycle alternating between

a high payoff of 2 (playing C after the consumer plays c) and very high payoff of 3 (playing D after

the consumer plays c). In this case, the lowest payoff equilibrium is the stationary with payoff 2.

5.2 Long Memory

Two aspects of the 1-period memory results in Section 5.1 stand out. First, incomplete informa-

tion causes a qualitative change in the (purifiable) equilibrium payoff set even without extreme

patience. Second, assuming stationary equilibria is restrictive — relaxing the assumption expands

the equilibrium set. How do these results extend if memory is longer?

This section considers the case of long memory, the limit as K →∞. In fact, both features hold

in this limit. The effect of incomplete information is especially stark under stationary strategies:

for δ > 1
2 , the unique purifiable equilibrium payoff is 2 (the Stackelberg payoff). However, allowing

non-stationary behavior expands the purifiable equilibrium payoff set, allowing payoffs less than the
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Figure 10: Left, the graph of R for µ0 = 0.45, with the minimum payoff non-stationary equilib-
rium traced out. Right, the graph of R for µ0 = 0.55, with the maximum payoff non-stationary
equilibrium traced out. In both cases, the stationary equilibrium with payoff 2 is depicted, which
corresponds to the maximum equilibrium payoff on the left and the minimum on the right.

Stackelberg payoff: the non-stationary minimum purifiable equilibrium payoff approaches 1 (the

one-shot payoff) as the prior belief becomes small.

5.2.1 Stationary Equilibria

The following proposition shows that for stationary equilibria, the effect of reputation is particularly

strong: for discount factors above a threshold independent of the prior, the firm gets exactly the

Stackelberg payoff when memory is sufficiently long.

Proposition 5.2. Suppose µ0 > 0 and δ > 1
2 . There exists K∗(µ0) such that for all K > K∗, the

player 1 payoff is exactly 2 for any stationary, purifiable wPBE.

The proof uses Proposition 3.4’s simple interpretation of a stationary equilibrium as a singleton

self-generating HBP (φ, µ, γ). The proof begins with a lemma characterizing this HBP, showing

that the payoff at the clean history γ(CK) is at least the Stackelberg payoff (2) for long memory,

similar to the bound of Theorem 2 in Liu and Skrzypacz (2014). The intuition is as follows. A

payoff γ(IK) < 2 requires that the consumer sometimes plays d at the clean history. This requires

both that the belief µ(CK) at the clean history be low (so φ(IK) must be sufficiently high), and that

the firm’s strategy at the clean history CK must play D sufficiently frequently. However, playing

D with at least probability 1
2 means the firm is also spending time at the freshly dirty history I0.

The firm must also spend time at histories in I1, ..., IK−1 “cleaning” the history to arrive at IK

frequently enough. When memory is long, satisfying all these requirements becomes impossible as

the history distribution gets “stretched out,” giving a contradiction.
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It must also be that C is a best response at Ik for every k. To see why, if D is a strict best

response at some Ik, then the consumer will always play d at history Ik, which will be followed by the

continuation payoff γ(I0) because the firm plays D. This continuation payoff γ(Ik) = (1−δ)+δγ(I0)

cannot be better than γ(I0), so there is no intertemporal incentive to play C at history Ik−1. By

backward induction, D is a best response at I0 and so γ(I0) = 1 (the one-shot payoff). Yet the fact

that γ(IK) ≥ 2 and δ > 1
2 then imply γ(IK−1) ≥ 2; an inductive argument then gives γ(Ik) ≥ 2,

a contradiction. Since C must be a best response at every non-initial history, it is easy to then

check that γ(IK) = 2. These arguments also show that the consumer must weakly prefer c at such

histories.

I then use purifiability to characterize play in the initial periods 0, ...,K−1 (i.e., the antegame).

In an equilibrium σ̃ of the perturbed game, at any initial history IK−1
k where k < K − 1, the firm

is known to be normal and faces the same decision problem as at non-initial history Ik, and so has

the same strict best response at both IK−1
k and Ik for almost all shocks. Similarly, the consumer

also has the same strict best responses for almost all shocks, and so the continuation payoffs must

be identical: Vσ̃(IK−1
k ) = Vσ̃(Ik). However, at the initial clean history CK−1, although the firm’s

decision problem is the same as at IK−1 where she weakly prefers c, the consumer now has at

least the prior belief on the honest type. When the perturbations of payoffs are sufficiently small,

the consumer at CK−1 strictly prefers c for all shocks, yielding a continuation payoff Vσ̃(CK−1) ≥
Vσ̃(IK). A backward induction argument shows that Vσ̃(C0) ≥ Vσ̃(C1) ≥ · · · ≥ Vσ̃(CK−1) and that

the firm plays C with positive probability at each of these clean histories. Making the perturbations

small thus shows that any purifiable equilibrium σ must have value V (σ) = 2.

5.3 Non-Stationary Equilibria

For non-stationary equilibria, as memory grows long the dimensions of the HBP space explodes,

making the application of the algorithm performed for 1-period memory difficult. Instead, I es-

tablish the existence of a purifiable equilibrium with a low payoff, shown to be approximately the

minimum (non-stationary) purifiable equilibrium payoff, in the limit as K →∞. In particular, for

memory long enough the minimum equilibrium payoff is arbitrarily close to a value correspond-

ing to some number L̄(µ0) periods of receiving 1 (the minimax payoff), and thereafter receiving

continuation payoff 2− 1−δ
δ (close to the Stackelberg payoff for a patient firm).

Proposition 5.3. Let δ > 1
2 and any β > 0 be given. For almost all priors such that 0 < µ0 < 1

2 ,

there exists positive integer L̄(µ0) and K∗ such that for all K > K∗,
∣∣min E(δ, µ0,K)− v∗(δ, µ0)

∣∣ <
β where v∗(δ, µ0) ≡ (1− δL̄(µ0)) + δL̄(µ0)

(
2− 1−δ

δ

)
and limµ0→0 L̄(µ0) =∞.

The proof proceeds through the construction of series of lemmas. The first shows that v∗(δ, µ0)

is a lower bound for limK→∞min E(δ, µ0,K) by characterizing the maximum number of“low payoff”

periods possible in the antegame given the prior µ0.

The recursive machinery of Section 3 is naturally extended to the (ψ, ε)-perturbed game, es-

sentially by adding shocks to the definition of an action profile mapping and then adapting the
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definitions of (ψ, ε)-enforceable, (ψ, ε)-decomposition, and so on. Thus, a (ψ, ε)-self-generating set

of HBPs containing (φ, µ, γ) with a “matching” equilibrium σ̃ of the (ψ, ε)-perturbed γ-antegame

implies the existence of an equilibrium of the full (ψ, ε)-perturbed game.

Another lemma shows that the existence of a purifiable equilibrium with some payoff v is implied

by the existence of a “special” sequence of (ψl, εl)-self-generating sets (W l)l and matching antegame

equilibria (σ̃l)l for each (ψl, εl)-perturbed game whose payoffs V (σ̃l)→ v as εl → 0. What is special

about this sequence is that the antegame game equilibria converge in outcomes, that the payoff

functions of the self-generating HBPs converge, and that the HBPs are in a particular set W̃ . The

W̃ is the set of HBPs (φ, µ, γ) such that the payoff function γ(Ik) is strictly increasing in k are

sufficiently close together, i.e. that γ(IK)− γ(I0) < 2(1− δ) + 2ε.

The rest of the proof shows that there exists a purifiable equilibrium with the payoff v∗(δ, µ0). It

is shown that for the (ψ, ε)-perturbed game, an HBP w in the special set W̃ can “reverse-generate”

another HBP w′ also in W̃ , i.e. there exists some w′ ∈ W̃ which (ψ, ε)-decomposes w. Furthermore,

the continuity of this reverse-generation function makes it possible to pick w ≡ (φ, γ) so that this

infinite sequence of reverse-generated HBPs is bounded. Given the HBP w at the beginning of this

infinite sequence, I construct a matching γ-antegame equilibrium with a payoff within an order of ε

of v∗(δ, µ0). With this bounded self-generating set of HBPs plus a matching antegame equilibrium

in hand, the existence of an equilibrium in the perturbed game with the above payoff is established.

As constructed, as εl → 0 the antegame equilibria converge in outcomes, and the self-generating

set of HBPs have convergent payoff functions, so the payoffs of these perturbed equilibria converge

to the payoff of a purifiable equilibrium.

5.3.1 Discussion

By making memory long and then making the firm very patient, the classic Fudenberg and Levine

(1989) bound converges to the Stackelberg payoff:

lim
δ→1

lim
µ0→0

lim
K→∞

min E(δ, µ0,K) = 2.

This works because because the periods where memory is bounded are pushed far into the future

where they are discounted away. When the limits for δ and µ0 are reversed, the Fudenberg and

Levine bound has no bite.

For long memory with stationary behavior and a fixed discount factor, reputation has exactly

the same effect for a very small prior as it does for a larger one: the purifiable equilibrium payoff

is exactly 2. Thus, reversing the limits for δ and µ0 makes no difference, and there exists a discon-

tinuity from complete information to positive µ0. By contrast, allowing non-stationary behavior

gives a very different result:

lim
µ0→0

lim
δ→1

lim
K→∞

min E(δ, µ0,K) = 1.
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Thus, with non-stationary behavior there is no longer a discontinuity in the minimum purifiable

equilibrium payoff going from µ0 = 0 to µ0 > 0. (However, the discontinuity in the maximum

purifiable equilibrium payoff remains.)

Why does the argument for ruling out low payoff stationary equilibria not apply to the stationary

case? The proof for the existence of a low payoff non-stationary equilibrium constructs a special

HBP w ≡ (φ, γ) for the perturbed game, corresponding to the distribution of play and continuation

payoffs at period K. The payoff function γ is carefully to induce a strict preference for D by

the firm at all histories and shocks in period L̄ − 1 of the perturbed γ-antegame, which in turn

allows construction of strategies for the periods 0, ..., L̄−1 where the firm chooses D with sufficient

frequency to have L periods of low payoffs. An HBP like w cannot generate itself because several

iterations of the generating operator leads to a “strict” (over all shocks) preference for D, which the

proof of Proposition 5.2 rules out. By contrast, the proof of Proposition 5.3 inductively constructs

a sequence of distinct HBPs for the perturbed game that constitute a self-generating set, and so

represent a non-stationary equilibrium of the perturbed game.

6 Conclusion

This paper lays out theoretical tools for the study of bounded memory reputation games. Extending

the self-generation methods of APS and DE to bounded memory reputation, I derive a recursive

characterization of the set of equilibrium payoffs, allowing characterization of the entire equilibrium

set including non-stationary equilibria, with a simple interpretation for stationary equilibria as

self-generating “points” rather than sets. I also define a simplifying equilibrium refinement, quasi-

Markov perfection, and extend the results of BMM to show that this is a necessary condition of

purifiability.

Using these methods to study a product-choice game, for 1-period memory I solve for the exact

minimum and maximum purifiable equilibrium payoffs for almost all discount factors and prior

beliefs on a Stackelberg commitment type. For long memory, I find that the unique stationary

purifiable equilibrium payoff is exactly the Stackelberg payoff. By contrast, I find the approximate

non-stationary minimum payoff is lower, showing that it approaches the one-shot payoff as the prior

belief approaches zero. The results find that the introduction of the commitment type causes a

qualitative change in the purifiable equilibrium set even when the long-run player is not especially

patient, as does allowing non-stationary behavior. The product-choice game is a classic but simple

setting; an interesting direction for future research is generalizing these results to a broader class

of stage games.

Although the recursive framework is specified for the applications examined in this paper, it is

worth noting that it is straightforward to extend it to simultaneous-move stage games, imperfect

monitoring of player 2’s action by player 1, and multiple long-run players who have bounded

memory (with beliefs on each other’s types). An application of the latter case might be firms whose

employees and managers turn over at regular intervals, giving them bounded institutional memory.
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Another avenue for future work is a computational implementation of the algorithm presented here

— as done by Judd, Yeltekin, and Conklin (2003) for the original APS algorithm — which would

allow study of games too complicated for analytical solutions.
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Appendix

A Proofs for Sections 2 and 3

A.1 Proof of Proposition 3.1

Proof of Part 1

The proof is constructive, where possible following the approach of Mailath and Samuelson’s (2006)

proof (Proposition 7.3.1) of the APS results. Let any w ≡ (φ, µ, γ) ∈ B(W ) ⊂ W be given. I

construct a wPBE strategy profile σ for the variant game G∞φ,µ. Define functions Q : B(W )→ A,U :

B(W ) → W so that (φ, µ,Q(w)) is enforced by U(w). Recursively define Ut(w) ∈ W as follows:

U0(w) = w, Ut(w) = U(Ut−1(w)). Let any full semipublic history ht ∈ Y K+t be given — note that ht

contains the initial history h0 ∈ Y K . Denote (φt, µt, γt) = Ut(w) and Qt(w) = Q(Ut(w)) = αt for all

t. Define the strategy profile σ2(ht) = αt2(ht) and σ1(hta2) = αt1(hta2) for each t, ht ∈ Ht, a2 ∈ A2.

First I show that Vσ(h0) = γ(h0) for initial history h0. From above,

γ(h0) = V((φ, µ,Q(w)),U(w))(h0) = V((φ, µ,Q0(w)),U1(w))(h0) (12)

= (1− δ)u1(α0(h0, θ0)) + δ
∑
a∈A

∑
y0∈Y

α0(a|h0, θ0)ρ(y0|a)γ1(h0y0). (13)

Substituting γ1(h0y0) = V((φ1, µ1, α1),U2(w))(h0y0), from (3) I have

γ(h0) = (1− δ)u1(σ(h0, θ0)) + δ
∑
a∈A

∑
y0∈Y

α0(a|h0, θ0)ρ(y0|a)

·

(1− δ)u1(α1(h0y0, θ0)) + δ
∑
a∈A

∑
y1∈Y

α1(a|h0y0, θ0)ρ(y1|a)γ2(h0y0y1)


and continuing to substitute gives

γ(h0) = (1− δ)
t−1∑
s=0

δs
∑

hs∈Y s
Pσ(h0hs|h0)u1(σ(hs, θ0)) + δt

∑
ht∈Y t

Pσ(h0ht|h0, θ0)γt(htt−K , ..., h
t
t−1)),

(14)

where Pσ(hs|h0, θ0) is the probability of history hs occurring under strategy profile σ in game Gφ,µ

conditional on initial history h0 and the normal type θ0. Taking the limit t→∞ gives

γ(h0) = (1− δ)
∞∑
s=0

δs
∑
hs∈Y s

Pσ(h0hs|h0, θ0)u1(σ(h0hs, θ0)) = V (σ|h0, θ0). (15)

To show that σ is a wPBE strategy profile, beliefs must be consistent with σ. Short-run players

do not know the full history nor do they know player 1’s type; thus, beliefs map from public histories

to probability distributions over elements of the set Θ ×H. However, since player 1 is playing a
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public strategy, beliefs on the full history do not affect player 2’s payoffs, so they can be ignored

aside from knowing the public history; the only beliefs that matter are beliefs on types θ. Together,

beliefs on each θ and the public history ht characterize player 2’s maximization problem. I show

that beliefs (µt)∞t=0 on the type are consistent with σ. The conditional probability Pσ(h0|θ) of

initial history h0 at period 0 is given by φ(h0|θ). Suppose that for some t the conditional (given

θ) probability of public history ht satisfies Pσ(ht|θ) = φt(ht|θ). Then the conditional probability

Pσ(ht+1|θ) of history ht+1 = hty at period t+ 1 is equal to∑
ht∈τ(ht+1)

Pσ(ht|θ)
∑
a∈A

σ(a|ht, θ)ρ(y|a) =
∑

ht∈τ(ht+1)

φt(ht|θ)
∑
a∈A

αt(a|ht, θ)ρ(y|a) = φt+1(ht+1|θ),

where τ(ht+1) ≡ {ht ∈ Ht : ∀k ∈ {K − 1, ..., 1}, ht+1
−k−1 = ht−k} is the set of period t histories that

match the oldest K − 1 periods of ht+1. Then by induction Pσ(ht|θ) = φt(ht|θ) for all t. The

definition of wPBE requires that the belief of player 2 at t for histories ht on the equilibrium path

is

µ(θ|ht) =
Pσ(ht|θ)µ̇0(θ)∑

θ′∈Θ P (ht|θ′)µ̇0(θ′)
=

φt(ht|θ)µ̇0(θ)∑
θ′∈Θ φ

t(ht|θ′)µ̇0(θ′)
= µt(θ|ht), (16)

so the consistency requirement is satisfied. For histories not on the equilibrium path, wPBE does

not impose any requirement beyond that a belief is defined, which is provided by µt.

Finally, I show that there are no profitable one-shot deviations. For short-run players this follows

from (2) in Definition 3.11. For all ht, play at period t is given by σt(ht, θ) = αt(ht, θ) and beliefs

by µt; substituting αt for α and µt for µ, (2) immediately implies there is no profitable deviation

for the short-run player. The long-run player also has no profitable one-shot deviations due to (4)

in Definition 3.11, as is now shown. For any period t, (φt, µt, αt) is enforced by (φt+1, µt+1, γt+1).

Then for all ht ∈ Ht and at2 ∈ A2,

(1− δ)u1(at2, α1(htat2, θ0)) + δ
∑
a1∈A

∑
yt∈Y

α1(a1|htat2, θ0)ρ(yt|at2, a1)γ̃(htyt)

≥ (1− δ)u1(a2, a
′
1) + δ

∑
yt∈Y

ρ(yt|at2, a′1)γt+1(htyt)

for all a′1 ∈ A1. By the same argument as (12) through (15), it can be shown that γt+1(a) is

the continuation payoff of action profile a being played in period t. Thus, there are no profitable

one-shot deviations for player 1.

Then for all w ≡ (φ, µ, γ) ∈ W , γ(h0) is the value (to player 1) of a wPBE strategy profile for

variant game G∞φ,µ conditional on initial history h0. Thus, w ∈ Dφ,µ ⊂ D, and so B(W ) ⊂ D.

Proof of Part 2

I prove that D ⊂ B(D) because Part 1 implies that if D is self-generating, B(D) ⊂ D and so

B(D) = D.

Let any w0 ≡ (φ0, µ0, γ0) ∈ D be given. Then by Definition 3.7, there exists a public wPBE
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(σ∗, µ∗) for variant game G∞φ0,µ0 such that Vσ∗(h
0) = γ(h0) for initial history h0. Define history

distribution φt so that φt(ht|θ) = Pσ∗(h
t|θ). Because this is a wPBE, for any ht ∈ Ht on the

equilibrium path, player 2 beliefs are given by Bayes’ rule:

µ∗(θ|ht) =
µ0(θ)Pσ(ht|θ)∑

θ′∈Θ µ
0(θ′)Pσ(ht|θ′)

=
µ0(θ)φt(ht|θ)∑

θ′∈Θ µ
0(θ′)φt(ht|θ′)

. (17)

Define belief mapping µt such that µt(θ|ht) = µ∗(θ|ht); (17) shows that µt is consistent with φt.

Because σ∗ is public, I can define action mapping αt such that αt2(ht) = σ2(ht) and αt1(hta2, θ) =

σ(hta2, θ) for each ht ∈ Ht, a2 ∈ A2, θ ∈ Θ. Also define payoff functions γt(ht) ≡ V (σ|ht).
I now show that xt ≡ (φt, µt, αt) is enforced by wt+1 ≡ (φt+1, µt+1, γt+1). First,

φt+1(ht+1|θ) = Pσ∗(h
t+1|θ) =

∑
ht∈τ(ht+1)

∑
a2∈A2

∑
y∈Y

Pσ∗(h
t|θ)σ2(a2|ht)σ∗1(a1|hta2, θ)ρ(y|a2, a1)

=
∑

ht∈τ(ht+1)

∑
a2∈A2

∑
y∈Y

φt(ht|θ)α2(a2|ht)α1(a1|hta2, θ)ρ(y|a2, a1),

so inducibility is satisfied: (φt+1, µt+1) ∈ Υ(φt, µt, αt). Incentive compatibility for the long-run and

short-run players is a straightforward implication of σ not having profitable one-shot deviations.

Thus, xt ≡ (φt, µt, αt) is enforced by wt+1 ≡ (φt+1, µt+1, γt+1). Furthermore,

γ(ht) = Vσ∗(h
t) =

∑
a2∈A2

α2(a2|ht)
∑
a1∈A1

α1(a1|ht, θ0)

(1− δ)u1(a2, a1) +
∑
y∈Y

ρ(y|a2, a1)Vσ∗(h
ty)


=

∑
a2∈A2

α2(a2|ht)
∑
a1∈A1

α1(a1|ht, θ0)

(1− δ)u1(a2, a1) +
∑
y∈Y

ρ(y|a2, a1)γ(hty)


=

∑
a2∈A2

α2(a2|ht)Va2(xt, wt+1)(ht),

so (φt, µt, γt) is decomposed by xt and wt+1 (see Definition 3.12). Since the period t+1 continuation

game is strategically equivalent to the G∞φt+1,µt+1 variant game, it is straightforward to show that

wt+1 ∈ Dφt+1,µt+1 ⊂ D. Since w1 ∈ D and w0 is decomposed by w1, w0 ∈ B(D) and so D ⊂ B(D).

A.2 Proof of Proposition 3.2

I start with a useful lemma that establishes B is additive in the sense of set unions, and therefore

monotonic in the sense of set inclusion.

Lemma A.1. Let any two sets W,W ′ of HBPs be given. Then B(W ∪W ′) = B(W ) ∪ B(W ′).

Proof. Let any w ∈ B(W ∪W ′) be given. Then there exist HBA x and HBP w̃ ∈ (W ∪W ′) which

decompose w. Without loss of generality, suppose w̃ ⊂ W . Since w is decomposed by x and w̃,

then w ∈ B(W ) ⊂ (B(W ) ∪ B(W ′)). Thus B(W ∪W ′) ⊂ (B(W ) ∪ B(W ′)).
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Now let w ∈ (B(W )∪B(W ′)) be given. Without loss of generality, suppose w ∈ B(W ), so then

there exist HBA x and HBP w̃ ∈W which decompose w. Since w̃ ∈ (W ∪W ′), it is also true that

w ∈ B(W ∪W ′), so (B(W ) ∪ B(W ′)) ⊂ B(W ∪W ′). �

The following lemma is a virtually identical adaptation from the APS version, so the proof is

omitted (see Lemma 7.3.2 of Mailath and Samuelson, 2006).

Lemma A.2. If W is compact, B(W ) is closed.

F† is compact and the set of HBPs decomposable on F† is also feasible: B(F†) ⊂ F†. Propo-

sition 3.1 and Lemma A.1 imply that, for any m, D(δ) ⊂ Bm(F†) ⊂ F†. Repeatedly applying B
therefore gives a decreasing sequence {Bm(F†)}∞m=0. Then

D ⊂ F†∞ ≡
∞⋂
m=0

Bm(F†).

I adapt the proof of Proposition 7.3.3 of Mailath and Samuelson (2006) to my setting, showing

that F†∞ ⊂ B(F†∞), which by Proposition 3.1 proves the result. For any w ≡ (φ, µ, γ) ∈ F†∞,

w ∈ Bm(F†) for all m ∈ {1, 2, ...}, and there exists (xm, w̃m) such that xm ≡ (φ, µ, αm) ∈ X ,

w̃m ∈ Bm−1(F†), and w is decomposed by xm and w̃m.

Because the sequence (xm, w̃m)∞m=0 is bounded, without loss of generality assume that it con-

verges to a limit (x∗, w̃∗) ≡ ((φ, µ, α∗), (φ̃∗, µ̃∗, γ̃∗)), using a convergent subsequence if necessary by

the Bolzano-Weierstrass theorem. I show that w̃∗ ∈ F†∞, that x∗ is enforced by w̃∗ and that w is

decomposed by x∗ and w̃∗.

Suppose by contradiction that w̃∗ /∈ F†∞. By Lemma A.2, F†∞ is closed, so there exists ε > 0

such that B̄Wε (w̃∗) ∩ F†∞ = ∅, where B̄Wε (w̃) is defined as follows:20

B̄Wε ((φ̃, µ̃, γ̃)) ≡ {(φ′, µ′, γ′) : ∀h ∈ Y K , ∀θ ∈ Θ, φ′(h|θ) ∈ [φ̃(h|θ)− ε, φ̃(h|θ) + ε],

µ′ ∈Mφ′ , µ
′(θ|h) ∈ [µ̃(θ|h)− ε, µ̃(θ|h) + ε], γ′ ∈ B̄Γ

ε (γ̃)}

where B̄Γ
ε (γ̃) is the closed ball in Γ (which is a |Y |K-dimensional Euclidean space) of radius ε with

center γ̃. There exists m′ such that for all m > m′, w̃m ∈ B̄Wε (w̃∗) and because {Bm(F†)}∞m=0 is a

decreasing sequence, for any m′′ > m′,

B̄Wε (w̃∗) ∩

 ⋂
m≤m′′

Bm(F†)

 6= ∅.

The collection {B̄Wε (w̃∗)}
⋃∞
m=1{Bm(F†)} has the finite intersection property and B̄ε(w̃

∗) ∪ F† is

compact, so the aforementioned collection has a non-empty intersection (by Theorem 4.7.15 of

Corbae, Stinchcombe, and Zeman, 2009): B̄Wε (w̃∗) ∩ F†∞ 6= ∅, a contradiction.

20The “closed ball with center w̃ and radius ε” is not well defined in the space W ≡ M× Γ because M is not a
Euclidean space.
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It is easy to see that x∗ ∈ X because X is closed and all xm ∈ X . Since xm is enforced by w̃m

for all m, taking the limit it is straightforward to show that x∗ is enforced by w̃∗. Similarly it is

clear that limm→∞ V(xm, w̃m) = γ = V(x∗, w̃∗), w is decomposed by x∗ and w̃∗. Thus, F†∞ is self

generating and bounded, so F†∞ ⊂ D, and by Proposition 3.1, F†∞ = D.

A.3 Proof of Proposition 3.3

I prove that each element of V(W ) is a wPBE player 1 payoff for the full game G∞. Let any

v ∈ V(W ) be given. By Definition 3.16, there exists HBP (φ, µ, γ) ∈ D such that v ∈ E(φ,µ,γ) and

a strategy profile σ̌ ∈ Σ∗γ of the γ-antegame such that the distribution of outcomes matches φ, i.e.

Pσ̌(h|θ) = φ(h|θ) for each h ∈ Y K (where Pσ̌(·) is defined as it was just after (14)), and with value

V (σ̌) = v. Let µ̌ be the associated beliefs of the equilibrium with strategy profile σ̌. As in the

proof of part 1 of Proposition 3.1, define functions Q : D → A,U : D → D so that (φ, µ,Q(w)) is

enforced by U(w). Recursively define Ut(w) ∈ W for t ∈ {K,K + 1, ...} as follows: UK(w) = w,

Ut+1(w) = U(Ut(w)). Denote (φt, µt, γt) = Ut(w) and Qt(w) = Q(Ut(w)) = αt for all t.

For the full game G∞, define public strategy profile σ∗ ∈ Σ̂ such that σ∗2(t, h) = σ̌t2(h) and

σ∗1(t, ha2) for each date-history (t, h) ∈ H and each a2 ∈ A2. For periods t ≥ K, define σ∗2(t +

K,h) = αt+K2 (h) and σ∗1(t + K,ha2) = α1(t + K,ha2, θ0) for each (t + K,h) ∈ H, a2 ∈ A2. Define

(φt+K , µt+K , γt+K) = Ut(w). Define beliefs µ∗ such that µ∗(θ|t, h) = µt(θ|h) for all t ≥ K.

Note that Pσ̌(h|θ) = Pσ((K,h)|θ) = φK(h|θ). Suppose that for some some t ≥ K, Pσ∗((t, h)|θ) =

φt(h|θ). Since (φt+1, µt+1, γt+1) = U((φt, µt, γt)) ∈ B({(φt, µt, γt)}), the HB (φt+1, µt+1) is induced

by (φt, µt, αt). Then for all h′ ∈ Y K , y ∈ Y ,

φt+1(h′y|θ) =
∑

h∈τ(h′y)

∑
a2∈A2

∑
y∈Y

φt(h|θ)αt2(a2|h)αt1(a1|ha2, θ)ρ(y|a2, a1)

=
∑

h∈τ(h′y)

∑
a2∈A2

∑
y∈Y

Pσ∗((t, h)|θ)σ∗2(a2|t, h)σ1(a1|t, ha2, θ)ρ(y|a2, a1) = Pσ∗((t+ 1, h′y)|θ).

Then by induction, Pσ∗((t, h)|θ) = φt(h|θ) holds true at all t ≥ K. The direct analogue of (16)

shows that µ∗(θ|h) is consistent at t ≥ K, and the analogous steps of (12) through (15) show that

Vσ∗(t, h) = γt(h). The incentive compatibility requirements of Definition 3.11 directly imply the

absence of profitable one-shot deviations in (σ∗, µ∗) for t ≥ K.

The arguments above also show that continuation payoffs Vσ∗(t, h
K) for play beginning at period

K with public history h is given by γ(hK). The fact that σ̌ is a wPBE of the γ-antegame means

that by incentive compatibility at for player 1 at period K − 1 with history hK−1,

(1− δ)u1(a2, σ̌1(hK−1a2)) + δ
∑
a1∈A1

∑
yK−1∈Y

σ̌1(a1|hK−1a2)ρ(y|a2, a1)γ(hK−1yK−1)

≥ (1− δ)u1(a2, a
′
1) + δ

∑
yK−1∈Y

ρ(y|a2, a
′
1)γ(hK−1yK−1)
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for each a′1 ∈ A1, so substituting σ∗1(hK−1a2) for σ̌1(hK−1a2) and Vσ∗(h
K−1yK−1) for γ(hK−1yK−1)

proves that σ∗ is incentive compatible for player 1 at period K − 1. By backward induction, it is

straightforward to show that σ̌ being a wPBE of the γ-antegame implies incentive compatibility

for σ in the full game and Vσ̌(ht) = Vσ∗(h
t) for each t ∈ {0, ...,K − 1} and ht ∈ Ht. Because player

2 observes the full history for periods 0, . . . ,K − 1, beliefs carry over from the antegame to the full

game without modification (µ̌(θ|h) = µ∗(θ|h) for all t ∈ {0, ...,K − 1}, h ∈ Ht, θ ∈ Θ). Thus, σ is

a wPBE of the full game and v = Vσ̌(∅) = Vσ∗(∅), so v ∈ E .

I now prove V(D) = E by showing that E ⊂ V(D) (since the above arguments prove V(D) ⊂ E).

Let v ∈ E and the associated public wPBE (σ∗, µ∗) of the full gameG∞ be given (so that v = V (σ∗)).

At period K, the equilibrium distribution of histories conditional on type θ is Pσ∗((K,h
K)|θ).

Define history distribution φK so that φK(hK |θ) = Pσ∗((K,h
K)|θ), define belief mapping µK so

that µK(θ|hK) = µ∗(θ|(K,hK)), and payoff function γK(hK) = Vσ∗(K,h
K).

I show that w ≡ (φK , µK , γK) ∈ DφK ,µK . Define strategy profile σ̃∗ ∈ Σ∗
φK ,µK

of the (φK , µK)-

variant game as follows. Set σ̃∗2(t, h) = σ∗2(t + K,h) and σ̃∗1(t, ha2) = σ∗1(t + K,ha2) for all h ∈
Y K , a2 ∈ A2. Define beliefs µ̃∗(t, h) = µ∗(t+K,h). Since beliefs and strategies are the same (shifted

by K periods), the lack of profitable deviations in (σ∗, µ∗) for periods K,K + 1, ... implies a lack

of profitable deviations for (σ̃∗, µ̃∗) for periods 0, 1, .... Thus, (σ̃∗, µ̃∗) is a wPBE of the (φK , µK)-

variant game. Since σ∗|(K,h) = σ̃∗|(0,h), Vσ̃∗(0, h) = Vσ∗(t, h) = γK(h). Then by Definition 3.7,

w ∈ DφK ,µK ⊂ D.

For the γK-antegame, define strategy profile σ̌ ∈ ΣγK so that σ̌(ht) = σ∗(ht). For the antegame,

define beliefs µ̌ so that µ̌(h) = µ∗(h) for all t ∈ {0, ...,K−1}, h ∈ Ht. Since the short-run players in

periods 0, ...,K − 1 observe the full history in the full game G∞, the beliefs µ̌ in the γK-antegame

are consistent with σ̌. Since there are no profitable deviations in (σ, µ) and the maximization

problems are identical in the antegame at every history t ∈ {0, ...,K − 1}, h ∈ Ht, there are also

no profitable one-shot deviations in σ̌, so (σ̌, µ̌) is a wPBE of the γ-antegame with distribution of

period K histories φK . Thus, v ∈ E(φK ,µK ,γK), and so v ∈ V(D).

A.4 Proof of Proposition 3.4

Let any stationary wPBE (σ∗, µ∗) be given. Note that this is a Markov chain on the state space of

histories.

Lemma A.3. Let some finite state space Ω ≡ {ω1, . . . , ωn} and a Markov chain {Xt} on that

state space with transition matrix Q be given. Let some initial probability distribution on the states

π0 ≡ (π0
1, . . . , π

0
n) be given, and let π∞ be the time average distribution of Xt, i.e.

π∞i ≡ lim
t→∞

1

t

t−1∑
s=0

π0Qs. (18)

for each i ∈ {1, . . . , n}. Then π∞ is stationary, i.e. π∞ = π∞Q.

Proof. Every Markov chain on a finite state space has at least one stationary distribution (Furman,
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2011). For aperiodic states, the limit (18) exists (see Property 2.17 of Feldman and Valdez-Flores,

1996); for periodic states, the limit also clearly exists. Finally,21 letting rt ≡ 1
t

∑t−1
s=0 π

0Qs, I have

rtQ =
1

t

t−1∑
s=0

π0Qs+1 =
1

t

(
t−1∑
s=0

π0Qs + π0Qt − π0

)
,

so taking the limit π∞Q =
(
limt→∞ r

t
)
Q = limt→∞ r

tQ = limt→∞
1
t

(∑t−1
s=0 π

0Qs + π0Qt − π0
)

=

limt→∞
1
t

∑t−1
s=0 π

0Qs = π∞. �

Define π∞(h|θ) ≡ limt→∞
1

t−K
∑∞

t=K Pσ∗(t, h|θ) as the time average probability of history h ∈
Y K generated by the Markov chain specified by σ∗ conditional on type θ as given in (18); note

that the initial distribution of this Markov chain is π0(h|θ) = Pσ∗(K,h|θ). Define φ so that

φ(h|θ) ≡ π∞(h|θ), and define belief mapping µ so that µ(θ|h) ≡ µ∗(θ|h). Note that µ ∈Mφ because

µ∗ satisfies Bayes’ rule on the equilibrium path. Define action mapping α so that α2(h) ≡ σ∗2(h)

and α1(ha2, θ) ≡ σ∗1(ha2, θ). I show that x ≡ (φ, µ, α) is enforced by w ≡ (φ, µ, γ). Lemma A.3

shows that π∞(·|θ) is stationary, so for any history h′y ∈ Y K ,

φ(h′y|θ) = π∞(h|θ) =
∑

h∈τ(h′y)

∑
a2∈A2

∑
a1∈A1

π∞(h|θ)σ2(a2|h)σ∗1(a1|h, θ)ρ(y|a2, a1)

=
∑

h∈τ(h′y)

∑
a2∈A2

∑
a1∈A1

φ(h|θ)α2(a2|h)α1(a1|h, θ)ρ(y|a2, a1),

so inducibility is satisfied: (φ, µ) ∈ Υ(φ, µ, α). Defining payoff function γ so that γ(h) ≡ Vσ∗(h),

the lack of profitable one-shot deviations in σ∗ immediately implies incentive compatibility for both

players, so x is enforced by w. Finally,

γ(h) =
∑
a2∈A2

∑
a1∈A1

σ∗2(a2|h)σ∗1(a1|h)

(1− δ)u1(a2, a1) + δ
∑
y∈Y

ρ(y|a2, a1)Vσ∗(hy)

 = V(x,w),

so w is decomposed by x and itself.

To prove the converse, let some HBP w′ ≡ (φ′, µ′, γ′) and v ∈ V({w′}) where w′ ∈ B({w′})
be given. By Definition 3.16, there exists γ′-antegame wPBE σ̃ where V (σ̃) = v ∈ E(φ′,µ′,γ′); then

Pσ̃(h|θ) = φ′(h|θ) for all h ∈ Y K , θ ∈ Θ. There also exists HBA x ≡ (φ′, µ′, α′) such that x,w′

decompose w′. Construct strategy profile σ for the full game as follows. For each initial period

t < K and all h ∈ Ht, let σ2(h) ≡ σ̃2(h), σ1(ha2) ≡ σ̃1(ha2) for all a2 ∈ A2. For all public histories

h ∈ Y K in later periods, define σ2(h) ≡ α′2(h), σ1(h) ≡ α′1(h). It is straightforward that because σ̃ is

a wPBE of the γ′-antegame, σ is incentive compatible under the same beliefs, and that those beliefs

are consistent with play under σ, for initial periods t < K. Essentially performing the argument

21The conclusion of this proof is based on an answer at Mathematics Stack Exchange:
http://math.stackexchange.com/questions/897667/for-finite-markov-chain-time-average-distribution-

is-always-a-stationary-distri.
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above in reverse, the definition of decomposition implies that φ′ is a stationary distribution over

the set of histories under the Markov chain implied by σ, and so the player 2 beliefs (specified by

µ′) are consistent with player 1’s behavior at periods t ≥ K. The definition of decomposition easily

yields Vσ(h) = γ′(h) for all h ∈ Y K , and the fact that x is enforced by w′ directly shows there are

no profitable deviations in σ for t ≥ K. Hence, σ is a wPBE of the full game.

B Proofs for Section 4

B.1 Proof of Proposition 4.1

Although player 1 observes all her past shocks, all of them except the current shock can be ignored

in equilibrium. The following definition and lemma (essentially the same as Definition 4 and Lemma

2 in BMM) show this formally.

Definition B.1. A strategy σ̃1 is a current shock strategy if for all h̃ ∈ H̃1, containing non-shock

history ha2 ∈ H×A2 and shocks z0
1 , . . . , z

t
1, σ1(ha2, z

0
1 , ..., z

t−1
1 , zt1) = σ1(ha2, z̄

t−K
1 , ..., z̄t−1

1 , zt1) for

almost all zt1 ∈ Z1 and any z̄0
1 , . . . , z̄

t−1
1 ∈ Z1.

Lemma B.1. If σ̃1 is a best response to σ̃2, then σ̃1 is a current shock strategy.

Proof. Let a player 1 history h̃ ∈ H̃t
1, containing non-shock history ha2 ∈ Ht × A2 and shocks

z0
1 , . . . , z

t
1, be given. Denote the public history at period t as h. Let V t+1

σ1,σ̃2
(hyat+1

2 zt+1
1 ) be the

value of playing the strategy σ1 starting at period t + 1, following the realizations of at+1
2 and

zt+1
1 , and let σ̂1 ≡ arg maxσ1 V

t+1
σ1,σ̃2

(hyat+1
2 , zt+1

1 ) be the best response. The payoff (at period t) of

playing action a1 after player 2 action at2 is

Ṽ ∗a1,σ̃2
(ha2, z

t
1) ≡

∑
y∈Y

ρ(y|a2, a1)

[
(1− δ)(u1(a2, a1) + εzt,a1

1 ) (19)

+δ

∫ ∫ ∑
a2

σ̃t+1
2 (at+1

2 |hyzt+1
2 )V t+1

σ̂1,σ̃2
(hyat+1

2 , zt+1
1 ) dψ(zt+1

1 ) dψ(zt+1
2 )

]
.(20)

The decision problem is independent of all shocks before period t. For any actions a1, a
′
1 ∈ A1,

player 1 can only be indifferent between the two actions if zt,a1
1 −zt,a

′
1

1 = ζ for some constant ζ. Then

for almost all zt1, player 1 has a unique best response and σ̃1 does not condition on z0
1 , . . . , z

t−1
1 . �

The following result is an extension of Lemma 1 of BMM.

Lemma B.2. Every essentially sequentially strict wPBE is quasi-Markov perfect.

Proof. Let any two full semipublic histories ht, h̄t which lead to the same quasi-Markov state for

player 2 be given. I show that sequential strictness implies the same behavior at both histories.

Let some k ≥ K and k-length sequence yk ∈ Y k be given. Since players at periods t + K +

1, t+K + 2, ... cannot observe period t, it is clear that the value V (htyk) does not depend on ht.
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Now, let a (K− 1)-length sequence yK−1 ∈ Y K−1 be given. For each at+K−1
2 ∈ A2, the decision

problem facing player 1 at htyK−1at+K−1
2 (at period t+K − 1) is independent of ht, and because

the equilibrium is essentially sequentially strict, the set of maximizing actions is the same singleton

for almost all shocks zt+K−1
1 ∈ Z1. Then I have σ1(htyK−1a2, z

t+K−1
1 ) = σ1(h̄tyK−1a2, z

t+K−1
1 ) for

almost all zt+K−1
1 . By Definition 4.1, player 2 has the same beliefs µ(htt−1y

K−1) = µ(h̄tt−1y
K−1) at

both public histories (the shock zt+K−1
2 does not affect the belief since it is independently drawn).

Since player 1’s subsequent action is identical at both histories with probability one, player 2’s

decision problem is the same at both histories, giving σ2(htyK−1, zt+K−1
2 ) = σ1(h̄tyK−1, zt+K−1

2 )

for almost all shocks zt+K−1
2 ∈ Zt+K−1

2 .

Now suppose that for any k ∈ {0, ...,K − 2}, V (htyk+1) = V (h̄tyk+1), where yk ∈ Y k. Then

as above, the decision problem and unique maximizer for player 1 is the same at htyka2z
t+k
1 and

h̄tyka2z
t+k
1 for almost all zt+k1 ∈ Z1; similarly, player 2 has the same beliefs at htt−(K−k) · · · h

t
t−1y

k

and h̄tt−(K−k) · · · h̄
t
t−1y

k, yielding the same unique maximizing action at both histories for almost all

shocks zt+k2 ∈ Z2, giving V (htt−(K−k) · · · h
t
t−1y

k) = V (h̄tt−(K−k) · · · h̄
t
t−1y

k). By backwards induction,

I have σ2(htt−K · · · htt−1z
t+k
2 ) = σ2(h̄tt−K · · · h̄tt−1z

t+k
2 ) and σ1(hta2z

t+k
1 ) = σ1(h̄ta2z

t+k
1 ) for almost

all zt+k2 ∈ Z2, z
t+k
1 ∈ Z1. Thus, strategies are the same within a quasi-Markov state for player

2. An almost identical argument shows the same for quasi-Markov states of player 1, and so the

equilibrium is quasi-Markov perfect. �

Consider player 1’s decision at some period t. Suppose player 1 is indifferent between distinct

actions a1 and a′1 at public history h ∈ Ht, player 2 action a2 and shock realization z1; borrowing

notation from the proof of Lemma B.1 (specifically (20)), I can write this as

Ṽ ∗a1,σ̃2
(ha2, z

t
1) = Ṽ ∗a′1,σ̃2

(ha2, z
t
1). (21)

Define

V ∗(σ̃2|hy) ≡
∫ ∫ ∑

a2∈A2

σ̃t+1
2 (at+1

2 |hy, zt+1
2 )V t+1

σ̂1,σ̃2
(hyat+1

2 , zt+1
1 ) dψ(zt+1

1 ) dψ(zt+1
2 )

as the integral term in (20). Substituting into (21) and rearranging yields

ε(za1
1 − z

a′1
1 ) = (1− δ)[u1(a2, a

′
1)− u1(a2, a1)] + δ

∑
y∈Y

[ρ(y|a2, a1)− ρ(y|a2, a
′
1)]V ∗(σ̃2|hy). (22)

This implies that the set of shocks z1 such that (22) holds is Lebesgue measure zero, so the profile

is essentially sequentially strict. Lemma B.2 shows that every essentially strict equilibrium is quasi-

Markov perfect, so the wPBE is quasi-Markov.

B.2 Proof of Proposition 4.2

Proposition 4.1 shows that every wPBE in any perturbed game is quasi-Markov. Thus, for any

sequence (ψk, εk)k where limk→∞ ε
k = 0, the limit of any sequence of wPBEs of the (ψk, εk)-
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perturbed game must converge to a quasi-Markov equilibrium.

C Proofs for Section 5

C.1 Proof of Proposition 5.1

Let e(δ, µ0) ≡ min E(δ, µ0), ē(δ, µ0) ≡ max E(δ, µ0) denote the minimum and maximum quasi-

Markov equilibrium payoffs, respectively.

First consider the simpler case δ < 1
2 . Let any quasi-Markov equilibrium σ be given. For any

period t, let

ât1 =

C (1− δ)u1(c, C) + δV t+1(C) ≥ (1− δ)u1(c,D) + δV t+1(D)

D otherwise

be a best response at period t where V t+1(·) is the continuation payoff at period t+ 1. Note that

V t(htc) = (1− δ)u1(c, ât1) + δV t+1(ât1), V t(htd) = (1− δ)u1(d, ât1) + δV t+1(ât1)

so V t(htc) = V t(htd) + 2(1− δ). Since V t(hta2) is independent of ht conditional on a2,

V t(C)− V t(D) = (σt2(C)− σt2(D))V t(htc) + ((1− σt2(C))− (1− σt2(D)))V t(htd)

= (σt2(C)− σt2(D))[V t(htc)− V t(htd)] = 2(1− δ)(σt2(C)− σt2(D)). (23)

Note that if C is a best response at any period t following player 2 action a2,

(1− δ)u1(a2, C) + δV t+1(C) ≥ (1− δ)u1(a2, D) + δV t+1(D)

δ(V t+1(C)− V t+1(D)) ≥ (1− δ)(u1(a2, D)− u1(a2, C)) = 1− δ, (24)

yet from (23) the left hand side of (24) is less than 2δ(1 − δ), a contradiction for δ < 1
2 . Thus, it

must be that player 1 always plays D: σ1(t, h) = D for all t, h. For history D at any period, the

belief on the commitment type is 0 so player 2’s best response is d. For µ0 < 1
2 , at period 0 player

2’s best response is d, so (d,D) is played every period and the equilibrium payoff is 1. For µ0 > 1
2 ,

player 2’s best response at period 0 is c, so (c,D) is played in period 0 and then (d,D) every period

for every period after that. For µ0 = 1
2 , player 2 is indifferent at period 0, any mixture for player

2 is possible in period 0, and (d,D) is played after that. Thus, (10) has been proven.

For the rest of the proof, suppose δ > 1
2 . I begin by introducing notation and some useful

preliminary lemmas. For brevity, for any history distribution φ, denote φ(C|θ0) simply as φ; for

any action mapping α, denote α2(C|h) as α2(h), and denote α1(C|h, θ0) as α1 (since player 1 does

not condition on history due to quasi-Markov perfection). Define I ≡ {(φ, µ, γ) ∈ F† : γ(C) =

γ(D) + η}, where η ≡ 1−δ
δ , as the “indifference plane” (i.e. at each HBP in I, player 1 is indifferent

between C and D). Let F∅ ≡ {w ∈ F† : B({w}) = ∅} be the set of “useless points” in F†, meaning
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those which can only generate empty sets. Ignoring those points greatly simplifies the analysis.

Lemma C.1. Define the set F̄ ≡ F†\F∅. An HBP w̃ ≡ (φ̃, µ̃, γ̃) is in the set F̄ only if one of

the following conditions is true: (1) φ̃ = 0 and γ̃(C) − γ̃(D) ≥ η; (2) w̃ ∈ I; or (3) φ̃ = 1 and

γ̃(C)− γ̃(D) ≤ η.

Proof. Let some HBA x ≡ (φ, µ, α) enforced by w̃ be given. First, suppose φ̃ = 0. Since inducibility

requires α1 = φ̃ = 0, D must be a best response for player 1, and therefore γ̃(C) − γ̃(D) ≥ η;

otherwise, I have a contradiction, so B(w̃) = ∅. Second, suppose φ̃ ∈ (0, 1). Inducibility requires

α1 = φ̃ ∈ (0, 1), so both C and D must be best responses for player 1, and hence γ̃(C)− γ̃(D) = η,

which means w̃ ∈ I. Third, suppose φ̃ = 1. Inducibility requires that C be a best response for

player 1, so Condition 3 must hold. �

Define B̄(W ) ≡ B(W ) ∩ F̄ and D̄ ≡ D ∩ F̄ . It is straightforward to adapt Propositions 3.2 and

3.3 to show
⋂
m B̄m(F̄) = D̄ and that V(D̄) = V(D) = E , since the HBPs in F∅ cannot decompose

anything and for similar reasons, are not consistent with any antegame equilibria. Sometimes I

abuse notation by letting B̄(w) ≡ B̄({w}) denote the set of “useful” HBPs decomposed by the

singleton {w}.
I present some results characterizing the set of useful HBPs that can be generated by any

particular HBP. For convenience, define g : R2 → Γ so that g(vD, vC) = γ such that γ(D) =

vD, γ(C) = vC ; for further brevity, let gI(vD) ≡ g(vD, vD+η). Since belief mappings are redundant,

I often omit them when writing HBPs and HBAs (e.g. write “(φ, γ)” instead of “(φ, µ, γ)”). Define

φ∗ ≡ µ0

1−µ0 . I rewrite q(φ) (defined in the statement of Proposition 5.1) as q(φ) = φ∗

1−2φ , omitting µ0

since it is taken as given. Define φ̂3 so that q(φ̂3) = 1 (this is well-defined for µ0 ∈ (0, 1
2 ]). Define

r(·) as the inverse of q(·): r(φ) ≡ q−1(φ) = 1
2

(
1− φ∗

φ

)
. It is straightforward to show that q(·) and

r(·) are strictly increasing for φ ∈ [0, 1
2) and φ ∈ (0,∞), respectively. Recall the abuse of notation

V(v1, v2) ≡ (1− δ)v1 + δv2 where v1, v2 ∈ R, as well as Vj(v1, v2) ≡ (1− δj)v1 + δjv2, used here for

brevity.

The following lemma characterizes the set B̄(w̃) of useful HBPs generated by a single HBP w̃.

Lemma C.2. Suppose µ0 ∈ (0, 1
2 ]. Let any HBP w̃ ≡ (φ̃, γ̃) be given. Then

B̄(w̃) =



{(q(φ̃), gI(V(1, γ̃(D))))} φ̃ ∈ [0, φ̂3)

{(1, γ) : γ(D) = V(1, γ̃(D)), γ(C) ∈ [γ(D) + η,V(2, γ̃(C))]} φ̃ = φ̂3

{(1, g(V(1, γ̃(D)),V(3, γ̃(D)))} φ̃ ∈ (φ̂3,
1
2)

{(φ, γ) : γ(D) ∈ [V(1, γ̃(D)),V(3, γ̃(D))], γ(C) = V(3, γ̃(D))} ∩ F̄ φ̃ = 1
2

{(0, γ) : γ(C) = γ(D) = V(2, γ̃(C))} φ̃ ∈ (1
2 , 1].

Proof. I consider each case sequentially. Let some HBA x ≡ (φ, µ, α) enforced by w̃ and the HBP

w ≡ (φ, µ, γ) decomposed by x and w̃ be given.
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First, suppose φ̃ ∈ [0, φ̂3). Inducibility requires that α1 = φ̃ < 1
2 , so player 2’s payoff for playing

c at history D is

u2(c, α1(θ0)) = 3φ̃+ 0 · (1− φ̃) < 2φ̃+ 1 · (1− φ̃) = u2(d, α1(θ0));

thus, d is strict best response, so α2(D) = 0 and γ(D) = (1− δ) + δγ̃(D) = V(1, γ̃(D)). At history

C, player 2 is indifferent if

E[u2(c, α1)|C] = 3µ+ (1− µ)[φ̃ · 3 + (1− φ̃) · 0] = E[u2(d, α1)|C] = 2µ+ (1− µ)[φ̃ · 2 + (1− φ̃) · 1]

µ[3− 2] + (1− µ)[3φ̃− 2φ̃− (1− φ̃)] = µ+ (1− µ)[2φ̃− 1)] = 0

[2− 2φ̃]µ = 1− 2φ̃. (25)

Substituting Bayes’ rule for µ gives

[2− 2φ̃]
µ0

µ0 + (1− µ0)φ
= 1− 2φ̃

and rearranging yields (1− 2φ̃)φ = µ0

1−µ0 = φ∗, so I can write

φ =
φ∗

1− 2φ̃
= q(φ̃).

Thus, if φ > q(φ̃), player 2 strictly prefers d, and if the inequality is reversed strictly prefers c.

Hence, if φ > q(φ̃), γ(C) = γ(D) = (1− δ) + δγ̃(D) < γ(D) + η, and thus w ∈ F∅ by Lemma C.1

(note that q(φ̃) > φ̃ ≥ 0). Similarly, if φ < q(φ̃),

γ(C) = 2(1− δ) + δγ̃(C) ≥ 2(1− δ) + δ[γ̃(D) + η] = 3(1− δ) + δγ̃(D) > γ(D) + η,

so w ∈ F∅ (note that q(φ̃) < 1). Thus, w ∈ F̄ only if φ = q(φ̃) and γ(C) = γ(D) + η.

Suppose φ̃ = φ̂3. By the same argument as the previous paragraph, γ(D) = (1 − δ) + δγ̃(D).

q(φ̂3) = 1, so if φ < 1 then γ(C) = 2(1− δ) + δγ̃(C) > γ(D) + η and again, w ∈ F∅. If φ = 1, then

player 2 is indifferent so any α2(C) ∈ [0, 1] is enforceable, but if I want w ∈ F̄ I must choose α2(C)

sufficiently high such that γ(C) ≥ γ(D) + η; thus, γ(C) ∈ [γ(D) + η, 2(1− δ) + δγ̃(C)].

Suppose φ̃ ∈ (φ̂3,
1
2). As before γ(D) = (1− δ) + δγ̃(D). Furthermore, player 2 strictly prefers

c at history C, so γ(C) = 2(1− δ) + δγ̃(C) > γ(D) + η. Hence if w ∈ F̄ , φ = 1.

Suppose φ̃ = 1
2 . Then player 2 strictly prefers c at history C so γ(C) = 2(1 − δ) + δγ̃(C), but

is indifferent at history D. Thus, any α2(D) is enforceable, giving γ(D) ∈ [V(1, γ̃(D)),V(3, γ̃(D))].

Finally, suppose φ̃ ∈ (1
2 , 1]. Player 2 strictly prefers c at either history, so γ(D) = γ(C) =

2(1− δ) + δγ̃(C), and w ∈ F̄ implies φ = 0. �

Define Wφ ≡ {(φ, γ) ∈ F̄} as the set of “useful” HBPs with history distribution φ (this corre-

49



sponds to the plane at a particular “elevation” in Figure 7). The following corollary restates some of

the results of Lemma C.2 in a more directly useful way, characterizing the “elevations” from which

useful HBPs can be decomposed, and vice versa.

Corollary C.1. Suppose µ0 ∈ (0, 1
2).

1. Let any HBP w ≡ (φ, γ) ∈ I be given. If there exists w̃ ≡ (φ̃, γ̃) such that w ∈ B̄(w̃), then

either φ = q(φ̃) or φ̃ = 1
2 .

2. Conversely, for any φ ≥ q(0), any HBP w̃ ≡ (r(φ), γ̃) ∈ Wr(φ) generates an HBP in Wφ:

(φ, gI((1− δ) + δγ̃(D)) ∈ B(w̃).

3. For any φ ∈ Φ, any HBP w̃′ ≡ (1
2 , γ̃) ∈ W1

2
generates an HBP in Wφ: (φ, gI(3(1 − δ) +

δγ̃(D)− η)) ∈ B(w̃). For φ ∈ (0, 1), the sets B(w̃) above are singletons.

Define the minimum and maximum “relevant” payoffs22 at each history distribution following

the mth iteration of the B̄(·) operator (recall that the minima and maxima exist because B̄m(F†)
is closed by Lemma A.2):

vmφ ≡

min{γ(D) : (φ, γ) ∈ B̄m(F†)} φ ∈ [0, 1)

min{γ(C) : (1, γ) ∈ B̄m(F†)} φ = 1
v̄mφ ≡

max{γ(D) : (φ, γ) ∈ B̄m(F†)} φ ∈ [0, 1)

max{γ(C) : (1, γ) ∈ B̄m(F†)} φ = 1.

For all φ ∈ Φ, define v∞φ ≡ limm→∞ v
m
φ , v̄

∞
φ ≡ limm→∞ v̄

m
φ . Note that v0

φ̃
= 0, v̄0

φ̃
= 3 − η and

v0
1 = η, v̄0

0 = 3 for all φ̃ ∈ (0, 1]. Because {B̄m(F̄)}m is a decreasing sequence (in the sense of set

inclusion), {vmφ }m ({v̄mφ }m) is weakly increasing (weakly decreasing) and bounded; it follows that

v∞φ =

min{γ(D) : (φ, γ) ∈ D̄} φ ∈ [0, 1)

min{γ(C) : (1, γ) ∈ D̄} φ = 1
v̄∞φ =

max{γ(D) : (φ, γ) ∈ D̄} φ ∈ [0, 1)

max{γ(C) : (1, γ) ∈ D̄} φ = 1.

The following result characterizes the output of the “initialization” V(·) operator.

Lemma C.3. Let µ0 ∈ (0, 1
2 ] and w ≡ (φ, γ) ∈ D̄(δ, µ0) be given. Then

V({(φ, γ)}) =


{(1− δ) + δγ(D)} φ < φ̂3

[(1− δ) + δγ(D), 3(1− δ) + δγ(D)] φ = φ̂3

{2(1− δ) + δγ(C)} φ > φ̂3.

If µ0 > 1
2 , then

V({(φ, γ)}) =

3(1− δ) + δγ(D) φ = 0

2(1− δ) + δγ(C) φ > 0.
(26)

22By relevant, I mean the following for a given (φ, γ) ∈ F̄ . If φ = 0, γ(C) does not affect what can be generated;
if φ = 1, γ(D) does not affect what can be generated; if φ ∈ (0, 1), γ(C) = γ(D) + η so player 1 is indifferent and
either γ(C) or γ(D) “pins down” the other.
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Proof. For any v ∈ V({(φ, γ)}), there exists a PBE (σ∗, µ∗) of the γ-antegame such that V (σ∗) = v

and the distribution of outcomes matches φ: σ∗1(∅) = φ.

First consider the µ0 ∈ (0, 1
2 ] case. Suppose φ < φ̂3, and suppose by contradiction that player

2’s expected payoff at period 0 for playing c is greater than or equal to the payoff for d:

3µ0 + (1− µ0)[3φ+ 0 · (1− φ)] ≥ 2µ0 + (1− µ0)[φ · 2 + (1− φ) · 1] (27)

µ0

1− µ0
= φ∗ ≥ 1− 2φ =⇒ φ∗

1− 2φ
= q(φ) ≥ 1, (28)

which is a contradiction because φ < φ̂3 implies q(φ) < q(φ̂3) = 1, due to the monotonicity of q(·).
Thus, player 2 strictly prefers d. Since (φ, γ) ∈ D̄ and φ < 1, γ(D) ≥ γ(C)− η and so D is a best

response at period 0 for player 1. Thus, V (σ∗) = (1− δ)u1(d,D) + δγ(D) = (1− δ) + δγ(D).

Suppose φ = φ̂3. Then q(φ) = φ∗

1−2φ = 1 so replacing the inequalities in (28) with “=” and

working backwards, doing the same until (27), shows that player 2 is indifferent between c and

d. For player 1, D is a best response since φ̂3 < 1. Thus, I can pick any σ∗2(∅) ∈ [0, 1], so

V({(φ, γ)}) = {V (σ∗) : σ∗2(∅) ∈ [0, 1], σ∗1(∅) = φ̂3} = [(1− δ) + δγ(D), 3(1− δ) + δγ(D)].

Suppose φ > φ̂3. Then q(φ) > 1, and performing the analogous steps in the previous paragraph

shows that player 2 strictly prefers c to d. Since σ∗1(∅) = φ > φ̂3 ≥ 0, C is a best response, so

V (σ∗) = (1− δ)u1(c, C) + δγ(C) = 2(1− δ) + δγ(C).

Now turn to the simpler µ0 > 1
2 case. Player 2 strictly prefers c no matter what player 1’s

strategy is. If φ = 0, thenD is a best response, so V (σ∗) = (1−δ)u1(c,D)+δγ(D) = 3(1−δ)+δγ(D).

If φ > 0, then C is a best response: V (σ∗) = (1− δ)u1(c, C) + δγ(C) = 2(1− δ) + δγ(C). �

Now consider the first case (aside from µ0 = 0) listed in (11): suppose µ0 ∈ (0, 1
9 ]. I show that

the function q(·) has two fixed points for µ0 < 1
9 , one for µ0 = 1

9 , and none for µ0 > 1
9 (this turns

out to be why µ0 > 1
9 has a unique stationary equilibrium payoffs instead of two). Setting φ = q(φ)

yields φ = φ∗

1−2φ which can be rearranged to get 0 = 2φ2 − φ+ φ∗. The quadratic formula gives

φ = 1
4(1±

√
1− 4 · 2φ∗) = 1

4 ±
1
4

√
1− 8φ∗; (29)

since φ∗ = 1
8 for µ0 = 1

9 , µ0 ≤ 1
9 is sufficient and necessary for the discriminant to be non-negative,

and therefore for the existence of a fixed point. Define φ̂1, φ̂2 ∈ Φ as the fixed points of q(·) such

that φ̂1 < φ̂2 for µ0 < 1
9 and φ̂1 = φ̂2 for µ0 = 1

9 .

Lemma C.4. Suppose µ0 ∈ (0, 1
9 ].

1. For all φ ∈ [φ̂1, 1), v∞φ = 1. Furthermore, v∞1 = 1/δ, and v∞φ′ ≥ 1 for all φ′ ∈ [0, φ̂1).

2. For all φ ∈ [φ̂1, 1), v̄∞φ = 2− η. Furthermore, v̄∞1 = 2 and v̄∞φ′ ≤ 2 for all φ′ ∈ [0, φ̂1).

Proof. Recall that r(·) is strictly increasing, and note that r(φ̂1) = φ̂1, r(1) = φ̂3 < 1. Then for all
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φ′ ∈ [φ̂1, 1), r(φ′) ∈ [φ̂1, 1) ⊂ [q(0), 1). Corollary C.1 implies that for every φ ∈ [φ̂1, 1),

vm+1
φ = min{γ(D) : (φ, γ) ∈ B̄m+1(F̄)}

= min{min{γ(D) : (φ, γ) ∈ B̄(B̄m(F̄) ∩Wr(φk))},min{γ(D) : (φ, γ) ∈ B̄(B̄m(F̄) ∩W1
2
)}}

= min{min{V(1, γ(D)) : (r(φ), γ) ∈ B̄m(F̄))},min{V(3, γ(D))− η : (1
2 , γ) ∈ B̄m(F̄))}}

= min{V(1, vmr(φ)),V(3, vm1
2

)− η}.

Note that v0
φ = 0 for all φ ∈ [0, 1). Suppose that for some m and for all φ ∈ [φ̂1, 1), vmφ = vm1

2

= ζm

for some constant ζm. Then

vm+1
φ = min{(1− δ) + δvmr(φ), 3(1− δ) + δvm1

2

− η} = (1− δ) + δζm.

By induction, for all m and φ ∈ [φ̂1, 1), then (1 − δ) + δζm = vm+1
φ ≡ ζm+1 for constant ζm+1.

Hence, v∞φ = limm→∞ ζ
m = 1.

Similarly, note that v̄0
φ = 3 − η for all φ ∈ [0, 1). Suppose for some m and for all φ ∈ [φ̂1, 1),

v̄mφ = ζ̄m for some constant ζ̄m. Then

v̄m+1
φ = max{(1− δ) + δv̄mr(φk), 3(1− δ) + δv̄m1

2

− η} = 3(1− δ) + δζ̄m − η.

By induction, for each m and φ ∈ [φ̂1, 1), v̄m+1
φ = 3(1 − δ) + δζ̄m − η ≡ ζ̄m+1. Hence, v̄∞φ =

limm→∞ ζ̄
m+1 = 3(1 − δ) + δ limm→∞ ζ̄

m − η which can be solved to get v̄∞φ = limm→∞ ζ̄
m =

3− 1
δ = 2− η.

Next, Lemma C.2 and the above result give

vm+1
1 = min{γ(C) : (1, γ) ∈ B̄m+1(F̄)} = min

{
γ(C) : (1, γ) ∈ B̄

(
B̄m(F̄) ∩

(
∪
φ̃∈[φ̂3,

1
2 ]
Wφ̃

))}
= min

{
min{(1− δ) + δγ̃(D) + η : (φ̂3, γ̃) ∈ B̄m(F̄) ∩Wφ̂3

},

min{3(1− δ) + δγ̃(D) : (φ̃, γ̃) ∈ B̄m(F̄) ∩
(
∪
φ̃∈(φ̂3,

1
2 ]
Wφ̃

)}
= min{(1− δ) + δζm + η, 3(1− δ) + δζm} = (1− δ) + δζm + η,

so

v∞1 = lim
m→∞

vm+1
1 = (1− δ) +

1− δ
δ

+ δ lim
m→∞

ζm = (1− δ) +
1− δ
δ

+ δ =
1

δ
.

Analogously,

v̄m+1
1 = max{3(1− δ) + δγ̃(D) : (φ̃, γ̃) ∈ B̄m(F̄), φ̃ ∈ [φ̂3,

1
2 ]}

= max{3(1− δ) + δv̄m
φ̃
, φ̃ ∈ [φ̂3,

1
2 ]} = 3(1− δ) + δζ̄m
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so v̄∞1 = 3(1− δ) + δ limm→∞ ζ̄
m = 3(1− δ) + δ(2− η) = 2.

Finally, let vm ≡ min{vmφ′ : φ′ ∈ [0, 1)} and v̄m ≡ max{v̄mφ′ : φ′ ∈ [0, φ̂1)}. Lemma C.2 shows

that for any (φ, γ) ∈ B̄m+1(F̄),

γ(D) ≥ min{(1− δ) + δγ̃(D) : (φ̃, γ̃) ∈ B̄m(F̄)}

≥ min{(1− δ) + δvm, 2(1− δ) + δvm1 }

so vm+1 ≥ (1− δ) + δvm which gives

lim
m→∞

vm+1 ≥ lim
m→∞

min{(1− δ) + δvm, 2(1− δ) + δvm1 }

= min
{

(1− δ) + δ lim
m→∞

vm, 2(1− δ) + 1
}
,

so limm→∞ vm ≥ 1.23 Turning to the maxima,

v̄m+1
0 = max{max{3(1− δ) + δv̄mφ : φ ∈ [1

2 , 1)}, 2(1− δ) + δv̄m1 }

v̄m+1
φ ≤ max{(1− δ) + δv̄m, 3(1− δ) + δv̄m1

2

− η} ∀φ ∈ (0, φ̂1)

so

v̄∞0 = max{3(1− δ) + δ(2− η), 2(1− δ) + 2δ} = 2

v̄∞φ ≤ max{(1− δ) + δv̄∞, 3(1− δ) + δ(2− η)− η} = max{(1− δ) + δv̄∞, 2− η} ∀φ ∈ (0, φ̂1).

If (1− δ) + δv̄∞ > 2− η, then v̄∞ = max{v̄∞0 ,max{v̄m+1
φ : φ ∈ (0, φ̂1)} = max{2, (1− δ) + δv̄∞}. If

v̄∞ > 2, then v̄∞ = (1− δ) + δv̄∞ =⇒ v̄∞ = 1, a contradiction. Thus, v̄∞ = 2. �

Lemmas C.3 and C.4 imply that

minV(D̄) = min{min{(1− δ) + δγ(D) : (φ, γ) ∈ D̄, φ ≤ φ̂3},

min{2(1− δ) + δγ(C) : (φ, γ) ∈ D̄, φ > φ̂3}}

= min{min{V(1, v∞φ ) : φ ≤ φ̂3},min{V(2, v∞φ + η) : φ ∈ (φ̂3, 1)},V(2, v∞1 − η)}

= min{V(1, 1),V(2, 1 + η)} = 1.

Thus, the first minimum listed in (11) has been proven.

Now, suppose µ0 ∈ (1
9 ,

1
2). This eliminates the fixed points φ̂1, φ̂2 of q(·) (this means the only

stationary equilibrium is at φ = 1
2). I still define φ̂3 so that q(φ̂3) = 1.

Lemma C.5. Let µ0 ∈ (1
9 ,

1
2). For any φ ∈ [0, φ̂3), there exists finite k̄ such that qk̄(φ) ≥ 1

2 .

Proof. Note that µ0 ∈ (1
9 ,

1
2) =⇒ φ∗ ∈ (1

8 , 1). Since q0(0) = φ∗, for φ∗ ≥ 1
2 the lemma is trivial.

23This simply confirms the obvious fact that the continuation payoff must not be less than the minmax payoff.
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Suppose φ∗ ∈ (1
8 ,

1
2)Let ∆q(φ) ≡ q(φ) − φ = φ∗

1−2φ − φ = φ∗−φ+2φ2

1−2φ . I show that ∆q(φ) > 0

for φ ∈ [0, 1
2). Suppose not. Note that ∆q(0) = φ∗ > 0 and lim

φ→1
2

∆q(φ) = ∞. Since ∆q(·) is

continuous, there must exist φ′ ∈ [0, 1
2) such that 0 = φ∗−φ+ 2φ2 =⇒ φ = 1

4(1±
√

1− 8φ∗). But

φ∗ > 1
8 because µ0 > 1

9 , so the discriminant is negative, a contradiction.

The first and second derivatives of ∆q(·) are ∆q′(φ) = 2φ∗(1 − 2φ)−2 − 1,∆q′′(φ) = 8φ∗(1 −
2φ)−3 > 0 for φ < 1

2 , so ∆q(·) is strictly convex. Furthermore, setting ∆q′(φ) = 0 gives 2φ∗(1 −
2φ)−2 − 1 = 0 which can be solved for φ = 1

2(1±
√

2φ∗); for φ∗ ∈ (1
8 ,

1
2) a solution φ ∈ [0, 1

2) exists.

Thus, ∆q(φ) has some minimum value ∆q > 0 for φ ∈ [0, 1
2) and so for any k,

qk(φ) = φ+ ∆q(φ) + ∆q(q(φ)) + ∆q(q2(φ)) + · · ·+ ∆q(qk−1(φ)) ≥ φ+ k∆q,

proving that there exists finite k̄ such that qk̄(φ) ≥ 1
2 . �

Having established its finite existence with Lemma C.5, recall the definition of L(µ0) ≡ mink q
k(0)

such that qk(0) ≥ 1
2 ; recall also the definitions of λk1 for k ∈ {L − 1, L} in the statement of the

proposition. Define pk ≡ qk(0) for k ∈ {0, ..., L}, and define intervals Sk ≡ (pk, pk+1) ⊂ R for

k ∈ {0, ..., L− 1} and SL ≡ (pL, 1).

Lemma C.6. Suppose µ0 ∈ (1
9 ,

1
2 ]. If pL = 1

2 , then v∞
pL

= λL1 ; otherwise, v∞
pL−1 = λL−1

1 . Also,

v∞pL =

(1− δ) + δv∞
pL−1 pL < 1

(1− δ) + δv∞
pL−1 + η pL = 1.

Finally, min{v∞φ : φ ∈ [0, φ̂3]} = v∞
pL−1 and

min{v∞φ : φ ∈ (φ̂3, 1)} =

v∞pL pL < 1

v∞
pL−1 pL = 1

v∞1 =

v∞pL + η pL < 1

v∞
pL

pL = 1.

Proof. Note that λk1 as defined in the statement of Proposition 5.1 is defined so that λk1 = (1 −
δk) + δk[3(1− δ) + δλk1 − η]. Also define λL2 so that λL2 = (1− δL) + δL[3(1− δ) + δλL1 ], which gives

λL2 = 1
1−δL+1 [1− δL + 3δL(1− δ)]. I abuse notation by letting v∞S ≡ min{v∞φ : φ ∈ S} for a set S.

First, Corollary C.1 implies that for any m, vm+1
S0 = 3(1− δ) + δvm1/2−η. To see why, recall that

r(·) is strictly increasing and note that for all φ ∈ S0, p0 < φ < p1 and then r(φ) < r(p1) = p0 = 0,

so there does not exist φ′ such that q(φ′) = φ. Hence only HBPs (φ′, γ′) where φ′ = 1
2 can decompose

to HBPs (φ, γ) where φ ∈ S0. Taking the limit as m→∞ gives v∞S0 = 3(1− δ) + δv∞1/2 − η. In the

rest of the proof, for brevity I skip ahead to the limit as m → ∞, e.g. omitting the intermediate

step of “vm+1
S0 = 3(1− δ) + δvm1/2 − η” above.

For each k ∈ {1, ..., L} and all φ ∈ Sk, r(φ) ∈ Sk−1. To see this, note that pk < φ < pk+1 for

k < L (this is easily adapted for k = L), so r(pk) = pk−1 < r(φ) < pk = r(pk+1). Corollary C.1

shows that v∞Sk = min{V(1, v∞Sk−1),V(3, v∞1/2)−η}. Suppose (by contradiction) that V(3, v∞1/2)−η <
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V(1, v∞Sk−1). Then

V(3, v∞1/2)− η < (1− δ) + δv∞Sk−1 ≤ (1− δ) + δ

[
V(3, v∞1/2)− 1− δ

δ

]
= δ[V(3, v∞1/2)].

(1− δ)V(3, v∞1/2) < η =
1− δ
δ

=⇒ 3δ(1− δ) + δ2v∞1/2 < 1 (30)

For δ > 1
2 , the left hand side of (30) is less than 3

4 + 1
4v
∞
1/2 < 1 =⇒ v∞1/2 < 1, which is easily shown

to be contradicted by Lemma C.2.24 Thus, v∞Sk = V(1, v∞Sk−1), and in fact the argument above

shows that for all φk−1 ∈ Sk−1, φk ∈ Sk, I have v∞
φk

= V(1, v∞
φk−1). An almost identical argument

shows that v∞
pk

= V(1, v∞
pk−1). Note that because v∞p0 ≤ V(3, v∞1/2)− η = v∞S0 , v∞

pk
≤ v∞Sk for each k.

Suppose pL < 1. I show that v∞1 = v∞SL + η. Note that pL−1 = r(pL) < r(1) = φ̂3 <
1
2 ≤ p

L, so

[φ̂3,
1
2) ⊂ SL−1. By Lemma C.2,

v∞1 = min{V(1, v∞
φ̂3

)+η,min{V(3, v∞φ ) : φ ∈ (φ̂3,
1
2)},V(3, v∞1/2)} = min{V(1, v∞SL−1)+η,V(3, v∞1/2)}.

(31)

If pL > 1
2 , then 1

2 ∈ S
L−1 and v∞1/2 = v∞SL−1 , so

v∞1 = (1− δ) + δv∞SL−1 + η = v∞SL + η. (32)

Suppose pL = 1
2 . By Lemma C.2,

v∞p0 = min{V(3, v∞1/2)− η,min{V(3, vφ) : φ ∈ (1
2 , 1)},V(2, v∞1 )} = min{V(3, v∞1/2)− η,V(2, v∞1 )},

(33)

because (1
2 , 1) = SL and v∞SL ≥ v

∞
pL

= 1
2 . Recall (31); suppose by contradiction that

v∞1 = 3(1− δ) + δv∞1/2 < (1− δ) + δv∞SL−1 + η. (34)

Since v∞1/2 ≤ 2− η by Corollary C.1, I have

V(2, v∞1 ) = 2(1− δ) + δ[3(1− δ) + δv∞1/2] > 3(1− δ) + δv∞1/2 − η = v∞p0 = v∞S0 .

By induction that means v∞Sk = v∞
pk

for each k, and v∞1
2

= v∞
pL

= VL(v∞p0) = (1 − δL) + δL[3(1 −

δ) + δv∞
pL
− η] = λL1 , since pL matches the characterization for λL1 at the beginning of the proof.

Returning to (34) I have

3(1− δ) + δv∞1
2

= 3(1− δ) + δv∞pL < (1− δ) + δv∞SL−1 + η = (1− δ) + δv∞pL−1 + η = v∞pL + η

3(1− δ)− η < (1− δ)v∞pL =⇒ 3− 1

δ
= 2− η < v∞pL ,

24Besides the fact that this implies a continuation payoff less than the minmax, this can be seen by simply letting
vm ≡ min{min{vmφ : φ ∈ [0, 1)}, vm1 } and generating the lowest payoff given by Lemma C.2 at any φ as the new lower

bound vm+1 ≥ (1− δ) + δvm, which converges to 1 as m→∞.
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which is a contradiction because v∞
pL

= v∞1
2

≤ v̄∞1
2

≤ 2 − η by Corollary C.1. To summarize, for

pL = 1
2 , it has been shown that v∞1 = (1− δ) + δv∞SL−1 + η = v∞SL + η, and furthermore v∞Sk = v∞

pk

for all k ∈ {0, ..., L} and v∞
pL

= λL1 . It is then straightforward to check that the lemma has been

proven for pL = 1
2 .

For the rest of the proof suppose 1
2 < pL < 1. (The pL = 1 case follows almost exactly the

same argument, adding or subtracting “η” as appropriate where “v∞
pL

” is mentioned and ignoring

the consequently empty set SL.) By Lemma C.2, v∞p0 = min{V(3, v∞1/2) − η,min{V(3, vφ) : φ ∈
(1

2 , 1)},V(2, v∞1 )}.
Suppose by contradiction that

v∞p0 < 3(1− δ) + δv∞1/2 − η. (35)

Then by Lemma C.2 and (32) it must be that v∞p0 = 3(1−δ)+δv∞
pL

. Since v∞
pL

= (1−δL)+δLv∞p0 =

(1 − δL) + δL[3(1 − δ) + δv∞
pL

], it then matches the characterization of λL2 at the beginning of the

proof: v∞
pL

= λL2 . Recall that v∞S0 = 3(1− δ) + δv∞1/2 − η; since 1
2 ⊂ S

k−1,

v∞1
2

= v∞SL−1 = (1− δL−1) + δL−1v∞S0 = (1− δL−1) + δL−1[3(1− δ) + δv∞SL−1 − η].

Therefore v∞1/2 matches the characterization of λL−1
1 above: v∞1/2 = λL−1

1 . I can then write (35) as

v∞p0 = 3(1− δ) + δv∞pL = 3(1− δ) + δλL2 < 3(1− δ) + δv∞1/2 − η = 3(1− δ) + δλL−1
1 − η

Rearranging obtains λL2 < λL−1
1 − 1−δ

δ2 . Substituting the definitions of λL2 , λ
L−1
1 gives

δ2

1− δL+1
[1− δL + 3δL(1− δ)] < δ2

1− δL
[(1− δL−1) + 3δL−1(1− δ)− δL−1η]− (1− δ).

I spare the reader the tedious algebra that yields

1− 3δL+1 + 2δL+2 < 0. (36)

At δ = 1 the left hand side is 0. Taking the derivative of the left hand side with respect to δ gives

−3(L+ 1)δL + 2(L+ 2)δL+1 = −(3L+ 3)δL + (2L+ 4)δL+1. Since 3L+ 3 ≥ 2L+ 4, the derivative

is negative for δ ∈ (0, 1), so the left hand side of (36) is positive for δ ∈ (0, 1), a contradiction.

Thus, v∞p0 = 3(1 − δ) + δv∞1/2 − η = v∞S0 , implying that v∞
pk

= v∞Sk for each k ∈ {0, ..., L}. Then

v∞p0 = 3(1− δ) + δv∞
pL−1 − η, and rearrangement gives v∞

pL−1 = λL−1
2 . Since v∞p0 = v∞S0 > v∞p1 = v∞S1 >

· · · > v∞
pL−1 = v∞SL−1 , min{v∞φ : φ ∈ [0, φ̂3]} = v∞

pL−1 . It is also clear that min{v∞φ : φ ∈ (φ̂3, 1)} =

v∞
pL

= v∞SL . Above it was shown that v∞1 = v∞
pL

+ η, proving the lemma for pL < 1. �

By Lemmas C.3 and C.6, for pL < 1,

minV(D̄) = min{min{V(1, v∞φ ) : φ ≤ φ̂3},min{V(2, v∞φ + η) : φ ∈ (φ̂3, 1)},V(2, v∞1 )};
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noting that v∞
pL−1 = min{v∞φ : φ ≤ φ̂3}, v∞pL = min{v∞φ : φ ∈ (φ̂3, 1)}, and v∞1 = v∞

pL
+ η, I have

minV(D̄) = min{V(1, v∞pL−1),V(2, v∞pL)} = min{V(1, v∞pL−1), 2(1− δ) + δ((1− δ) + δv∞pL−1 + η)}

= min{V(1, v∞pL−1), (1− δ)(3 + δ) + δ2v∞pL−1}. (37)

If pL = 1, via similar substitutions I have

minV(D̄) = min{min{V(1, v∞φ ) : φ ≤ φ̂3},min{V(2, v∞φ + η) : φ ∈ (φ̂3, 1)},V(2, v∞1 )}

= min{V(1, v∞pL−1),V(2, v∞pL−1 + η),V(2, v∞pL)}

= min{V(1, v∞pL−1), (1− δ)(3 + δ) + δ2v∞pL−1}, (38)

noting that (38) matches (37). Suppose by contradiction that (1− δ) + δv∞
pL−1 > (1− δ)(3 + δ) +

δ2v∞
pL−1 ; rearrangement yields δ(1 − δ)v∞

pL−1 > (1 − δ)(2 + δ) =⇒ v∞
pL−1 >

2+δ
δ > 3, an infeasible

payoff, and so a contradiction. Rearranging (1 − δ) + δv∞
pL−1 = v∞

pL
yields v∞

pL−1 = 1
δ v
∞
pL
− η.

Continuing,

minV(D̄) = V(1, v∞pL−1) =

V(1, λL−1
1 ) pL > 1

2

V
(

1, 1
δ v
∞
pL
− η
)

pL = 1
2

=

(1− δ) + δλL−1
1 pL > 1

2

(1− δ) + δ
[

1
δλ

L
1 − η

]
pL = 1

2

=

(1− δ) + δλL−1
1 pL > 1

2

λL1 pL = 1
2 .

Turning to the maxima v̄∞φ , the conclusions of Lemma C.4 hold for the µ0 ∈ (1
9 ,

1
2) case using

almost identical arguments to the proof thereof. This then implies max{v̄∞φ : φ ∈ [0, φ̂3)} = 2,

max{v̄∞φ : φ ∈ [φ̂3, 1)} = 2− η and v̄∞1 = 2. Thus,

maxV(D̄) = max{V(1,max{v̄∞φ : φ ∈ [0, φ̂3)}),V(3,max{v̄∞φ : φ ∈ [φ̂3, 1)}),V(2, v̄∞1 )}

= max{(1− δ) + 2δ, 3(1− δ) + δ(2− η), 2(1− δ) + 2δ} = 2.

Now consider the µ0 > 1
2 case (the µ0 = 1

2 case is handled at the end of the proof). I start with

the following analogue of Lemma C.2.

Lemma C.7. Suppose µ0 ∈ (1
2 , 1]. Let any HBP w̃ ≡ (φ̃, γ̃) be given. Then

B̄(w̃) =


{(1, g(V(1, γ̃(D)),V(3, γ̃(D)))} φ̃ ∈ [0, 1

2)

{(φ, γ) : γ(D) ∈ [V(1, γ̃(D)),V(3, γ̃(D))], γ(C) = V(3, γ̃(D))} ∩ F̄ φ̃ = 1
2

{(0, γ) : γ(D) = γ(C), γ(C) = 2(1− δ) + δγ̃(C)} φ̃ ∈ (1
2 , 1].

Proof. I consider each case sequentially. Let some HBA x ≡ (φ, µ, α) enforced by w̃ and the HBP

w ≡ (φ, µ, γ) decomposed by x and w̃ be given.

Suppose φ̃ ∈ [0, 1
2). Inducibility requires α1 = φ̃ < 1

2 , so player 2 has d as a strict best response
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by the same reasoning as in the proof of Lemma 5.2, and D must also be a best response for player

1. Thus, γ(D) = (1 − δ)u1(d,D) + δγ̃(D) = (1 − δ) + δγ̃(D). At history C, player 2 has a belief

greater than 1
2 for the commitment type, so arguments in the proof of Lemma 5.2 show that c is a

strict best response. Then γ(C) = (1− δ)u1(c,D) + δγ̃(D) = 3(1− δ) + δγ̃(D).

Suppose φ̃ = 1
2 . Player 2 is now indifferent at history D, so can choose any α2 ∈ [0, 1], which

yields γ(D) = (1 − δ)[α2u1(c,D) + (1 − α2)u2(d,D)] + δγ̃(D) = (1 − δ)[3α2 + (1 − α2)] + δγ̃(D).

The same reasoning as above gives γ(C) = 3(1− δ) + δγ̃(D).

Suppose φ̃ ∈ (1
2 , 1]. Player 2 strictly prefers c at both histories C and D, while C is a best

response for player 1. Thus γ(D) = γ(C) = (1− δ)u1(c, C) + δγ̃(C) = 2(1− δ) + δγ̃(C). �

Lemma C.7 gives

vm+1
0 = min{min{3(1− δ) + δvmφ − η : φ ∈ [1

2 , 1)}, 2(1− δ) + δvm1 }

vm+1
φ = 3(1− δ) + δvm1/2 − η ∀φ ∈ (0, 1)

vm+1
1 = min{3(1− δ) + δvmφ : φ ∈ [0, 1

2 ]}.

Then v∞1/2 = 3(1− δ) + δv∞1/2 − η, which yields v∞1/2 = 3− 1/δ = 2− η. So for all φ ∈ (0, 1),

v∞φ = 3(1− δ) + δ (3− 1/δ)− (1− δ)/δ = 3(1− δ) + 3δ − 1− (1− δ)/δ = 2− η.

I can then write

v∞0 = min{3(1− δ) + δ(2− η)− η, 2(1− δ) + δv∞1 } = min{2− η, 2(1− δ) + δv∞1 }

v∞1 = min{3(1− δ) + δv∞0 , 3(1− δ) + δ(2− η)} = min{3(1− δ) + δv∞0 , 2}.

Suppose by contradiction v∞1 < 2. Then

v∞0 = min{2− η, 2(1− δ) + δ[3(1− δ) + δv∞0 ]} = min{2− η, 2 + δ − 3δ2 + δ2v∞0 }.

If v∞0 < 2−η, then v∞0 = 2+δ−3δ2 +δ2v∞0 which can be solved for v∞0 = [2+δ(1−3δ)]/[1−δ2] > 2,

a contradiction; thus v∞1 < 2 implies v∞0 = 2−η. Yet v∞1 = 3(1−δ)+δv∞0 = 3(1−δ)+δ(2−η) = 2, a

contradiction. Thus, v∞1 = 2. Also suppose by contradiction v∞0 < 2−η; then v∞0 = 2(1−δ)+δv̄∞1 =

2. Hence, v∞0 = 2− η.

To summarize: v∞φ = 2− η for all φ ∈ [0, 1) and v∞1 = 2. Plugging this into (26) in Lemma C.3

shows that minV(D̄) = 2.

Turning to the maxima, Lemma C.7 implies

v̄m+1
0 = max{max{3(1− δ) + δv̄mφ − η : φ ∈ [1

2 , 1)}, 2(1− δ) + δv̄m1 }

v̄m+1
φ = 3(1− δ) + δv̄m1/2 − η ∀φ ∈ (0, 1)
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v̄m+1
1 = max{3(1− δ) + δv̄mφ : φ ∈ [0, 1

2 ]}

Then for all φ ∈ (0, 1), vm+1
1/2 = v̄m+1

φ = 3(1 − δ) + δv̄m1/2 − η, which in the limit gives v̄∞φ =

3(1 − δ) + δv̄∞φ − (1 − δ)/δ =⇒ v̄∞φ = 3 − 1/δ = 2 − η. Note that v̄0
0 = v̄0

φ = 3 − η and

v̄0
1 = 3. Suppose for some m that vm1/2 ≤ v̄m1 − η and vm1/2 ≤ v̄m0 . Suppose by contradiction that

max{3(1− δ) + δv̄mφ − η : φ ∈ [1
2 , 1)} > 2(1− δ) + δv̄m1 . Then

max{3(1− δ) + δv̄mφ − η : φ ∈ [1
2 , 1)} = 3(1− δ) + δvm1/2 − η > 2(1− δ) + δv̄m1 (39)

(1− δ)− η > δ(v̄m1 − vm1/2) =⇒ −η > δ(v̄m1 − η − vm1/2),

but since the left hand side is strictly negative and the right hand side is non-negative, I reach a

contradiction. Note that the left hand side of (39) is equal to v̄m+1
1
2

. Thus by induction, for all m,

v̄m+1
0 = 2(1− δ) + δv̄m1 ≥ v̄m+1

1
2

. Similarly, v̄m+1
1 = 3(1− δ) + δv̄m0 ≥ 3(1− δ) + δvm1/2. Taking the

limit,

v̄∞0 = 2(1− δ) + δv̄∞1 , v̄∞1 = 3(1− δ) + δv̄∞0 .

Solving these two equations gives

v̄∞0 = 2(1− δ) + δ[3(1− δ) + δv̄∞0 ] = 2(1− δ) + 3δ(1− δ) + δ2v̄∞0 =⇒ v̄∞0 =
1− δ
1− δ2

(2 + 3δ)

v̄∞1 = 3(1− δ) + δ(1− δ)2 + 3δ

1− δ2
= (1− δ)

[
3 +

2δ + 3δ2

1− δ2

]
=

1− δ
1− δ2

(3 + 2δ).

Finally, by Lemma C.3,

maxV(D̄) = max{V(3, v̄∞0 ),max{V(2, v̄∞φ + η) : φ ∈ (0, 1)},V(2, v̄∞1 )}

= max

{
V

(
3,

1− δ
1− δ2

(2 + 3δ)

)
,V(2, v̄∞1/2 + η),V

(
2,

1− δ
1− δ2

(3 + 2δ)

)}
.

It is straightforward to show that the first term is strictly greater than the other two for δ ∈ (1
2 , 1),

so maxV(D̄) = 3(1− δ) + 1−δ
1−δ2 (2δ + 3δ2) = 1−δ

1−δ2 (3 + 2δ).

Now suppose µ0 = 1
2 . Note that φ∗ = 1, so q(0) = 1

1−2·0 = 1, φ̂3 = 0, L = 1 and pL = 1. Lemma

C.6 shows that v∞0 = v∞
φ̂3

= v∞
pL−1 = λL−1

1 = min{v∞φ : φ ∈ (0, 1)} and v∞1 = v∞
pL

= (1− δ) + δλL−1
1 .

Using the same arguments as for the µ0 ∈ (1
9 ,

1
2) case above, I have minV(D̄) = (1−δ)+δλL−1

1 . For

the maxima, the same arguments as those above for µ0 ∈ (1
2 , 1] hold, so maxV(D̄) = 1−δ

1−δ2 (3 + 2δ).

C.2 Purifiability of Quasi-Markov Equilibria

This section shows that for almost all priors µ0 and discount factors δ > 1
2 , there exists a purifiable

equilibrium giving the minimum and maximum payoffs given in Proposition 5.1.25 For each case,

I construct the unperturbed equilibrium strategy profile σ∗ and a sequence of perturbed game

25The δ < 1
2

cases are straightforward (with player 1 always playing D) and so I omit them.
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strategy profiles (σ̃k)k, each corresponding to the (ψ, εk)-perturbed game where ψ is a distribution

with strictly positive density on [0, 1]|A| and (εk)k is a sequence where εk > 0 and εk → 0. I show

purifiability (according to Definition 4.3) by proving that for small enough εk, σ̃k is a wPBE of

the (ψ, εk)-perturbed game, and that (σ̃k)k converges in outcomes to σ∗. (I omit proofs that the

unperturbed strategies σ∗ are wPBEs of the unperturbed game, as they are essentially simpler

versions of the proofs for the perturbed equilibria.) The following lemma will be helpful in showing

the existence of the equilibria constructed.

Lemma C.8. Let two continuous functions z̃2 : [−1, 1]× (0,∞)→ R and z̃1 : [−1, 1]× (0,∞)→ R
be given. Suppose that there exists ε∗ > 0 such that for all ε ∈ (0, ε∗), there exist numbers ζ−i, ζ̄−i ∈
[−1, 1] such that z̃i(ζ−i|ε) = −1, z̃i(ζ̄−i|ε) = 1 for both i ∈ {1, 2}. Then there exist ζ∗1 , ζ

∗
2 ∈ [−1, 1]

such that z̃2(ζ∗1 |ε) = ζ∗2 , z̃1(ζ∗2 |ε) = ζ∗1 .

Proof. For ε sufficiently small, there exist ζ
1
, ζ̄1, ζ2

, ζ̄2 ∈ (−1, 1) such that z̃2(ζ
1
|ε) = −1, z̃2(ζ̄1|ε) =

1, z̃1(ζ
1
|ε) = −1, z̃1(ζ̄2|ε) = 1, so I can define the inverse functions z̃−1

2 : [−1, 1] × (0,∞) →
[−1, 1], z̃−1

1 : [−1, 1] × (0,∞) → [−1, 1]. Since these functions are continuous, so is the vector-

valued z̃−1 : [−1, 1]2 × (0,∞) → [−1, 1]2 where z̃−1(ζ1, ζ2|ε) = (z̃−1
2 (ζ1|ε), z̃−1

1 (ζ2|ε)). Then z̃−1(·|ε)
is a continuous function from [−1, 1]2 into itself, so by Brouwer’s fixed point theorem, z̃−1(·|ε) has a

fixed point (ζ∗1 , ζ
∗
2 ) ∈ [−1, 1]. Thus, z̃−1

i (ζ∗−i) = ζ∗i implies that z̃2(ζ∗1 |ε) = ζ∗2 and z̃1(ζ∗2 |ε) = ζ∗1 . �

C.2.1 Stationary Equilibrium with Payoff 2 (0 < µ0 ≤ 1)

The equilibrium for the unperturbed game is defined as follows:

σ∗2(t, h) =


1 h = ∅

1 h = C

1− 1
2δ h = D

σ∗1(t) =
1

2
.

Define the sequence (σ̃k)k of equilibria in the sequence of perturbed games:

σ̃k2 (∅, z2) ≡ σ̃k2 (t, C, z2) ≡ 1 σ̃k2 (t,D, z2) ≡

0 ∆z2 ≤ ζk2
1 ∆z2 > ζk2

σ̃k1 (t, z1) ≡

0 ∆z1 ≤ ζk1
1 ∆z1 > ζk1

where ζk1 , ζ
k
2 are defined as the solution to the system of equations

ζk2 ≡ z2(ζk1 |εk) ≡
1

εk
(2∆Ψ1(ζk1 )− 1), ζk1 ≡ z1(ζk2 |εk) ≡

1

εk
(1− δ)(1− 2δ∆Ψ2(ζk2 )). (40)

Note that for large enough k (and hence small enough εk), z2(−1|εk) < −1, z2(1|εk) > 1, z1(−1|εk) >
1, z1(1|εk) < −1. Since z2(·), z1(·) are continuous, there exist ζ−i, ζ̄−i ∈ [−1, 1] such that z̃i(ζ−i|ε) =

−1, z̃i(ζ̄−i|ε) = 1 for both i ∈ {1, 2}. Thus, z2(·), z1(·) satisfy the assumptions of Lemma C.8, so

a solution ζk1 , ζ
k
2 ∈ [−1, 1] to this system exists for small enough εk. For convenience, define the
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expected outcomes

α̃k2(h) ≡
∫
σ̃k2 (t, h) dψ(z2) =

1 h = C

1−∆Ψ2(ζk2 ) h = D
α̃k1 ≡

∫
σ̃k1 (t) dψ(z1) = 1−∆Ψ1(ζk1 )

for any t ≥ 1. Also define the beliefs at history C at any period t: µ̃k ≡ µ0/[µ0 + (1− µ0)α̃k1 ].

I now show that these strategies are mutual best responses. First, define V a2
2 (p, ᾱ1, z2) as the

expected payoff for player 2 of action a2 given posterior belief p, expected player 1 action ᾱ1, and

shock z2:

V c
2 (p, ᾱ1, z2) = 3p+ (1− p)[3ᾱ1] + εkzc2, V d

2 (p, ᾱ1, z2) = 2p+ (1− p)[2ᾱ1 + (1− ᾱ1)] + εkzd2 .

Define ∆V2 as the benefit of playing c over d: ∆V2(p, ᾱ1, z2) ≡ V c
2 (p, ᾱ1, z2)− V d

2 (p, ᾱ1, z2). Then

∆V2(p, ᾱ1, z2) = 3p+ (1− p)[3ᾱ1]− 2p− (1− p)[2ᾱ1 + (1− ᾱ1)] + εk(zc2 − zd2)

= p+ (1− p)[2ᾱ1 − 1] + εk∆z2. (41)

At history D, the belief is p = 0, giving ∆V2(0, α̃k1 , z2) = 2α̃k1 − 1 + εk∆z2 = 2[1−∆Ψ1(ζk1 )]− 1 +

εk∆z2 = 1− 2∆Ψ1(ζk1 ) + εk∆z2. Since ζk2 satisfies 0 = 1− 2∆Ψ1(ζk1 ) + εkζk2 , σ̃k2 (t,D, z2) is a best

response. At history C, the posterior is µ̃k ≥ µ0, so for small enough εk, ∆V2(µ̃k, α̃k1 , z2) is positive

for all z2 and σ̃k2 (t, C, z2) is a best response. The same is true at the empty history ∅ at period 0.

Define V a1
1 (t, z1) as the payoff to player 1 of playing action a1 at period t:

V C
1 (t, z1) = (1− δ)u1(a2, C) + δV (t+ 1, C) + εkzC1

V D
1 (t, z1) = (1− δ)u1(a2, D) + δV (t+ 1, D) + εkzD1

where V (t+ 1, h) is the continuation payoff for the start of period t+ 1 with history h. The benefit

∆V1(t, z1) of playing C over D is ∆V1(t, z1) ≡ V C
1 (t, z1)− V D

1 (t, z1), giving

∆V1(t, z1) = −(1− δ) + δ(V (t+ 1, C)− V (t+ 1, D)) + εk(zC1 − zD1 )

= −(1− δ) + 2(1− δ)δ(ᾱt+1
2 (C)− ᾱt+1

2 (D)) + εk∆z1 (42)

where ᾱt+1
2 (h) is the probability of next period’s player 2 choosing c at history h. Then

∆V1(t, z1) = −(1− δ) + 2(1− δ)δ(α̃k2(C)− α̃k2(D)) + εk∆z1

= −(1− δ) + 2(1− δ)δ(1− (1−∆Ψ2(ζk2 ))) + εk∆z1

= −(1− δ)(1− 2δ∆Ψ2(ζk2 )) + εk∆z1 = −εkζk1 + εk∆z1,

showing player 1’s strategy is a best response.

Finally, I show that (σ̃k)k converges in outcomes to σ∗ as given in (7). For σ̃k2 (∅, z2) =
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σ̃k2 (t, C, z2) = 1 = σ∗2(∅) = σ∗2(t, C), the convergence is trivial. I show ζk1 converges to ∆Ψ−1
1 (1

2).

Suppose by contradiction that there exists some β > 0 so that for every k∗ there existed k > k∗

such that |ζk1 − ∆Ψ−1
1 (1

2)| > β =⇒ |∆Ψ1(ζk1 ) − 1
2 | > β′ for some β′ > 0. Then |ζk2 | =

|z2(ζk1 |εk)| > 1
εk

∣∣2∆Ψ1(ζk1 )− 1
∣∣ > 2

εk
β′, yet for εk small enough this contradicts the fact that a

solution ζk1 , ζ
k
2 ∈ [−1, 1] for the system of equations (40) exists.

A similar argument shows that ζk2 converges to ∆Ψ−1
2

(
1
2δ

)
. Suppose by contradiction that there

exists some β > 0 such that for every k∗ there exists k > k∗ so that |ζk2 − ∆Ψ−1
2

(
1
2δ

)
| > β =⇒

|∆Ψ2(ζk2 )− 1
2δ | > β′. Then |ζk1 | = |z1(ζk2 |εk)| > 1

εk
(1− δ)|1− 2δ∆Ψ2(ζk2 )| > 1

εk
(1− δ)β′, yet for εk

small enough this contradicts ζk1 , ζ
k
2 ∈ [−1, 1]. Thus, as k →∞, α̃k2(D)→ σ∗2(t,D) and α̃k1 → σ∗1(t)

completing the proof that (σ̃k)k converge in outcomes to σ∗.

C.2.2 Stationary Equilibrium with Payoff 1 (0 < µ0 < 1
9)

For 0 < µ0 < 1
9 , the minimum payoff equilibrium is defined as

σ∗2(t, h) =


0 h = ∅
1
2δ h = C

0 h = D

σ∗1(t) =
1

4
± 1

4

√
1− 8φ∗.

Note that σ∗1(t) is a fixed point of r(·) ≡ q−1(·) defined in the proof of Proposition 5.1; see (29)

for the calculation of the fixed points. Define the sequence (σ̃k)k of equilibria in the sequence of

perturbed games:

σ̃k2 (t, C, z2) ≡

0 εk∆z2 ≤ ζk2
1 εk∆z2 > ζk2

σ̃k2 (t,D, z2) ≡ 0 σ̃k1 (t, z1) ≡

0 εk∆z1 ≤ ζk1
1 εk∆z1 > ζk1

where ζk1 , ζ
k
2 is defined by the system of equations

ζk2 ≡ z2(ζk1 , ε
k) ≡ 1

εk

[
1− 2

(1−∆Ψ1(ζk1 ))∆Ψ1(ζk1 )

φ∗ + (1−∆Ψ1(ζk1 ))

]
, ζk1 ≡ z1(ζk2 , ε

k) ≡ 1− δ
εk

[1−2δ(1−∆Ψ2(ζk2 ))].

(43)

Note that because µ0 < 1
9 implies φ∗ < 1

8 ,

z2(∆Ψ−1
1 (2

3), εk) =
1

εl

[
1− 2

(1− 2
3) · 2

3

φ∗ + 1
4

]
<

1

εk

[
1−

4
9

1
8 + 1

4

]
=

1

εk

[
1− 32

27

]
< − 1

εk
.

Furthermore, z2(1, εk) = 1
εk
, z1(−1, εk) = 1−δ

εk
, 1
εk
, z1(1, εk) = 1

εk
(1 − δ)(1 − 2δ), and so by Lemma

C.8 a solution exists for small enough εl. For any t ≥ 1 the expected outcomes are

α̃k2(h) ≡
∫
σ̃k2 (t, h) dψ(z2) =

1−∆Ψ2(ζk2 ) h = C

0 h = D
α̃k1 ≡

∫
σ̃k1 (t) dψ(z1) = 1−∆Ψ1(ζk1 ).
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I show that σ̃k are mutual best responses. Note that µ̃k = µ0/[µ0 + (1 − µ0)(1 − ∆Ψ1(ζk1 ))].

Reusing the notation above in (41), at history C the belief is p = µ̃k, so

∆V2(µ̃k, α̃k1(C), z2) = µ̃k + (1− µ̃k)[α̃k1(C)− (1− α̃k1(C))] + εk∆z2

= µ̃k + (1− µ̃k)[2(1−∆Ψ1(ζk1 ))− 1] + εk∆z2.

Rearranging and substituting µ̃k gives

∆V2(µ̃k, α̃k1 , z2) = 1− 2(1− µ̃k)∆Ψ1(ζk1 ) + εk∆z2

= 1− 2

(
1− µ0

µ0 + (1− µ0)(1−∆Ψ1(ζ l1))

)
∆Ψ1(ζk1 ) + εk∆z2

= 1− 2
(1− µ0)(1−∆Ψ1(ζk1 ))

µ0 + (1− µ0)(1−∆Ψ1(ζk1 ))
∆Ψ1(ζk1 ) + εk∆z2

= 1− 2
(1−∆Ψ1(ζk1 ))∆Ψ1(ζk1 )

φ∗ + (1−∆Ψ1(ζk1 ))
+ εk∆z2 = −εkζk2 + εk∆z2,

which makes it clear that σ̃k2 (t, C, z2) is a best response. At the initial history ∅, the belief is the

prior µ0 < µ̃k, so for small enough εk, ∆V2(µ0, α̃k1 , z2) is negative for all z2; similarly, at history

D, the posterior is 0 < µ̃k, giving the same result. Thus σ̃k2 (∅, z2), σ̃k2 (t,D, z2) are best responses.

Reusing the notation in (42),

0 = −(1− δ) + 2(1− δ)δ(α̃k2(C)− α̃k2(D)) + εk∆z1

= −(1− δ) + 2(1− δ)δ(1−∆Ψ2(ζk2 )) + εk∆z1 = −εkζk1 + εk∆z1,

so player 1’s strategy σ̃k1 is a best response.

Finally, I show that (σ̃k)k converges in outcomes to σ∗. For σ̃k2 (∅, z2) = σ̃k2 (t,D, z2) = 0 =

σ∗2(∅) = σ∗2(t,D), the convergence is trivial. I show ζk1 converges to ∆Ψ−1
1

(
3
4 ±
√

1− 8φ∗
)
. The

fact that a solution ζk1 , ζ
k
2 ∈ [−1, 1] for the system (43) requires that

|ζk2 | = |z2(ζk1 |εk)| =
1

εl

∣∣∣∣1− 2
(1−∆Ψ1(ζk1 ))∆Ψ1(ζk1 )

φ∗ + (1−∆Ψ1(ζk1 ))

∣∣∣∣ ≤ 1 =⇒ lim
k→∞

(1−∆Ψ1(ζk1 ))∆Ψ1(ζk1 )

φ∗ + (1−∆Ψ1(ζk1 ))
=

1

2
,

so (∆Ψ1(ζk1 ))k converges; let p̄1 ≡ limk ∆Ψ1(ζk1 ). Then

(1− p̄)p̄
φ∗ + (1− p̄)

=
1

2
=⇒ 2p̄− 2p̄2 = φ∗ + 1− p̄ =⇒ −2p̄2 + 3p̄− (φ∗ + 1) = 0

so p̄ = 1
−4

(
−3±

√
9− 4 · 2(φ∗ + 1)

)
= 3

4±
1
4

√
9− 4 · 2(φ∗ + 1) = 3

4±
1
4

√
1− 8φ∗. Thus, ∆Ψ1(ζk1 )→

3
4 ±

1
4

√
1− 8φ∗ =⇒ α̃k1 = 1 − ∆Ψ1(ζk1 ) → 1

4 ±
1
4

√
1− 8φ∗ = σ∗1(t). A very similar argument to

that at the end of Section C.2.1 proves that α̃2(C) → σ∗2(t, C). Thus, (σ̃k)k converge in outcomes

to σ∗.
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C.2.3 Non-Stationary Minimum Payoff Equilibrium (1
9 < µ0 ≤ 1

2)

For 1
9 < µ0 ≤ 1

2 , the minimum payoff equilibrium is defined as follows. Define L(µ0), q(φ, µ0)

as stated in Proposition 5.1 (I will usually omit the “µ0” argument in both for brevity). Define

q0(0) = 0 for convenience. I restrict attention to priors µ0 such that 1
2 < qL(0, µ0) < 1 (the set of

priors µ0 ∈ (1
9 ,

1
2 ] where L(µ0) ∈ {1

2 , 1} is Lebesgue measure zero). Define l̄(t) ≡ (t+1) mod (L+1).

The equilibrium strategies are

σ∗2(t, h) =


0 h = ∅ or l̄(t) 6= 0, h = D

1
2δ l̄(t) 6= 0, h = C

1 l̄(t) = 0

σ∗1(t) = qL−l̄(t)(0).

Define the sequence (σ̃k)k of equilibria in the sequence of perturbed games:

σ̃k2 (t, h, z2) ≡

0 εl∆z2 ≤ ζk,l̄(t)2 (h)

1 εl∆z2 > ζ
k,l̄(t)
2 (h)

σ̃k1 (t, z1) ≡

0 εk∆z1 ≤ ζk,l̄(t)1

1 εk∆z1 > ζ
k,l̄(t)
1

where I define the thresholds ζk,02 (C), ζk,02 (D), ζk,01 , ..., ζk,L2 (C), ζk,L2 (D), ζk,L1 below; for the empty

history, ζk,12 (∅) ≡ 1. For convenience and clarity, define expected outcomes

α̃k,l1 ≡
∫
σ̃k1 (t, z1) dψ(z1) = 1−∆Ψ1(ζk,l1 ) α̃k,l2 (h) ≡

∫
σ̃k2 (t, h, z2) dψ(z2) = 1−∆Ψ1(ζk,l2 (h))

and beliefs µ̃k,l ≡ µ0/[µ0 + (1 − µ0)α̃
k,(l−1) mod (L+1)
1 ] for some t such that l̄(t) = l. Define the

thresholds as follows. Let ζk,l2 (D) ≡ 1 for all l ≥ 1, and let ζk,L1 ≡ 1. Define ζk,L−1
1 , ζk,L2 (C) as

solutions to the system of equations

ζk,L2 (C) ≡ zL2 (ζk,L−1
1 |εk) ≡ 1

εk
[1− 2µ̃k,L] (44)

ζk,L−1
1 ≡ z1(ζk,L2 |ε

k) ≡ 1− δ
εk

[1− 2δ(1−∆Ψ2(ζk,L2 ))]. (45)

(note that µ̃k,l is a function of ζk,l−1
1 for each l ≥ 1). Then for each l ∈ {1, ..., L − 1}, inductively

define ζk,l−1
1 , ζk,l2 , taking α̃k,l1 as given, as solutions to the equations

ζk,l2 (C) ≡ zl2(ζk,l−1
1 |εk) ≡ − 1

εk
[µ̃k,l + (1− µ̃k,l)(2α̃k,l1 − 1)] (46)

ζk,l−1
1 ≡ z1(ζk,l2 |ε

k) =
1− δ
εk

[1− 2δ(1−∆Ψ2(ζk,l2 (C)))]. (47)

I show the existence of a solution below. Define ζk,02 (C) ≡ ζk,02 (D) ≡ −2 (i.e. defined so the

consumer chooses c for all shocks z2 ∈ Z2).

Before continuing, the following result will be useful proving that the perturbed equilibria
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converge in outcomes to σ∗.

Lemma C.9. There exists finite J > 0 such that there exists ε̄ > 0 so that for all ε ∈ (0, ε̄), l < L,

qL−l(0)−JL−lε < (1 + JL−l−1ε)φ∗

1− 2qL−l−1(0) + JL−l−1ε
<

(1− JL−l−1ε)φ∗

1− 2qL−l−1(0)− JL−l−1ε
< qL−l(0)+JL−lε. (48)

Proof. Define functions f±(ε, l) ≡ 1∓JL−l−1ε
1−2qL−l−1(0)∓JL−l−1ε

. Differentiating gives

g±(ε, l) ≡ ∂f±(ε, l)

∂ε
=

±2JL−l−1qL−l−1(0)

(1− 2qL−l−1(0)∓ JL−l−1ε)2
=⇒ g±(0, l) = ±JL−l−1 2qL−l−1(0)

(1− 2qL−l−1(0))2

for all l. Choosing some J > 2qL−l−1(0)
(1−2qL−l−1(0))2 yields JL−l > g+(0, l) and −JL−l < g−(0, l). Recall

that qL−l(0) = φ∗

1−2qL−l−1(0)
. Then for small enough ε,

f−(0, l)− JL−lε < f−(ε, l) < f+(ε, l) < f+(0, l) + JL−lε,

and since f−(0, l) = f+(0, l) = qL−l(0) = φ∗

1−2qL−l−1(0)
, it has been shown that (48) holds for small

enough ε. �

I show that for small enough εk, a solution to the system (44) - (47) exists. Note that

zL2 (−1, εk) > 1 for small enough εk (since ζk,L−1
1 = −1 implies µ̃k,L = µ0 < 1

2) and zL2 (1, εk) = − 1
εk

.

Further note that z1(ζ2, ε
k) is defined identically to (43), and so it is straightforward to check that

zL2 (·, εk), z1(·) satisfy the assumptions of Lemma C.8. Thus, the system (44) and (45) has a solution

ζk,L−1
2 (C), ζk,L−2

1 ∈ [−1, 1]. This implies that

−1 ≤ ζk,L2 (C) =
1

εk
[1− 2µ̃k,L] ≤ 1 =⇒ −εk ≤ 1− 2µ̃k,L ≤ εk

1 + εk ≥ 2µ̃k,L =
2µ0

µ0 + (1− µ0)α̃k,L−1
1

=
2φ∗

φ∗ + α̃k,L−1
1

≥ 1− εk

which can be rearranged to find

(1 + εk)φ∗ + (1 + εk)α̃k,L−1
1 ≥ 2φ∗ ≥ (1− εk)φ∗ + (1− εk)α̃k,L−1

1

εkφ∗ + (1 + εk)α̃k,L−1
1 ≥ φ∗ ≥ −εkφ∗ + (1− εk)α̃k,L−1

1

1− εk

1 + εk
φ∗ ≤ α̃k,L−1

1 ≤ 1 + εk

1− εk
φ∗.

Recall that q0(0) = 0 and q1(0) = φ∗. Then Lemma C.9 shows that there exists finite J > 0 such

that α̃k,L−1
1 ∈ BJε(q1(0)) where Bβ(v) is the open ball of radius β centered at v.
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Suppose that for some l and some finite J > 0, α̃k,l1 ∈ BJL−l−1ε(q
L−l−1(0)). Note that

zl2(ζk,l1 |ε
k) = − 1

εk

[
µ̃k,l + (1− µ̃k,l)(2α̃k,l1 − 1)

]
> − 1

εk

[
µ̃k,l + (1− µ̃k,l)(2(qL−l−1(0) + J(L− l − 1)εk)− 1)

]
.

Recall that r(φ) ≡ q−1(φ) = 1
2

(
1− φ∗

φ

)
. Note that since qL(0) < 1, qL−1(0) < r(1) = 1

2(1 −

φ∗); thus, for small enough εk, qL−l−1(0) ≤ qL−1(0) < 1
2(1 − φ∗) −

(
J(L− l − 1) + 1

1−µ0

)
εk.

Furthermore, choosing ζk,l−1
1 = −1 (i.e. the firm chooses C with probability 1) yields µ̃k,l = µ0 and

so

−εkzl2(−1|εk)

< µ0 + (1− µ0)

(
2

(
1

2

(
1− µ0

1− µ0

)
−

(
J(L− l − 1) +

1

1− µ0

)
εk + J(L− l − 1)εk

)
− 1

)

= µ0 + (1− µ0)

(
−µ0 − εk

1− µ0

)
= −εk,

i.e. zl2(−1|εk) > 1. Note that zl2(1|εk) = − 1
εk

. It is then straightforward to check that zl2(·|εk), z1(·|εk)
satisfy the assumptions of Lemma C.8, which shows that for l the system of equations (46) and

(47) have a solution ζk,l2 , ζk,l1 ∈ [−1, 1]. This implies that

−1 < ζk,l2 (C) =
1

εk
[−µ̃k,l + (1− µ̃k,l)(1− 2α̃k,l1 )] < 1

−εk < −µ̃k,l + (1− µ̃k,l)− 2(1− µ̃k,l)α̃k,l1 = 1− 2µ̃k,l − 2(1− µ̃k,l)α̃k,l1 < εk

Rearranging and using the fact that α̃k,l1 ∈ BJL−l−1ε(q
L−l−1(0)) yields

2(1− µ̃k,l)α̃k,l1 − ε
k < 1− 2µ̃k,l < 2(1− µ̃k,l)α̃k,l1 + εk

2(1− µ̃k,l)(qL−l−1(0)− JL−l−1εk)− εk < 1− 2µ̃k,l < 2(1− µ̃k,l)(qL−l−1(0)) + JL−l−1εk) + εk

2(1− µ̃k,l)qL−l−1(0)− JL−lεk < 1− 2µ̃k,l < 2(1− µ̃k,l)qL−l−1(0) + JL−lεk

which can be further rearranged to

2qL−l−1(0)− JL−lεk < 1− 2(1− qL−l−1(0))µ̃k,l < 2qL−l−1(0) + JL−lεk.

Substituting Bayes’ rule for µ̃k,l gives

−1 + 2qL−l−1(0)− JL−lεk < −2(1− qL−l−1(0))µ0

µ0 + (1− µ0)α̃k,l−1
1

< −1 + 2qL−l−1(0) + JL−lεk
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2(1− qL−l−1)φ∗

1− 2qL−l−1(0)− JL−lεk
> φ∗ + α̃k,l−1

1 >
2(1− qL−l−1(0))φ∗

1− 2qL−l−1(0) + JL−lεk

(1− JL−lεk)φ∗

1− 2qL−l−1(0)− JL−lεk
> α̃k,l−1

1 >
(1 + JL−lεk)φ∗

1− 2qL−l−1(0) + JL−lεk

Finally, Lemma 48 yields α̃k,l−1
1 ∈ BJL−lεk

(
qL−l(0)

)
. By induction, α̃k,01 = BJLεk

(
qL(0)

)
.

I show that these are mutual best responses. For any t, let l ≡ l̄(t). I sometimes abuse notation

by letting “l” take the place of “t,” e.g. σ∗1(l) instead of σ∗1(t), to mean some period t satisfying

l̄(t) = l. For all l ≥ 1, the benefit to player 2 of playing c over that of d at history C is

∆V2(µ̃k,l, α̃k,l1 , z2) = µ̃k,l + (1− µ̃k,l)[2α̃k,l1 − 1] + εk∆z2 = −εkζk,l2 (C) + εk∆z2

so σ̃k2 (l, C, z2) is a best response. For both the empty history ∅ and history D, the belief is 0,

so for all l ∈ {1, ..., L} and small enough εk, ∆V2(0, α̃k,l1 , z2) < 0 for all z2 and so σ̃k2 (∅, z2) =

σ̃k2 (l,D, z2) = 0 is a best response. For l = 0, α̃k,01 = BJLεk
(
qL(0)

)
. Since qL(0) > 1

2 , for small

enough εk, ∆V2(0, α̃k,01 , z2) > 0 for all shocks z2 ∈ Z2 and so σ̃k2 (l = 0, C, z2) = σ̃k2 (l = 0, D, z2) = c

is a best response. Turning to player 1, for 0 ≤ l < L, I have

∆V1(l, z1) = −(1− δ) + 2(1− δ)δ(α̃k,l+1
2 (C)− α̃k,l+1

2 (D)) + εk∆z1

= (1− δ)[−1 + 2δ(1−∆Ψ2(ζk,l+1
2 ))] + εk∆z1 = −εkζk,l1 + εk∆z1

so σ̃k1 (l, z1) is a best response. For l = L, ∆V1(l, z1) = −(1 − δ) + 2(1 − δ)δ(α̃k,02 (C) − α̃k,02 (D)) +

εk∆z1 = −(1 − δ) + εk∆z1 and so for small enough εk, σ̃k1 (l = L − 1, z1) = D for all z1 ∈ Z1 is a

best response.

The arguments above showed that α̃k,l1 ∈ BJL−l−1ε(p
L−l−1) for each l, which implies that

limk→∞ α̃
k,l
1 = σ∗1(l). The fact that ζk,l1 ∈ [−1, 1] for l < L implies that as εk → 0, (1 −

δ)[1 − 2δα̃k,l2 (C)] → 0 and hence α̃k,lk (C) → 1
2δ . Convergence for σ̃k,l2 (l,D, z2) = 0 for l ≥ 1

and σ̃2(l = 0, C, z2) = σ̃2(l = 0, D, z2) = 1 is trivial. Thus, (σ̃k)k converge in outcomes to σ∗.

C.2.4 Non-Stationary Maximum Payoff Equilibrium (1
2 < µ0 ≤ 1)

The maximum payoff equilibrium is defined as follows:

σ∗2(t, h) =


1 even t, h ∈ {C,D}

0 even t, h = D

1 odd t

σ∗1(t) =

0 even t

1 odd t.

Since σ∗2 is sequentially strict, purifying it is straightforward. Define the strategies the same way

for the perturbed games, ignoring the shocks: σ̃ki (t, h) ≡ σ∗i (t, h) for all i, t, h.

For player 2, the posterior belief at each date-history is given by p(t, h) where p(t, C) = p(t,∅) =

µ0 for even t, p(t, C) = µ0 for odd t, and p(t, h) = 0 for h = D. The benefit of playing c over d is
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given by

∆V2(t, h, ᾱ1, z2) = p(t, h) + (1− p(t, h))[2ᾱ1 − 1] + εk∆z2

=



µ0 − (1− µ0) + εk∆z2 even t, h = C

−1 + εk∆z2 even t, h = D

1 + εk∆z2 odd t, h = C

µ0 + (1− µ0) + εk∆z2 odd t, h = D;

so for small enough εk, σ̃k2 is a best response for all z2 (recall µ0 > 1
2). For player 1,

∆V1(t, z1) =

−(1− δ) + εk∆z1 even t

(1− δ)[−1 + 2δ] + εk∆z1 odd t,

so because δ > 1
2 , for small enough εk, σ̃k1 is a best response for all z2 at each period. Since σ̃k

gives identical outcomes to σ∗, convergence in outcomes is clear.

C.3 Non-Quasi-Markov Equilibria

Define the firm’s strategy as σ1(∅a2) = 1
2(1 − φ∗), σ1(Da2) = 1

2 and σ1(Ca2) = 1−3φ∗

2(1−φ∗) for both

a2 ∈ {c, d}. It can be checked that this strategy makes the consumer indifferent at all histories

∅, C,D (at all periods). To keep the firm indifferent, it must be that σt2(C) = σt2(D) + 1
2δ , but

otherwise can choose any σt2(C) =
[

1
2δ , 1

]
. I am free to choose any σ0

2(∅) without affecting the

firm’s incentives. The equilibrium payoff can be calculated by evaluating the strategy of playing D

every period (a best response):

(1− δ)

[
σ2(∅)u1(c, C) + (1− σ2(∅))u1(d,C) +

∞∑
t=1

δt[σ2(C)u1(c, C) + (1− σ2(C))u1(d,C)]

]

= (1− δ)

[
2σ2(∅) +

∞∑
t=1

2δtσ2(C)

]
= 2(1− δ)σ2(∅) + 2δσ2(C).

Then choose any σ2(∅) ∈ [0, 1], σ2(C) ∈
[

1
2δ , 1

]
to get an equilibrium with a payoff in [1, 2].

C.4 Proof of Proposition 5.2

By Proposition 3.4, for any stationary public wPBE (σ, µ), there exists a self-generating HBP

(φ, µ, γ) enforcing an HBA (φ, µ, α) such that σ2(h) = α2(h), σ1(h) = α1(h), and Vσ(h) = γ(h) for

all h ∈ Y K and a2 ∈ A2. Define η ≡ 1−δ
δ . I begin with a lemma bounding the “clean history” payoff

from below by exactly the Stackelberg payoff (recall that IK = {CK}).

Lemma C.10. Suppose µ0 > 0. There exists K∗(µ0) such that for all K > K∗, γ(IK) ≥ 2.
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Proof. Pick K∗ > 1/2φ∗. Suppose by contradiction that γ(IK) < 2. This implies that α2(IK) < 1,

for otherwise player 2 would always play c at IK , yielding γ(IK) ≥ (1 − δ)u(c, C) + δV (IK) =

2(1− δ) + δγ(IK) =⇒ γ(IK) ≥ 2, a contradiction. Thus d is a best reply for player 2 at IK , so I

have

2[µ(IK) + (1− µ(IK))α1(IK)] + (1− µ(IK))(1− α1(IK)) ≥ 3[µ(IK) + (1− µ(IK))α1(IK)].

Solving for α1(IK) gives α1(IK) ≤ 1−2µ(IK)
2(1−µ(IK)) . Substituting Bayes’ rule yields

α1(IK) ≤
1− 2µ0

µ0+(1−µ0)φ(IK)

2
(

1− µ0

µ0+(1−µ0)φ(IK)

) =
(1− µ0)φ(IK)− µ0

2(1− µ0)φ(IK)
=

1

2

(
1− φ∗

φ(IK)

)
. (49)

Since α1(IK) ≥ 0, we can bound φ(IK) from below: 0 ≤ 1 − φ∗

φ(IK) =⇒ φ(IK) ≥ φ∗. Inducibility

(see (1)) requires

φ(IK) = φ(IK)α1(IK) + φ(IK−1)α1(IK−1) ≤ [φ(IK) + φ(IK−1)] · 1

2

(
1− φ∗

φ(IK)

)
(50)

which can be rearranged to φ(IK−1) ≥ φ(IK)+φ∗

1−φ∗/φ(IK) > 2φ∗. Inducibility also requires that 2φ∗ ≤
φ(IK−1) ≤ φ(IK−2) ≤ · · · ≤ φ(I0). Then

∑K
k=0 φ(Ik) ≥ 2Kφ∗ > 1 for all K ≥ K∗, which violates

Definition 3.1 for history distribution φ, a contradiction. �

Lemma C.11. γ(I0) = 1 or γ(Ik) ≥ γ(I0) + η for all k ∈ {1, ...,K}.

Proof. Suppose by contradiction that γ(I0) > 1 and there exists k ∈ {1, ...,K} such that γ(Ik) <

γ(I0) + η. Then at histories h ∈ Ik−1, C is not a best reply so α1(Ik−1) = 0. At Ik−1 the belief

is µ(Ik−1) = 0, so player 2’s payoff for playing c is 0 while the payoff for d is 1, so d is the strict

best response: α2(Ik−1) = 0. Thus, γ(Ik−1) = (1 − δ)u1(d,D) + δV (I0) = (1 − δ) + δγ(I0) ≤
γ(I0) < γ(I0) + η. By induction γ(Ik′) = (1 − δ) + δγ(I0) for each k′ ∈ {0, ..., k − 1}. Thus,

γ(I0) = (1− δ) + δγ(I0) =⇒ γ(I0) = 1, a contradiction. �

For the rest of the proof, assume K > K∗, and so γ(IK) ≥ 2. Suppose γ(IK) > γ(I0) +η. Since

player 1’s best response at IK is C, I have γ(IK) = (1− δ)u1(c, C) + δγ(IK) = 2(1− δ) + δγ(IK),

which implies γ(IK) = 2. Then player 1’s best response at history CK−1 (at period K − 1) is C,

so player 2’s best response at CK−1 is c: Vσ(CK−1) = (1− δ)u(c, C) + δγ(IK) = 2. By backwards

induction, Vσ(Ck) = 2 for all k ∈ {0, ...,K − 1}, so V (σ) = 2.

Now suppose γ(IK) < γ(I0) + η. Lemma C.11 implies that γ(I0) = 1. Since δ > 1
2 , I have

γ(I0) > γ(IK)− 1−δ
δ ≥ 2− 1−δ

δ > 1, a contradiction.

For the remainder of the proof suppose that γ(IK) = γ(I0) + η. Note that since C is a best

response, γ(IK) = 2(1− δ) + δγ(IK), so then γ(IK) = 2 =⇒ γ(I0) = 2− η. By Lemma C.11 this

implies γ(IK−1) ≥ 2, but since C is a best response, γ(IK−1) = 2(1 − δ) + δγ(IK) = 2. Note that

this requires σ2(IK) = σ2(IK−1) = 1.
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Since (σ, µ) is purifiable, by Proposition 4.2 there exists a sequence (ψl, εl)l, such that ψl ∈
∆∗(Z) and εl → 0, and a sequence of strategy profiles (σ̃l)l, such that σ̃l is a wPBE of the (ψl, εl)-

perturbed game, which converges in outcomes to σ. By Proposition 4.1, each σ̃l is essentially

sequentially strict and hence quasi-Markov. I prove the following claim:

Claim C.1. Suppose that for some j ∈ {1, ...,K − 1}: there exists l∗ such that for all l > l∗,

Vσ̃l(I
j
j ) ≥ Vσ̃l(IK), Vσ̃l(I

j
k) = Vσ̃l(Ik) for all k < j, and liml→∞ Vσ̃l(I

j
j ) = 2. Then Vσ̃l(I

j−1
j−1 ) ≥

Vσ̃l(IK), Vσ̃l(I
j−1
k ) = Vσ̃l(Ik) for all k < j − 1, and liml→∞ Vσ̃l(I

j−1
j−1 ) = 2.

First, note that the decision problem for the firm at Ij−1
k−1 is identical to that at Ik for all

k ∈ {1, ..., j − 1}. Thus, σ̃l1(Ij−1
k−1) = σ̃l1(Ik−1). For the consumer at Ij−1

k−1, the belief (zero) and the

firm’s expected behavior σ̃l1(Ij−1
k−1) — and therefore the decision problem — are identical at Ik−1. For

almost all shocks z2 ∈ Z2, the consumer has the same strict best response σ̃l2(Ij−1
k−1, z2) = σ̃l2(Ik−1, z2)

and so
∫
σ̃l2(Ij−1

k−1, z2) dψ(z2) =
∫
σ̃l2(Ik−1, z2) dψ(z2). Thus, Vσ̃l(I

j−1
k−1) = Vσ̃l(I

j
k) = Vσ̃l(Ik).

Consider the decision problem for the firm at the clean initial history Ij−1
j−1 . Note that the

intertemporal incentive is at least as strong at Ij−1
j−1 as at IK−1: Vσ̃l(I

j
j ) − Vσ̃l(I

j
0) ≥ Vσ̃l(IK−1) −

Vσ̃l(I0). Denote Eσ̃li(h) ≡
∫
σ̃li(h, zi) dψ(zi). I omit the straightforward argument that Eσ̃l1(Ij−1

j−1 ) ≥
Eσ̃l1(IK−1), i.e. in expectation the firm plays C at least as frequently (it is essentially a simpler

version of the argument for the consumer immediately below). For the consumer at Ij−1
j−1 , they have

both belief µ(Ij−1
j−1 ) ≥ µ0 and are facing a firm playing C with probability Eσ̃l1(Ij−1

j−1 ) ≥ Eσ̃l1(IK−1).

Let Ũ l2(a2|h, z2) be the consumer’s expected payoff for playing a2 at history h given shock z2.Then

∆Ũ l2(h, z2) ≡ Ũ l2(c|h, z2)− Ũ l2(d|h, z2)

= [[µ(h) · 3 + (1− µ(h))(3Eσ̃l1(h, z1) + 0 · σ̃l1(h, z1)) + εlzc2]

−[µ(h) · 2 + (1− µ(h))(2Eσ̃l1(h, z1) + (1− Eσ̃l1(h, z1)) + εlzd2 ]]

= µ(h) + (1− µ(h))(2Eσ̃l1(h, z1)− 1) + εl∆z2

where ∆z2 ≡ zc2 − zd2 . Note that

∆Ũ l2(Ij−1
j−1 , z2) = µ(Ij−1

j−1 ) + (1− µ(Ij−1
j−1 ))(2Eσ̃l1(Ij−1

j−1 )− 1) + εl∆z2

≥ µ0 + (1− µ0)(2Eσ̃l1(IK−1)− 1) + εl∆z2]

and

∆Ũ l2(IK−1, z2) = 2Eσ̃k1 (IK−1)− 1 + εl∆z2

for all z2. Let zl2(h) be the value of ∆z2 such that ∆Ũ l2(h, z2) = 0. Then

0 ≥ µ0 +(1−µ0)(2Eσ̃l1(IK−1)−1)+εlzl2(Ij−1
j−1 ) =⇒ zl2(Ij−1

j−1 ) ≤ − 1

εl
[µ0 +(1−µ0)(2Eσ̃l1(IK−1)−1)]

(51)

0 = 2Eσ̃k1 (IK−1)− 1 + εlzl2(IK−1) =⇒ zl2(IK−1) = − 1

εl
[2Eσ̃l1(IK−1)− 1] (52)

Purifiability requires limlEσ̃
l
2(IK−1) = σ2(IK−1) = 1 =⇒ liml z

l
2(IK−1) ≤ −1, which implies
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limlEσ̃
l
1(IK−1) ≥ 1

2(1 + εl). Substituting this bound into (51) shows there exists l′ such that for

all l > l′, zl2(Ij−1
j−1 ) < −1 =⇒ Eσ̃l2(Ij−1

j−1 ) = 1. Then

Vσ̃l(I
j−1
j−1 )

= 2(1− δ)Eσ̃l2(Ij−1
j−1 ) +

∫
max{(1− δ)εzC1 + δVσ̃l(I

j
j ), (1− δ)(1 + εzD1 ) + δVσ̃l(I

j
0)} dψ(z1)

≥ 2(1− δ)Eσ̃l2(IK) +

∫
max{(1− δ)εzC1 + δVσ̃l(IK), (1− δ)(1 + εzD1 ) + δVσ̃l(I0)} dψ(z1)

= Vσ̃l(IK),

for large l since it must be that 1 = Eσ̃l2(Ij−1
j−1 ) ≥ Eσ̃l2(IK). Also, σ1(Ij−1

j−1 ) = limlEσ̃
l
1(Ijj ) ≥

limlEσ̃
l
1(IK−1) = σ1(IK−1) > 0, it must be that liml Vσ̃l(I

j−1
j−1 ) = 2(1 − δ) + δ liml Vσ̃l(I

j
j ) = 2.

Thus, Claim C.1 is proven.

Defining IKk ≡ Ik for all k, we can see that the hypothesis of Claim C.1 is true for j = K, and

by induction it is also true for all j < K, including j = 0. Thus, V (σ) = liml Vσ̃l(I
0
0 ) = 2.

C.5 Proof of Proposition 5.3

Define q̄(ξt+1, µ
0) so that ξt+1 = 1

2(q̄(ξt+1, µ
0)−φ∗), which is solved to get q̄(ξt+1, µ

0) = 2ξt+1 +φ∗.

Define L̄(µ0) as the maximum integer k such that q̄k(0, µ0) ≤ 1. For brevity I generally omit the

argument “µ0,” e.g. “q̄(ξ).” Define r̄(ξt) ≡ 1
2(ξt − φ∗) as the inverse of q̄(·). Recall the abuse of

notation Vj(v1, v2) ≡ (1− δj)v1 + δjv2, where v1, v2 ∈ R.

The following lemma shows that v∗(δ, µ0)− β = VL̄(1, 2− η)− β is a lower bound on the set of

purifiable equilibrium payoffs when memory is long.

Lemma C.12. Let any β > 0 be given. There exists K∗ such that for all K > K∗, every purifiable

wPBE σ of the full game satisfies V (σ) ≥ V L̄(1, 2− η)− β.

Proof. Let Jσ ≡ {t ∈ {0, ...,K−1} : Vσ(Itt ) < V(2, Vσ(It+1
t+1 ))} denote the set of “low” initial periods.

I show that the size of this set |Jσ| ≤ L̄. For any j ∈ Jσ, a necessary condition is that σ̃2(Ijj ) < 1,

and so d must be a best response for the consumer. Hence

3[µ(Ijj ) + (1− µ(Ijj ))σ̃1(Ijj )] ≤ 2[µ(Ijj ) + (1− µ(Ijj ))σ̃1(Ijj )] + (1− µ(Ijj ))(1− σ̃1(Ijj ))

which can be solved for σ1(Ijj ) ≤ 1−2µ(Ijj )

2(1−µ(Ijj ))
=

1−2µ0/[µ0+(1−µ0)Pσ̃(Ijj |θ0)]

2(1−µ0/[µ0+(1−µ0)Pσ̃(Ijj |θ0)])
= 1

2

(
1− φ∗

Pσ(Ijj |θ0)

)
. Since

Pσ(Ij+1
j+1 |θ0) = Pσ(Ijj |θ0)σ1(Ijj ), we have

Pσ(Ij+1
j+1 |θ0) ≤ Pσ(Ijj |θ0) · 1

2

(
1− φ∗

Pσ(Ijj |θ0)

)
=

1

2

(
Pσ(Ijj |θ0)− φ∗

)
= r̄(Pσ(Ijj |θ0)).

Suppose by contradiction that L′ ≡ |Jσ| > L̄, denoting {j1, j2, ..., jL′} = Jσ such that j1 <

· · · < jL′ without loss of generality. Then there would exist t ∈ {0, ...,K} such that Pσ(Itt |θ0) ≤
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r̄(Pσ(IL
′

L′ |θ0)) ≤ · · · ≤ r̄L
′
(Pσ(I0

0 |θ0)). Yet by the definition of L̄, r̄L
′
(Pσ(I0

0 |θ0)) ≤ r̄L
′
(1) < 0, a

contradiction.

Let L̃ ≡ |Jσ| ≤ L̄, and denote {j1, j2, ..., jL̃} = Jσ such that j1 < · · · < jL̃ without loss

of generality. By definition of Jσ and L̃, it must be that Vσ(I
jL̃+1
jL̃+1 ) ≥ VK−(jL̃+1)(2, Vσ(K, IK))

where Vσ(K, IK) is the payoff at the clean history at period K. For each l < L̃, Vσ(Ijl+1
jl+1 ) ≥

Vjl+1−jl(2, Vσ(K, IK)).

For j ∈ Jσ such that j ≥ 1, the fact that Vσ(Ijj ) < V(2, Vσ(Ij+1
j+1 )) requires that that D is a best

response for the firm and that Pσ(Ijj |θ0) > 0 (otherwise, the consumer’s belief would be 1). These

facts require that Vσ(Ijj ) = (1 − δ)(1 + 2σ2(Ijj )) + δVσ(Ij+1
0 ) and that Vσ(Ijj ) ≥ Vσ(I0

0 ) + η. Note

that Vσ(Ij0) ≥ (1− δ) + δVσ(Ij+1
0 ). I can then write

Vσ(Ijj ) = (1− δ)(1 + 2σ2(IjJ)) + δVσ(Ij+1
0 ) ≥ Vσ(Ij0) + η ≥ (1− δ) + δVσ(Ij+1

0 ) + η

which can be solved to find that σ2(Ijj ) ≥ 1
2δ . Since Vσ(Ijj ) is bounded from below by the payoff

conditional on playing C, I can write

Vσ(Ijj ) ≥ 2σ2(Ijj )(1− δ) + δVσ(Ij+1
j+1 ) ≥ 2 · 1

2δ
(1− δ) + δVσ(Ij+1

j+1 ) = V

(
1

δ
, Vσ(Ij+1

j+1 )

)
.

Note that for j = 0, we can simply bound Vσ(∅) ≥ δVσ(I1
1 ).

The above arguments imply that Vσ(∅) ≥ δVL̃−1
(

1
δ ,V

K−L̃(2, Vσ(K, IK))
)

. For any β > 0,

there exists K∗ such that for K ≥ K∗, Vσ(∅) ≥ δVL̃−1
(

1
δ , 2
)
− β which can be rearranged to get

Vσ(∅) ≥ (1− δL̃) +
(
2− 1−δ

δ

)
δL̃ − β. Since L̃ ≤ L̄ the lemma is proven. �

I now give the natural adaptation of the machinery of Section 3 to the (ψ, ε)-perturbed game.

HBPs carry over directly, but HBAs must be slightly modified into objects I call“pHBAs”to account

for the payoff shocks.

Definition C.1. A perturbed action profile mapping (pAM) α : Y K × Θ × Z → ∆A2 × (∆A1)A2

is a mapping from a public history h, type θ, and shocks z to mixed actions for each player

α(·|h, θ, z) ≡ (α2(·|h, z2), α1(·|ha2, θ, z1)), where α(a|h, θ, z) denotes the probability of pure action

profile a being played given h and θ. The set of all AMs is denoted Ã.

Definition C.2. A history distribution, belief mapping, and perturbed action profile mapping

object (pHBA) (φ, µ, α) is a triplet containing an HB (φ, µ) combined with an pAM α. The set of

all pHBAs is denoted X̃ ≡ M× Ã.

Definition C.3. The set of new HBs that are ψ-inducible by the pHBA x ≡ (φ, µ, α) is denoted

by the correspondence Υψ : X̃ ⇒M. Υψ(x) is the set of HBs (φ̃, µ̃) such that for each θ ∈ Θ,

φ̃(h′y|θ) =
∑

h′∈τ(h)

∑
a2∈A2

∑
y∈Y

φ(h|θ)
∫
α2(a2|h, z2)α1(a1|ha2, θ, z1)ρ(y|a2, a1) dψ(z) (53)

and µ̃ ∈Mφ̃ (i.e. µ̃ is pinned down by Bayes’ rule on the support of φ̃).
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I can then construct perturbed version of enforceability.

Definition C.4. For any W ⊂ W, a pHBA x ≡ (φ, µ, α) ∈ X̃ is (ψ, ε)-enforceable on W if there

exists HBP w̃ ≡ (φ̃, µ̃, γ̃) ∈W such that

1. Inducibility: the distribution over histories and beliefs must be consistent: (φ̃, µ̃) ∈ Υψ(x)

(see Definition C.3).

2. Short-run player incentive compatibility: player 2 has no profitable deviations:

∑
θ∈Θ

∫ ∑
a2∈A2

ũ2(α1(ha′2, θ, z1), α2(h, z2), z2)α2(a2|h, z2)µ(θ|h) dψ(z1)

≥
∑
θ∈Θ

∫
ũ2(α1(ha′2, θ, z1), a′2, z2)µ(θ|h) dψ(z1)

for all z2 ∈ Z2, a′2 ∈ A2.

3. Long-run player incentive compatibility: player 1 has no profitable deviations: for all

h ∈ Y K , a2 ∈ A2, a′1 ∈ A1, z1 ∈ Z1

Va2,z1(x, w̃)(h) ≡ (1− δ)ũ1(a2, α1(ha2, θ0), z1) + δ
∑
a1∈A

∑
y∈Y

α1(a1|ha2, θ0, z1)ρ(y|a1, a2)γ̃(hy)

≥ (1− δ)ũ1(a′1, a2, z1) + δ
∑
y∈Y

ρ(y|a2, a1)γ̃(hy)

where Va2,z1(x, w̃) ∈ Γ is a payoff function.

Given pHBA x ≡ (φ, µ, α) enforced by w̃, abuse notation by letting V(x, w̃) ∈ Γ be the expected

player 1 payoff upon arriving at history h: V(x, w̃)(h) =
∫ ∑

a2∈A2
α2(a2|h, z2)Va2,z1(x, w̃)(h) dψ(z).

From this point, the analogous definitions of (ψ, ε)-decompose and (ψ, ε)-self-generating are given

by inserting“(ψ, ε)-” in the appropriate places and are omitted. Let Bψ,ε(W ) denote the set of HBPs

that are (ψ, ε)-decomposed by a set of HBPs W . Define the (ψ, ε)-perturbed (φ, µ)-variant game as

a straightforward adaptation of the construction of the (ψ, ε)-perturbed game in Section 4 to the

(unperturbed) (φ, µ)-variant game defined in Definition 3.6. Similarly, for a given payoff function

γ, define the (ψ, ε)-perturbed γ-antegame as the adaptation of the (unperturbed) γ-antegame in

Definition 3.15. Define Σ
(ψ,ε)∗
γ as the set of wPBEs of the (ψ, ε)-perturbed γ-antegame. For any

HBP (φ, µ, γ), define the set of “matching” γ-antegame equilibria

Σ
(ψ,ε)∗
(φ,µ,γ) ≡ {σ̃ ∈ Σ(ψ,ε)∗

γ : ∀h ∈ Y K , ∀θ ∈ Θ, Pσ̃(h|θ) = φ(h|θ)}

and Eψ,ε(φ,µ,γ) ≡ {V (σ̃) : σ̃ ∈ Σ
(ψ,ε)∗
(φ,µ,γ)}, allowing the “initialization operator” analogue of Definition

3.16.

Definition C.5. Let a set of HBPs W be given. Define Vψ,ε(W ) ≡ {v ∈ Eψ,εw : w ∈W}.
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Define Eψ,ε as the set of wPBE payoffs of the (ψ, ε)-perturbed game.

Proposition C.1. Let any set of (ψ, ε)-self-generating HBPs W be given (that is, W ⊂ Bψ,ε(W )).

Then Vψ,ε(W ) ⊂ Eψ,ε.

The proof is a straightforward adaptation of the proofs of Propositions 3.1 and 3.3.

Note. From this point forward, definitions pertain specifically to the product choice game (or its

perturbed versions).

I introduce some useful notation and constructions for the lemmas below. Let any pHBA

x ≡ (φ, µ, α) enforced by some HBP w̃ be given. Recall from Proposition 4.1 that wPBEs of

the perturbed game are quasi-Markov perfect. The same logic shows that for almost all shocks

z ∈ Z and h, h′ ∈ Ik for all k, α2(h, z2) = α2(h′, z2) and α1(ha2, ha2, z1) = α1(ha2, h
′a′2, z1) for all

a2, a
′
2 ∈ {c, d}. For brevity, I abbreviate values of payoff functions γ using a subscript k as follows:

γk ≡ γ(Ik) = γ(h) for all h ∈ Ik.
Let a sequence (ψl, εl)l such that ψl ∈ ∆∗(Z), εl → 0, and (εl)l is strictly decreasing be

given. I abbreviate Bl(·) ≡ Bψl,εl(·). The Chebyshev distance between two payoff functions γ, γ′ is

‖γ − γ′‖∞ = maxk{|γk − γ′k|}.

Definition C.6. Define Γ̃ as the set of payoff functions γ satisfying

γK > γK−1 > · · · > γ1 > γ0 > γK − 2(1− δ) + 2ε (54)

and define W̃ ≡ {(φ, γ) : γ ∈ Γ̃}.

I construct several functions that capture the incentive compatibility requirements in the (ψ, ε)-

perturbed game. Define ζ̂1 : R → R as follows. Suppose the firm is at some date-history t, Ik for

k < K, and choosing C reaches Ik+1 next period with continuation payoff vk+1, while choosing D

reaches I0 with continuation payoff v0. Then ζ̂1(vk+1−v0) gives the shock difference ∆z1 = zC1 −zD1
at which the firm would be indifferent between C and D (note that if |vk+1 − v0| > ε, then

|ζ̂1(vk+1 − v0)| > 1 meaning a strict preference for all shocks z1). More formally, ζ̂1(vk+1 − v0)

satisfies

(1− δ)εζ̂1(vk+1 − v0) + δvk+1 = (1− δ) + δv0

ζ̂1(vk+1 − v0) ≡ zC1 − zD1 =
1

ε

1

1− δ
[(1− δ)− δ(vk+1 − v0)] = −1

ε

δ

1− δ
(vk+1 − v0 − η)).

Define π̂1(ζ1) as the probability that the plays C given indifference at shock difference ζ1: π̂1(ζ1) =∫ ζ1
0 1{∆z1 > ζ1} dψ(z1) where 1{∆z1 > ζ1} is an indicator function equal to 1 if ∆z1 > ζ1. (Note

that π̂1(ζ1) = 1 for ζ1 < −1 and π̂1(ζ1) = 0 for ζ1 > 1.)

Define ζ̂2 : R → R similarly for the consumer. Suppose the consumer is at some history Ik for

k < K, and the firm will subsequently be indifferent between C and D when the shock difference

∆z1 is equal to some threshold ζ1. ζ̂2(ζ1) gives the shock difference ∆z2 = zc1− zd1 at which player 2

is indifferent given player 1’s indifference at shock difference ζ1 (given belief 0 since k < K). That
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is, ζ̂2(ζ1) satisfies

3π̂1(ζ1) + εζ̂2(ζ1) = 2π̂1(ζ1) + (1− π̂1(ζ1)) =⇒ ζ̂2(ζ1) ≡ zc2 − zd2 =
1

ε
(1− 2π̂1(ζ1)).

Also define π̂2(ζ2) =
∫ ζ2

0 1{∆z2 > ζ2} dψ(z2). For convenience define π̂∗1(∆v) ≡ π̂1(ζ̂1(∆v)), π̂∗2(∆v) ≡
π̂2(ζ̂2(ζ̂1(∆v))).

Define ĝ : R2 → R as follows. Suppose a history t, Ik for k < K is reached, and the continuation

payoffs for the firm are vk+1 ≡ V (t + 1, Ik+1), v0 ≡ V (t + 1, I0). Define ĝ(vk+1, v0) to give what

must be the continuation payoff V (t, Ik):

ĝ(vk+1, v0) = 2(1− δ)π̂2(ζ̂2(ζ̂1(vk+1 − v0)))

+

∫
max{(1− δ)εzC1 + δvk+1, (1− δ)(1 + εzD1 ) + δv0} dψ(z1). (55)

The t, IK case is handled separately here. Note that given continuation payoffs vK ≡ V (t +

1, IK), v0 ≡ V (t+ 1, I0), the firm is still indifferent at shock difference ζ̂1(vK − v0). Define ζ̄2(ζ1, ξ)

as the shock difference ∆z2 at which the consumer is indifferent given that the firm is indifferent

at shock difference ζ1, and where ξ is the probability that the normal type arrives at IK at period

t. Denote the belief at (t, IK) as µ̄(ξ) ≡ µ0

µ0+(1−µ0)ξ
. The consumer is indifferent if

3 [µ̄(ξ) + (1− µ̄(ξ))π̂1(ζ1)] + εzc2 = 2 [µ̄(ξ) + (1− µ̄(ξ))π̂1(ζ1)] + (1− µ̄(ξ))(1− π̂1(ζ1)) + εzd2 ,

so then

ζ̄2(ζ1, ξ) ≡ zc2 − zd2 =
1

ε
((1− µ̄(ξ))(1− π̂1(ζ1))− [µ̄(ξ) + (1− µ̄(ξ))π̂1(ζ1)])

=
1

ε
(1− 2[µ̄(ξ) + (1− µ̄(ξ))π̂1(ζ1)]) . (56)

Similar to above, define

ḡ(vK , v0, ξ) = 2(1− δ)π̂2(ζ̄2(ζ̂1(vK , v0), ξ))

+

∫
max{(1− δ)εzC1 + δvK , (1− δ)(1 + εzD1 ) + δv0} dψ(z1). (57)

Let Bε(v) denote the open ball of radius ε centered at v. Abbreviate z̄aii ≡
∫
zaii dψ(zi) as the

expected value of the shock to action ai.

The following result shows that, roughly speaking, a sequence of bounded (ψl, εl)-self-generating

subsets of W̃ that converge in payoffs, with corresponding perturbed antegame equilibria that also

converge in outcomes, yield a purifiable equilibrium payoff in the limit.

Lemma C.13. Let a sequence (W l, wl, σ̃l)l be given where for each l, W l ⊂ W̃ is a bounded set

of (ψl, εl)-self-generating set of HBPs; wl ≡ (φl, γl) ∈ W l; and σ̃l ∈ Σ
(ψl,εl)∗
(φl,γl)

is a wPBE of the

(ψl, εl)-perturbed γl-antegame consistent with φl. Suppose there exists l∗ such that for all l > l∗:
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1. For each pair of HBPs ŵl ≡ (φ̂l, γ̂l), w̃l ≡ (φ̃l, γ̃l) ∈ W l such that ŵl ∈ Bl(w̃l), there exists a

sequence (ŵl
′
, w̃l

′
)∞l′=l+1 such that:

(a) for each l′, ŵl
′ ∈ Bl′(w̃l

′
), and

(b) for some finite κ > 0, ‖γ̂l − γ̂l′‖∞ < κεl and ‖γ̃l − γ̃l′‖∞ < κεl.

2. For all (φ, γ) ∈W l, γK ∈ Bε(2).

3. The antegame equilibria (σ̃l)l converge in outcomes to some limit: for all t ∈ {0, ...,K−1}, k, i,(∫
σ̃li(I

t
k, zi) dψ(zi)

)
l

is a convergent sequence.

Then there exists a purifiable wPBE σ of the unperturbed game G∞ such that V (σ) = liml→∞ V (σ̃l).

Proof. For each l, Proposition C.1 shows that the existence of (W l, wl, σ̃l) — i.e., a bounded self-

generating set W l containing wl and a wPBE σ̃l of the (ψl, εl)-perturbed γl-antegame — implies

the existence of a wPBE σ̄l of the (ψl, εl)-perturbed full game such that V (σ̄l) = V (σ̃l). With

straightforward modifications to the proof of Proposition 3.3, the proof of Proposition C.1 constructs

σ̄l so that for all t < K, k, i, σ̄li(t, Ik, zi) = σ̃li(t, Ik, zi), and also constructs a sequence of HBPs

(wl,t ≡ (φl,t, γl,t))∞t=K in W l such that wl,K ≡ wl and for all t ∈ {K,K+1, ...}, wl,t ∈ Bl(wl,t+1) and

Vσ̄l(t, Ik) = γl,tk . Since
∫
σ̄li(I

t
k, zi) dψ(zi) =

∫
σ̃li(I

t
k, zi) dψ(zi) for all t < K, the convergence of the

sequence
(∫
σ̃li(I

t
k, zi) dψ(zi)

)
l

implies convergence in outcomes of (σ̄l)l for initial periods t < K.

The rest of the proof shows convergence in outcomes for t ≥ K. The statement of the proposition

implies that we can choose (wl,t)∞t=K so that for each t ∈ {K,K + 1, ...}, ‖γl,t− γl′,t‖∞ < κεl for all

l′ > l. Thus, the sequence (γl,t)l is a Cauchy sequence with some limit γ∗t. Furthermore, because

γlK ∈ Bε(2) for all l, γ∗tK = 2.

We can see that this implies convergence in outcomes to a wPBE of the unperturbed game as

follows. Let k < K and t ≥ K be given. If γ∗t+1
k+1 > γ∗t+1

0 + η, then for l large enough, it must be

that σ̄l1(t, Ik, z1) = C for all z1 (since εl → 0). Similarly, if γ∗t+1
k+1 < γ∗t+1

0 + η, then for large l, it

must be that σ̄l1(t, Ik, z1) = D for all z1. For large l, the consumer’s best response in each case is

clearly σ̄l2(t, Ik, z2) = c and σ̄l2(t, Ik, z2) = d, respectively.

For the rest of the proof consider the case where γ∗t+1
k+1 = γ∗t+1

0 +η. The fact that γl,t ∈ Γ̃ means

γl,tK > γl,tK−1 > · · · > γl,t1 > γl,t0 > γl,tK − 2(1− δ) + 2εl. (58)

Let pHBA xl,t ≡ (φl,t, µl,t, αl,t) be given such that wl,t is (ψl, εl)-decomposed by xl,t, wl,t+1 and

αl,ti (Ik, zi) = σ̄l(t, Ik, zi) (this is possible due to Definition C.4).

Denote Eαl,ti (Ik) ≡
∫
αl,ti (Ik, zi) dψ(zi). I show that Eαl,t1 (I0) < Eαl,t1 (I1) < · · · < Eαl,t1 (IK−1).

Suppose not, so there exists k ∈ {0, ...,K − 2} such that Eαl,t1 (Ik) = π̂∗1(γl,t+1
k+1 − γl,t+1

0 ) ≥
Eαl,t1 (Ik+1) = π̂∗1(γl,t+1

k+2 − γl,t+1
0 ). Note that π̂∗i (·) is weakly increasing. Since γl,t+1

k+1 − γl,t+1
0 <

γl,t+1
k+2 − γ

l,t+1
0 it must be that Eαl,t1 (Ik) = Eαl,t1 (Ik+1) ∈ {0, 1}. If Eαl,t1 (Ik) = Eαl,t1 (Ik+1) = 1, the

fact that γl,t+1 also satisfies (58) means Eαl,t1 (Ik+2) = · · · = Eαl,t1 (IK−1) = Eαl,t1 (IK) = 1, which
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implies

γl,tK−1 = ĝ(γl,t+1
K−1 , γ

l,t+1
0 ) = (1− δ)(2 + εlz̄C1 ) + δγl,t+1

K = ḡ(γl,t+1
K , γl,t+1

0 ) = γl,tK ,

a contradiction of (58). If Eαl,t1 (Ik) = Eαl,t1 (Ik+1) = 0, similar reasoning as above implies that

Eαl,t1 (Ik−1) = · · · = Eαl,t1 (I0) = 1, which yields γl,tk = (1−δ)(1+εlz̄D1 )+δγl,t+1
0 = γl,tk−1 = · · · = γl,t0 ,

a contradiction of (58).

Because αl,t1 (IK−1, z1) = αl,t1 (IK , z1) for almost all z1, the fact that γl,tK > γl,tK−1 implies that

Eαl,t2 (IK−1) < Eαl,t2 (IK). The fact that Eαl,t1 (IK−1) > 0 for all l implies that γ∗t+1
K ≥ γ∗t+1

0 + η.

Furthermore, it cannot be that γ∗t+1
K > γ∗t+1

0 +η; otherwise for large l we would have Eαl,t1 (IK−1) =

Eαl,t1 (IK) = 1 which implies Eαl,t2 (IK−1) = Eαl,t2 (IK) = 1 and so γl,tK−1 = γl,tK , a contradiction.

I show that liml(Eα
l,t
2 (IK))l = 1. Suppose not; then for some β > 0, for any l′ there exists l > l′

such that Eαl,t2 (IK) ≤ 1− β. Then

γl,tK ≤ 2(1− δ)Eαt,l2 (IK−1) + δγl,t+1
K + εl ≤ 2(1− δ)(1− β) + δγl,t+1

K + εl. (59)

Recall that γ∗tK = liml γ
l,t
K = liml γ

l,t+1
K = 2, so (59) is a contradiction.

I also show Eαl,t2 (I0) > 0. Suppose not: Eαl,t2 (I0) = 0. Recall that γl,tK > 2−ε and γl,t+1
K > 2−ε,

so γl,tK > (2 − ε)(1 − δ) + δγl,t+1
K > 2(1 − δ) + δγl,t+1

K − ε. Then γl,t0 ≤ 2(1 − δ) · 0 + δγl,t+1
K + εl <

γl,tK − 2(1− δ) + 2εl, a contradiction of (58).

For large l, the fact that 0 < Eαl,t2 (I0), Eαl,t2 (IK−1) < 1, imply that 0 < Eαl,t1 (I0), Eαl,t1 (IK−1) <

1; since Eαl,t1 (I0) < Eαl,t1 (I1) < · · · < Eαl,t1 (IK−1) and Eαl,t2 (Ik) = π̂∗2(∆v) is strictly increas-

ing for values ∆v ∈ {∆v′ ∈ R : 0 < π̂∗2(∆v′) < 1}, I have 0 < Eαl,t2 (I0) < Eαl,t2 (I1) <

· · · < Eαl,t2 (IK−1) < 1. Note that γl,tk ∈ Bεl(2Eα
l,t
2 (Ik)(1 − δ) + δγl,t+1

k+1 ). The convergence of

(γl,tk , γ
l,t+1
k+1 , ε

l)l → (γ∗tk , γ
∗t+1
k+1 , 0) clearly implies that (Eαl,t2 (Ik))l converges. Furthermore, for k < K

each Eαl,t2 (Ik) ∈ (0, 1) implies a unique Eαl,t1 (Ik) (reasoning from the definition of π̂2(·)), and so

the convergence of Eαl,t2 (Ik) implies the convergence of Eαl,t1 (Ik).

Since
∫
σ̄li(t, Ik, zi) dψ(zi) = Eαl,ti (Ik) for all t ≥ K, k, i, the above proves that (σ̄l)l converges in

outcomes for all date-histories in periods t ≥ K. Define the strategy profile σ̄∗ of the (unperturbed)

full game so that σ̄∗i (t, Ik) ≡ liml

∫
σ̄li(t, Ik, zi) dψ(zi). It is then straightforward to check that σ̄∗

constitutes a wPBE of the unperturbed game. �

The rest of the proof establishes the existence of a purifiable wPBE σ such that V (σ) = VL̄(1, 2−
η), constructing a sequence satisfying the assumptions of Lemma C.13. Let µ0 ∈ (0, 1

2) be given

such that q̄L̄(0, µ0) < 1, which is true for almost all µ0 ∈ (0, 1
2). The following lemma establishes

that for any HBP in W̃ , it is possible to construct an HBP w′ ∈ W̃ that (ψ, ε)-generates it.

Lemma C.14. For small enough ε, there exists a continuous function f : Γ̃ → Γ̃ such that for

any HBP w ≡ (φ, γ) ∈ W̃ , there exists an HBP w′ ≡ (φ′, f(γ)) ∈ W̃ such that w ∈ Bψ,ε(w′).
Furthermore, f0(γ) + η(1− ε) < f1(γ) < · · · < fK(γ) < f0(γ) + η(1 + ε).

Proof. The proof is by construction. Note that ζ̂i(·), π̂i(·), π̂∗i (·), ζ̄2(·) are continuous, and therefore
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ĝ(·), ḡ(·) are as well. Moving v′0 ∈ R through values “near” (within ε of) v′k+1 − η lets ĝ(v′k+1, v
′
0)

span a range given by

ĝ(v′k+1, v
′
0) =

(1− δ)(2 + εz̄C1 ) + δ(v′0 + η) v′0 = v′k+1 − η − εη

(1− δ)εz̄D1 + δ(v′0 + η) v′0 = v′k+1 − η + εη.

Furthermore, if (1 − δ)ε + δ(v′0 + η) < ĝ(v′k+1, v
′
0) < (1 − δ)(2 + εz̄C1 ) + δ(v′0 + η), then (55) (the

definition of ĝ(·)) implies that 0 < π̂∗2(v′k+1 − v′0) ≤ 1, which yields

−1 ≤ ζ̂2(ζ̂1(v′k+1 − v′0)) =
1

ε
(1− 2π̂∗1(v′k+1 − v′0)) < 1 =⇒ 1

2(1− ε) < π̂∗1(v′k+1 − v′0) ≤ 1
2(1 + ε).

Therefore, for any v′K satisfying

(1− δ)ε+ δv′K < γK−1 < (1− δ)(2 + εz̄C1 ) + δv′K (60)

there exists some v′0 ∈ [v′K − η − εη, v′K − η + εη] such that ĝ(v′K , v
′
0) = γK−1 and

1
2(1− ε) < π̂∗1(v′K − v′0) ≤ 1

2(1 + ε). (61)

Solving (60) for v′K yields

1

δ

[
γK−1 − (1− δ)(2 + εz̄C1 )

]
< v′K <

1

δ
[γK−1 − (1− δ)ε] .

Define interval V(vK−1) ≡
(

1
δ

[
vK−1 − (1− δ)(2 + εz̄C1 )

]
, 1
δ [vK−1 − (1− δ)ε]

)
. Then I can say for

any v′K ∈ V(γK−1), there exists some v′0 such that ĝ(v′K , v
′
0) = γK−1 and (61) is true. Define the set

S ≡ {(v′K , vK−1) ∈ R2 : v′K ∈ V(vK−1)}. The continuity of ĝ(·) implies the existence of continuous

function s : S→ R such that γK−1 = ĝ(v′K , s(v
′
K |γK−1)), s(v′K |γK−1) ≤ v′K − η + ηε and26

lim
v′K→inf V(γK−1)

s(v′K |γK−1) = v′K − η − εη. (62)

From (56) (the definition of ζ̄2(·)) we have ζ̄2(ζ̂1(v′K −v′0), ξ) = 1
ε (1−2[µ̄(ξ) + (1− µ̄(ξ))π̂∗1(v′K −

v′0)]), and substituting (61) yields

ζ̄2(ζ̂1(v′K − s(v′K |γK−1)), ξ) <
1

ε
(1− 2[µ̄(ξ) + 1

2(1− µ̄(ξ))(1− ε)])

= −1

ε
µ̄(ξ) + (1− µ̄(ξ)) ≤ 1−

(
1 +

1

ε

)
µ0

26 (62) follows from the fact that if v′K ≡ inf V(γK−1) = 1
δ

[
γK−1 − (1− δ)(2 + εz̄C1 )

]
and v′0 ≡ v′K − η − εη, then

ζ̂1(v′K − v′0) = −1

ε
η(v′K − [v′K − η − εη]− η) = −1

ε
η(−εη) = 1,

and so π̂∗1(v′K − v′0) = 1 which implies ĝ(v′K , v
′
0) = (1− δ)(2 + εz̄C1 ) + δ · 1

δ

[
γK−1 − (1− δ)(2 + εz̄C1 )

]
= γK−1.
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for all v′K ∈ V(γK−1). Then for ε small enough, ζ̄2(ζ̂1(v′K − s(v′K |γK−1)), ξ) < −1 (meaning the

consumer strictly prefers c for all shocks), and from (57) we have

ḡ(v′K , s(v
′
K |γK−1)), φK) = 2(1−δ)+Eψ(z1)[max{(1−δ)εzC1 +δv′K , (1−δ)(1+εzD1 )+δs(v′K |γK−1)}].

(63)

Thus ḡ(v′K , s(v
′
K |γK−1), φK) is independent of φK .

From (55) (the definition of ĝ(·)) we have

γK−1 = 2(1− δ)π̂∗2(v′K − s(v′K |γK−1))

+Eψ(z1)[max{(1− δ)εzC1 + δv′K , (1− δ)(1 + εzD1 ) + δs(v′K |γK−1)}].

(62) implies that

lim
v′K→inf V(γK−1)

π̂∗1(v′K − s(v′K |γK−1)) = 1 =⇒ lim
v′K→inf V(γK−1)

π̂∗2(v′K − s(v′K |γK−1)) = 1.

Note that

ḡ(v′K , s(v
′
K |γK−1)), φK)− ĝ(v′K , s(v

′
K |γK−1)) = 2(1− δ)[1− π̂∗2(v′K − s(v′K |γK−1))], (64)

and so

lim
v′K→inf V(γK−1)

ḡ(v′K , s(v
′
K |γK−1)), φK) = γK−1 < γK . (65)

Let any β > 0 be given. Suppose that v′K > supV(γK−1)− β. Then

γK−1 = 2(1− δ)π̂∗2(v′K − s(v′K |γK−1))

+Eψ(z1)[max{(1− δ)εzC1 + δv′K , (1− δ)(1 + εzD1 ) + δs(v′K |γK−1)}]

> 2(1− δ)π̂∗2(v′K − s(v′K |γK−1)) + δ

(
1

δ
[γK−1 − (1− δ)ε]− β

)
= 2(1− δ)π̂∗2(v′K − s(v′K |γK−1)) + γK−1 − βδ − (1− δ)ε

which yields π̂∗2(v′K − s(v′K |γK−1)) < βδ
2(1−δ) + 1

2ε. From (64) this yields

ḡ(v′K , s(v
′
K |γK−1)), φK)− ĝ(v′K , s(v

′
K |γK−1)) > 2(1− δ)

[
1− βδ

2(1− δ)
− 1

2
ε

]
= (2− ε)(1− δ)− βδ.

Thus, for β < ε
δ we have

ḡ(v′K , s(v
′
K |γK−1)), φK) > ĝ(v′K , s(v

′
K |γK−1)) + (2− ε)(1− δ)− βδ

> ĝ(v′K , s(v
′
K |γK−1)) + (2− ε)(1− δ)− ε

> γK−1 + 2(1− δ)− 2ε > γK (66)
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where the last step is due to the fact that γ ∈ Γ̃ (see Definition C.6). The continuity of ḡ(·) together

with (65) and (66) prove that there exists some v′K ∈ V(γK−1) such that ḡ(v′K , s(v
′
K |γK−1)) = γK .

Thus, there exist continuous functions fK : Γ̃→ R, f0 : Γ̃→ R such that

γK = ḡ(fK(γ), s(fK(γ)|γK−1), φK), f0(γ) = s(fK(γ)|γK−1).

From (63), we have γK = 2(1−δ)+Eψ(z1)[max{(1−δ)εzC1 +δv′K , (1−δ)(1+εzD1 )+δs(v′K |γK−1)}] >
3(1− δ) + δf0(γ). Then δf0(γ) < γK − 3(1− δ), and so

ĝ(f0(γ), f0(γ)) = (1− δ)(1 + εz̄D1 ) + δf0(γ) < (1− δ)(1 + εz̄D1 ) + γK − 3(1− δ) (67)

= γK − 2(1− δ) + εz̄D1 < γ0. (68)

There exists some v′K−1 ∈ (f0(γ), fK(γ)) such that ĝ(v′K−1, f0(γ)) = γK−2 because ĝ(f0(γ), f0(γ)) <

γ0 < γK−2 < γK−1 = ĝ(fK(γ), f0(γ)). Similarly, for each k ∈ {1, ...,K−2}, there exists v′k such that

ĝ(v′k, f0(γ)) = γk−1. Thus, for each k ∈ {1, ...,K − 1} there exists continuous function fk : Γ̃ → R
satisfying ĝ(fk(γ), f0(γ)) = γk−1.

Define function f : Γ̃→ Γ̃ so that for f(γ) = γ′, γ′k = fk(γ) for each k ∈ {0, ...,K}. To see that

f(γ) ∈ Γ̃, note that

γ0 = ĝ(f1(γ), f0(γ)) < γ1 = ĝ(f2(γ), f0(γ)) < · · · < γK−1 = ĝ(fK(γ), f0(γ)),

and since ĝ(v′k+1, v
′
0) is strictly increasing in v′k+1, it must be that f1(γ) < f2(γ) < · · · < fK(γ).

Furthermore, for all v′k+1 < f0(γ) + η(1 − ε), we can see from (67) - (68) that ĝ(v′k+1, f0(γ)) =

(1− δ)(1 + εz̄D1 ) + δf0(γ) < γ0, and so it must be that f0(γ) + η(1− ε) < f1(γ) < · · · < fK(γ).

The definition of s(fK(γ)|γK−1) requires (61) which implies

η − 1− δ
δ

ε = η(1− ε) < fK(γ)− f0(γ) < η +
1− δ
δ

ε = η(1 + ε) (69)

, and f1(·), ..., fK−1(·) are defined so that f0(γ) < f1(γ) < · · · < fK−1(γ). Since δ > 1
2 I have

η < 2(1− δ), and thus for small enough ε, f0(γ) > fK(γ)− (1 + ε)η > fK(γ)− 2(1− δ) + 2ε. Since

γ′k ≡ fk(γ) for all k, it has been shown that γ′ ∈ Γ̃.

I complete the construction of HBP w′ ≡ (φ′, γ′). Let pHBA x ≡ (φ, µ, α) so that for all k < K,

α1(Ik, z1) =

C ∆z1 ≥ ζ̂1(γ′k+1 − γ′0)

D ∆z1 < ζ̂1(γ′k+1 − γ′0)
α2(Ik, z2) =

c ∆z2 ≥ ζ̂2(ζ̂1(γ′k+1 − γ′0))

d ∆z2 < ζ̂2(ζ̂1(γ′k+1 − γ′0))

α1(IK , z1) =

C ∆z1 ≥ ζ̂1(γ′K − γ′0)

D ∆z1 < ζ̂1(γ′K − γ′0)
α2(IK , z2) =

c ∆z2 ≥ ζ̄2(ζ̂1(γ′K − γ′0), φK)

d ∆z2 < ζ̄2(ζ̂1(γ′K − γ′0), φK).

Then define φ′0 ≡
∑

k

(
1−

∫
α1(Ik, z1) dψ(z1)

)
φk, φ

′
K ≡

∑K
k=K−1 φk

∫
α1(Ik, z1) dψ(z1), and φ′k ≡

φk−1

∫
α1(Ik−1, z1) dψ(z1) for all k ∈ {1, ...,K−1}. The constructions of ζ̂i(·), ζ̄2(·), ĝ(·), ḡ(·) ensure
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that x is (ψ, ε)-enforced by w′, and w is (ψ, ε)-decomposed by x,w′. �

The next lemma characterizes f(γ) when γK is particularly large and small, i.e. outside Bε(2).

Lemma C.15. Let v̄ ≡ 2 + ε and v ≡ 2− ε. The following hold:

1. If γ ∈ Γ̃ and γK ≥ v̄, then fK(γ) > γK .

2. If γ ∈ Γ̃ and γK ≤ v, then fK(γ) < γK .

Proof. This proof reuses the notation and constructions in the proof of Lemma C.14.

Proof of Part 1: Let γ ∈ Γ̃ where γK ≥ v̄ be given. Suppose by contradiction that fK(γ) ≤ γK .

The proof of Lemma C.14 shows that

γK = 2(1− δ) + Eψ(z1)[max{(1− δ)εzC1 + δfK(γ), (1− δ)(1 + εzD1 ) + δf0(γ)}] (70)

and due to (69) (i.e. because the firm is playing D with positive probability at IK), we have

γK ≤ 2(1 − δ) + (1 − δ)(1 + ε) + δf0(γ) = (1 − δ)(2 + ε) + δ(f0(γ) + η) which can be solved for

f0(γ) ≥ 1
δ [γK − (1− δ)(2+ε)]−η. (69) implies that f0(γ) < fK(γ)−η(1−ε), so fK(γ)−η(1−ε) ≥

f0(γ) ≥ 1
δ [γK−(1−δ)(2+ε)]−η which is solved to find γK ≤ (2+ε)(1−δ)+δfK(γ) ≤ (1−δ)v̄+δγK ,

which implies γK < v̄, a contradiction.

Proof of Part 2: Let some γ ∈ Γ̃ where γK ≤ v be given. Suppose by contradiction that

fK(γ) ≥ γK . From (70) we have γK ≥ 2(1 − δ) + (1 − δ) + δf0(γ) = 2(1 − δ) + δ(f0(γ) + η) =⇒
f0(γ) ≤ 1

δγK−3η. From (69), f0(γ) ≥ fK(γ)−η(1+ε). Then fK(γ)−η(1+ε) ≤ f0(γ) ≤ 1
δγK−3η

which is solved to find γK ≥ (1 − δ)(2 − ε) + δfK(γ) ≥ (1 − δ)v + δγK , which implies γK > v, a

contradiction. �

Inductively define fm(γ) so that f1(γ) ≡ f(γ) and fm+1(γ) ≡ f(fm(γ)). It will be convenient to

separate a payoff function γ into two parts: the value at IK (i.e. γK) and all other values (a K-length

vector γ−K ≡ (γ0, ..., γK−1) ∈ RK). I use the notation (γ−K , γK) ≡ γ and fm(γ−K , γK) ≡ fm(γ).

The following lemma and its corollaries show it is possible to construct a self-generating set

with an HBP (φ, γ ≡ (γ−K , γK)) with a particular γK and arbitrary γ−K satisfying (71).

Lemma C.16. Let any K-length vector γ−K ≡ (γ0, ..., γK−1) ∈ RK such that

2− ε > γK−1 > · · · > γ1 > γ0 > 2− 2(1− δ) + 2ε = 2δ + 2ε (71)

be given. Let any m ≥ 1 be given. Then there exist vm, v̄m where v < vm < v̄m < v̄ such that

fmK (γ−K , v̄
m) = v̄, fmK (γ−K , v

m) = v, and for all v ∈ (vm, v̄m), v < fmK (γ−K , v) < v̄. Furthermore,

v < v1 < · · · < vm < v̄m < · · · < v̄1 < v̄ for all m.

Proof. The proof is by induction, first proving the m = 1 case. From (71), (γ−K , v) and (γ−K , v̄) are

in the set Γ̃. Lemma C.15 shows that fK(γ−K , v̄) > v̄ and fK(γ−K , v) < v. Because f(·) is contin-

uous, there exists some v1, v̄1 ∈ (v, v̄) where v1 < v̄1 such that fK(γ−K , v̄
1) = v, fK(γ−K , v̄

1) = v̄,

and for all v ∈ (v1, v̄1), v < fK(γ−K , v) < v̄.
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Now suppose there exists some m such that for all m′ ∈ {1, ...,m}, the lemma has been proven,

i.e. there exist vm, v̄m where v < v1 < · · · < vm < v̄m < · · · < v̄1 < v̄ such that fmK (γ−K , v
m) = v,

fmK (γ−K , v̄
m) = v̄, and for all v ∈ (vm, v̄m), v < fmK (γ−K , v) < v̄. Lemma C.15 implies that

fm+1
K (γ−K , v

m) < v and fm+1
K (γ−K , v̄

m) > v̄. The continuity of f(·) implies that there exist

vm+1, v̄m+1 ∈ (vm, v̄m) such that fm+1
K (γ−K , v

m+1) = v, fm+1
K (γ−K , v̄

m+1) = v̄, and for all v ∈
(vm+1, v̄m+1), v < fm+1

K (γ−K , v) < v̄. �

Corollary C.2. There exists v such that vm < v < v̄m for all m.

Proof. Lemma C.16 proves that (vm)m is an increasing sequence bounded from above by v̄, so it

has some limit v∗ ≡ limm v
m. Similar reasoning, plus the fact that vm < v̄m for all m, shows that

there exists limit v̄∗ ≡ limm v̄
m ≥ v∗. Then any v ∈ [v∗, v̄∗] satisfies vm < v < v̄m for all m. �

Corollary C.3. Let any γ−K ≡ (γ0, ..., γK−1) ∈ RK such that it satisfies (71) be given. There

exists payoff function γ ≡ (γ−K , γK) where γK ∈ (2− ε, 2 + ε) such that for any history distribution

φ, there exists a bounded (ψ, ε)-self-generating set W ∗ containing (φ, γ). Furthermore, for every

(φ′, γ′) ∈W ∗, γ′0 ∈ Bε(1+η)(2− η); γ′k ∈ B2ε(2− ε) for all k ∈ {1, ...,K − 1}; and γ′K ∈ Bε(2).

Proof. From Corollary C.2, pick γK such that 2 − ε < vm < γK < v̄m < 2 + ε for all m, and let

γ ≡ (γ−K , γK). Denote w0 ≡ (φ0, γ0) ≡ (φ, γ). Since γ0 satisfies (54), w0 ∈ W̃ . Lemma C.14

states that there exists w1 ≡ (φ1, γ1) ∈ W̃ such that w0 ∈ Bψ,ε(w1). Furthermore, v1 < γ0
K < v̄1

means v < γ1
K = fK(γ0) < v̄. Suppose that there exists some wm ≡ (φm, γm) ∈ W̃ where

w0 ∈ Bψ,ε(w1), w1 ∈ Bψ,ε(w2), ..., wm−1 ∈ Bψ,ε(wm), and γm = fm(γ0). Then Lemma C.14 states

that there exists wm+1 ≡ (φm+1, γm+1) ∈ W̃ such that wm ∈ Bψ,ε(wm+1) and γm+1 = f(γm) =

fm+1(γ); also, vm+1 < γ0
K < v̄m+1 means v < γm+1

K < v̄. By induction, there exists set of HBPs

W ∗ ≡ {w0, w1, w2, ...} ⊂ W̃ such that for all m, wm ∈ Bψ,ε(wm+1); thus W ∗ ⊂ Bψ,ε(W ∗) and

(φ, γ) ∈ W ∗. For all m, v < γmK < v̄ =⇒ γmK ∈ Bε(2) and v − 2(1 − δ) + 2ε < γmk < v̄ for all k,

W ∗is bounded.

For each wm, Lemma C.14 shows that γm0 + η(1 − ε) < γm1 < · · · < γmK < γm0 + η(1 + ε).

Since γmK ∈ Bε(2), 2 − ε < γmK < γm0 + η(1 + ε) =⇒ γm0 > 2 − η − (1 + η)ε > 2 − η − 2ε and

γm0 + η(1− ε) < 2 + ε =⇒ γm0 < 2− η + (1 + η)ε < 2− η + 2ε. Then for each k ∈ {1, ...,K − 1},
γmk > γm0 +η(1−ε) > 2−η−2ε+η(1−ε) > 2−3ε = (2−ε)−2ε, and γmk < γmK < 2+ε = (2−ε)+2ε. �

The next lemma shows that constructing particular payoff functions γ can ensure a specific

continuation value at histories IL0 in any equilibrium σ̃ of the (ψ, ε)-perturbed γ-antegame.

Lemma C.17. For small enough ε, there exists K-length vector γ−K ≡ (γ0, ..., γK−1) ∈ RK sat-

isfying (71) such that for any γK ∈ R such that γ ∈ Γ̃ and any wPBE σ̃ of the (ψ, ε)-perturbed

(γ−K , γK)-antegame, Vσ̃(IL̄0 ) = vL̄ ≡ 2− η + 2ε.

Proof. Choose γ0 ≡ 2− η − 2ε. Inductively define ĝ1(·|γ0) ≡ ĝ(·, γ0), ĝm+1(·|γ0) = ĝ(ĝm(·|γ0), γ0).

Let any v, v′ ∈ (1 + ε, 2− ε) such that v < v′ be given. I show there exists ṽ, ṽ′ ∈ (1 + ε, 2− ε)
such that ĝ(ṽ, γ0) = v, ĝ(ṽ′, γ0) = v′, and ṽ′ > ṽ. Recall from arguments in the proof of Lemma
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C.14 that ĝ(γ0 + η − 2ε, γ0) < (1 − δ)(1 + ε) + δγ0 < γ0 for small ε, and since (2 − ε) − γ0 =

(2 − ε) − (2 − η − 2ε) = η + ε, ĝ(2 − ε, γ0) = (1 − δ)(2 + εz̄C1 ) + δ(2 − ε) > ṽ. Since ĝ(·, γ0) is

continuous and weakly increasing there exists ṽ ∈ (γ0 + η − 2ε, 2 − ε) such that ĝ(ṽ, γ0) = ṽ and

ṽ′ ∈ (ṽ, 2− ε) such that ĝ(ṽ′, 2− ε).
The previous paragraph shows it is possible to choose γ1, ..., γK−L̄−1 such that ĝm(γm|γ0) = γ0

for each m ∈ {1, ...,K − L̄− 1}, and γ0 < γ1 < γ2 < · · · < γK−L̄−1 < 2− ε. Similarly, I can choose

γK−L̄ < 2− ε such that ĝK−L̄(γK−L̄|γ0) = vL̄. (The proof of this lemma requires no restrictions on

γK−L̄+1, ..., γK−1, γK except γ ∈ Γ̃.)

Let σ̃ ∈ Σ∗γ,(ψ,ε) be given. Working backward, the definitions of ζ̂1(·), ζ̂2(·) imply

σ̃1(IK−1
k , z1) =

C ∆z1 > ζ̂1(γk − γ0)

D ∆z1 < ζ̂1(γk − γ0)
σ̃2(IK−1

k , z2) =

c ∆z2 > ζ̂2(ζ̂1(γk − γ0))

d ∆z1 < ζ̂1(γk − γ0)
(72)

for all k < K, and the definition of ĝ(·) implies Vσ̃(IK−1
k ) = ĝ(γk+1, γ0), and for all t < K −

1, Vσ̃(Itk) = ĝ(Vσ̃(It+1
k+1), Vσ̃(It+1

0 )). Then Vσ̃(IK−1
0 ) = ĝ(γ1, γ0) = γ0. Similarly Vσ̃(IK−2

0 ) =

ĝ(Vσ̃(IK−1
1 ), γ0) = ĝ(ĝ(γ2, γ0), γ0) = ĝ2(γ2|γ0) = γ0. Similarly, for all t ∈ {L̄ + 1, ..., L̄ − 1},

Vσ̃(It0) = ĝK−t(γK−t|γ0) = γ0. A similar argument shows Vσ̃(IL̄0 ) = ĝK−L̄(γK−L̄|γ0) = vL̄ . �

With γ ∈ Γ̃ constructed as above, I can construct a wPBE of the (ψ, ε)-perturbed γ-antegame.

Lemma C.18. Let payoff function γ ∈ Γ̃ where (γ0, ..., γK−1) are chosen as specified by Lemma

C.17 and γK ∈ Bε(2) be given. For small enough ε, there exists a wPBE σ̃ ∈ Σ∗γ,(ψ,ε) of the

(ψ, ε)-perturbed γ-antegame such that V (σ̃) ∈ B2ε(V
L̄(1, 2− η)).

Proof. (72) constructs strategies for σ̃i(I
K−1
k , zi) for all i, k < t, and almost all shocks zi ∈ Zi, which

are best responses by the construction of ζ̂i(·). Since players are indifferent at the measure zero set

of shocks omitted by (72), the actions at such shocks can be chosen arbitrarily. By construction of

ĝ(·), Vσ̃(IK−1
k ) = ĝ(γk+1, γ0). For each t ∈ {L̄+ 1, ...,K − 1}, k ∈ {1, ..., t− 1}, inductively define

σ̃1(It−1
k−1, z1) =

C ∆z1 > ζ̂1(Vσ̃(Itk)− γ0)

D ∆z1 < ζ̂1(Vσ̃(Itk)− γ0)
σ̃2(It−1

k−1, z2) =

c ∆z2 > ζ̂2(ζ̂1(Vσ̃(Itk)− γ0))

d ∆z1 < ζ̂1(Vσ̃(Itk)− γ0)

(73)

noting that Vσ̃(It−1
k−1) = ĝ(Vσ̃(Itk), γ0) since Vσ̃(IL̄0 ) = · · · = Vσ̃(IL̄0 ) = γ0 (as shown in the proof of

Lemma (C.17)). Again, the constructions of ζ̂i(·), ĝ(·) ensure these are all best responses.

For all t ∈ {L̄, ...,K−1}, set σ̃1(Itt , z1) = C, σ̃2(Itt , z2) = c. To see that these are best responses,

note that since γK > 2 − ε, we have γK − γ0 > 2 − ε − [2 − η − 2ε] = η + ε, and so at IK−1
K−1 the

firm weakly (strictly) prefers C for all (almost all) shocks z1 ∈ Z1. Since the firm always plays C

at IK−1
K−1 , the consumer strictly prefers c. Thus, Vσ̃(IK−1

K−1 ) = (1− δ)(2 + εz̄C1 ) + δγK ∈ (2− ε, 2 + ε).

Since Vσ̃(IK−1
0 ) = · · · = Vσ̃(IL̄+1

0 ) = γ0 , a backward induction argument shows that σ̃i(I
t
t , zi) is

also a best response for each t ∈ {L̄, ...,K − 1}, yielding some Vσ̃(IL̄
L̄

) ∈ (2− ε, 2 + ε).
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Having constructed best responses for periods t ≥ L̄ above, the rest of the proof constructs

strategies for t < L̄. First, for all t < L̄ and k < t, set σ̃2(Itk, z2) = d and σ̃1(Itk, z1) = D for all

z ∈ Z. Note that since Vσ̃(IL̄
L̄

) − Vσ̃(IL̄0 ) < 2 + ε − [2 − η + 2ε] = η − ε, the firm strictly prefers

D for almost all shocks z1 ∈ Z1, and so for all k ∈ {0, ...,K − 1}, the consumer strictly prefers d.

Define vL̄−1 ≡ (1 − δ)(1 + εz̄D1 ) + δvL̄. Note that Vσ̃(IL̄−1
k ) = vL̄−1 for all k < L̄ − 1, and so at

all IL̄−2
0 , ..., IL̄−2

L̄−3
the firm strictly prefers D for all z1 ∈ Z1. A backward induction argument then

shows that for all t < L̄ and k < t, σ̃2(Itk, z2) = d and σ̃1(Itk, z1) = D for all z ∈ Z. Inductively

define vk−1 ≡ (1− δ)(1 + εz̄D1 ) + δvk for each k ∈ {1, ..., L̄}. Then Vσ̃(Itk) = vt for all t < L̄, k < t.

To construct the strategies at Itt for t < t, it will be easier to first characterize the equilibrium

probabilities Pσ̃(Itt |θ0) of the normal type reaching these histories, and subsequently back out the

strategies that give rise to such probabilities. I use the variables ξ1, ..., ξL̄−1 ∈ [0, 1] to represent

Pσ̃(I1
1 ), ..., Pσ̃(IL̄−1

L̄−1
), inductively construct a system of equations for ξ1, ..., ξL̄−1 whose solution

corresponds to an equilibrium, and then show that a solution indeed exists. Define function µ̄(ξt) ≡
µ0

µ0+(1−µ0)ξt
to translate the ξt variables into beliefs.

First, define function λL̄−1(ξL̄−1) ≡ ḡ(Vσ̃(IL̄
L̄

), vL̄, ξL̄−1) (this corresponds to the value function

Vσ̃(IL̄−1
L̄−1

)), noting that it is continuous and weakly decreasing. Note that because Vσ̃(IL̄
L̄

) − vL̄ <
η − ε (i.e. the firm strictly prefers D at IL̄−1

L̄−1
) λL̄−1(ξL̄−1), λL̄−1(·) satisfies λL̄−1(0) = λ̄L̄−1 ≡

V(3 + εz̄D1 , vL̄) (corresponding to belief 1 on the honest type) and λL̄−1(1) = λL̄−1 ≡ V(1 +

εz̄D1 , vL̄) (corresponding to belief µ0 < 1
2 on the honest type). Furthermore, given that the firm

always chooses D, the consumer at IL̄−1
L̄−1

with shock z2 has a strict preference for d if 3µ̄(ξL̄−1) +

εzc2 < 2µ̄(ξL̄−1) + (1 − µ̄(ξL̄−1)) + εzd2 , which can be solved to find ∆z2 < ζ̄2(Vσ̃(IL̄
L̄

), vL̄, ξL̄−1) =
1
ε [1 − 2µ̄(ξL̄−1)]. Choosing ξ̄L−1 so that 1 = ζ̄2(Vσ̃(IL̄

L̄
), vL̄, ξ̄L̄−1) = 1

ε

[
1− 2 µ0

µ0+(1−µ0)ξ̄L̄−1

]
yields

ξ̄L̄−1 =
[

2
1−ε − 1

]
φ∗. Choosing ξ

L−1
so that −1 = ζ̄2(Vσ̃(IL̄

L̄
), vL̄, ξL̄−1

) similarly yields ξ
L̄−1

=[
2

1+ε − 1
]
φ∗. For small enough ε, 1− 3ε < 2

1+ε − 1 < 2
1−ε − 1 < 1 + 3ε.27 Recalling that q̄(0) = φ∗,

λL̄−1(ξL̄−1) =

V(3 + εz̄D1 , vL̄) ξL̄−1 ≤ q̄(0)− 3ε < (1− 3ε)q̄(0)

V(1 + εz̄D1 , vL̄) ξL̄−1 ≥ q̄(0) + 3ε > (1 + 3ε)q̄(0).

Define πL−2(ξL̄−1) = π̂∗1(λL̄−1(ξL̄−1), vL̄−1). Then πL̄−2(ξL̄−1) is continuous, weakly decreasing and

satisfies

πL̄−2(ξL̄−1) =

1 ξL̄−1 ≤ q̄(0)− 3ε

0 ξL̄−1 ≥ q̄(0) + 3ε.

The next step is to impose the requirement that for any given ξL̄−2, ξL̄−1 = ξL̄−2πL̄−2(ξL̄−1)

(which corresponds to the fact that Pσ̃(IL̄−1
L̄−1
|θ0) = Pσ̃(IL̄−2

L̄−2
|θ0)

∫
σ̃1(IL̄−2

L̄−2
, z1) dψ(z1)). Rearranging

gives

ξL̄−2 =
ξL̄−1

πL̄−2(ξL̄−1)
(74)

27Suppose by contradiction that 1− 3ε ≥ 2
1+ε
− 1. Then 1 + ε− 3ε− 3ε2 ≥ 2− (1 + ε) = 1− ε, yielding ε ≤ −3ε2,

which is clearly false for small ε. That 2
1−ε − 1 < 1 + 3ε is shown similarly.
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for πL̄−2(ξL̄−1) > 0. The right hand side is strictly increasing in ξL̄−1, starting at 0 (for ξL̄−1 = 0)

and reaching 1 for some ξL̄−1 ∈ B3ε(q̄(0)). Define function χL̄−1 : [0, 1] → [0, 1] as the value

of ξL̄−1 that satisfies (74) as a function of ξL̄−2, i.e. ξL̄−2 =
χL̄−1(ξL̄−2)

πL̄−2(χL̄−1(ξL̄−2)) . Then χL̄−1(·) is

also strictly increasing, ranging from χL̄−1(0) = 0 to χL̄−1(1) ∈ B3ε(q̄(0)). Define λL̄−2(ξL̄−2) ≡
ḡ(λL̄−1(χL̄−1(ξL̄−2)), vL̄−1, ξL̄−2).

Define τt ≡ 3(2L̄−(t+1) − 1). Suppose that for a given t ∈ {1, ..., L̄ − 2}, λt+1(ξt+1) is a weakly

decreasing function such that

1. If ξt+1 < q̄L̄−(t+1)(0)− τt+1ε, then λt+1(ξt+1) > V(1 + ε, vt+2) + η + ε.

2. If ξt+1 > q̄L̄−(t+1)(0) + τt+1ε, then λt+1(ξt+1) < V(1 + ε, vt+2).

3. πt(ξt+1) is a function defined so that πt(ξt+1) = π̂∗1(λt+1(ξt+1), vt+1).

Then πt(ξt+1) is a weakly decreasing function such that

πt(ξt+1) =

1 ξt+1 < q̄L̄−(t+1)(0)− τt+1ε

0 ξt+1 > q̄L̄−(t+1)(0) + τt+1ε
(75)

Define the function χ−1
t+1 : [0, 1] → [0, 1] as χ−1

t+1(ξt+1) ≡ ξt+1

πt(ξt+1) . Note that χ−1
t+1(ξt+1) is strictly

increasing, ranging from χ−1
t+1(0) = 0 to χ−1

t+1(ξ′t+1) = 1 at some value ξ′t+1 ∈ Bτt+1ε(q̄
L̄−(t+1)(0)).

Thus, χ−1
t+1(ξt+1) is invertible; let χt+1(ξt) be its inverse, so that

ξt =
χt+1(ξt)

πt(χt+1(ξt))
. (76)

Then χt+1(ξt) is strictly increasing, χt+1(0) = 0 and χt+1(1) ∈ Bτt+1(q̄L̄−(t+1)(0)). Further note

that for ξt+1 < q̄L̄−(t+1)(0)− τt+1ε, χt+1(ξt) = ξt.

Given the above, define function λt(ξt) ≡ ḡ(λt+1(χt+1(ξt)), vt+1, ξt). Let ξ̄t be chosen so that

ζ̄2(λt+1(χt+1(ξ̄t)), vt+1, ξ̄t) = 1, corresponding to the consumer at Itt having a strict preference for

d at almost all shocks z2 ∈ Z2 but being indifferent when ∆z2 = 1. From (56),

ε = 1−2µ̄(ξ̄t)−2(1−µ̄(ξ̄t))πt(χt+1(ξ̄t)) = 1−2
µ0

µ0 + (1− µ0)ξ̄t
−2

(
1− µ0

µ0 + (1− µ0)ξ̄t

)
πt(χt+1(ξ̄t))

which rearranges to 0 = (1 − ε)(1 − µ0)ξ̄t − (1 + ε)µ0 − 2(1 − µ0)ξ̄tπt(χt+1(ξ̄t)). Recall from (76)

that ξtπt(χt+1(ξ̄t)) = χt+1(ξ̄t), so

0 = (1− ε)(1− µ0)ξ̄t − (1 + ε)µ0 − 2(1− µ0)χt+1(ξ̄t) =⇒ ξ̄t =
1

1− ε
[(1 + ε)φ∗ + 2χt+1(ξ̄t)].

Choose ξ
t

so that

− 1 = ζ̄2(λt+1(χt+1(ξ
t
)), vt+1, ξt) =

1

ε
[1− 2µ̄(ξ

t
)− 2(1− µ̄(ξ

t
))πt(χt+1(ξ

t
))]. (77)
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Algebra similar to that above yields ξ
t

= 1
1+ε [(1− ε)φ

∗ + 2χt+1(ξ
t
)]. Note that for small enough ε,

(77) requires that πt(χt+1(ξ
t
)) < 1, and from (75) it must be that χt+1(ξ

t
) ≥ q̄L̄−(t+1)(0) − τt+1ε.

For v ≥ 0, v − 2ε < v
1+ε <

v
1−ε < v + 2ε for small enough ε.28 Then

ξ
t
> (1− ε)φ∗ + 2χt+1(ξ

t
)− 2ε > φ∗ + 2(q̄L̄−(t+1)(0)− τt+1ε)− 3ε

= φ∗ + 2(q̄L̄−(t+1)(0)− 3(2L̄−(t+1) − 1)ε)− 3ε = φ∗ + 2q̄L̄−(t+1)(0)− [3(2L̄−t − 2) + 3]ε

= q̄L̄−t(0)− τtε.

Similarly,

ξ̄t < (1 + ε)φ∗ + 2χt+1(ξ̄t) + 2ε < φ∗ + 2(q̄L̄−(t+1)(0) + τt+1ε) + 3ε

= φ∗ + 2(q̄L̄−(t+1)(0) + 3(2L̄−(t+1) − 1)ε) + 3ε = φ∗ + 2q̄L̄−(t+1)(0) + [3(2L̄−t − 2) + 3]ε

= q̄L̄−t(0) + τtε.

Then:

1. If ξt < q̄L̄−t(0)− τtε, then λt(ξt) > V(1 + ε, vt+1) + η + ε.

2. If ξt > q̄L̄−t(0) + τtε, then λt(ξt) < V(1 + ε, vt+1).

3. Define πt−1(ξt) ≡ π̂∗1(λt(ξt), vt).

By induction, the above statements hold for each t ∈ {1, ..., L̄ − 2}. From the t = 1 case, the

continuity of π0(ξ∗1) ≡ π̂∗1(λ1(ξ1), v1) and λ1(·) ensures there exists ξ∗1 ∈ Bτ1ε(q̄L̄−1(0)) such that

π0(ξ∗1) = ξ∗1 . Inductively pick ξ∗t+1 ≡ χt+1(ξ∗t ) for each t ∈ {1, ..., L̄− 2}.
With (ξ∗1 , ..., ξ

∗
L̄−1

) in hand, I complete the construction of σ̃. Define ∆Ψ1(∆z1) as the cdf of

∆z1 = zC1 − zD1 , and define ∆Ψ−1
1 (·) as the inverse of ∆Ψ1(·) (which exists because ψ has strictly

positive density). Define ξ∗0 ≡ 1, ξ∗
L̄
≡ 0. For each t ∈ {0, ..., L̄− 1}, define

σ̃2(Itt , z2) =

d ∆z2 ≤ ζ̄2(∆Ψ−1
1 (1− πt(ξ∗t+1)), ξ∗t )

c otherwise
σ̃1(Itt , z1) =

D ∆z1 ≤ ∆Ψ−1
1 (1− πt(ξ∗t+1))

C otherwise.

It is straightforward to show that Pσ̃(Itt |θ0) = ξ∗t for each t. This yields beliefs µ̄(ξ∗t ) at each

I1
1 , ..., I

L̄−1
L̄−1

consistent with Pσ̃(·), and the construction of ζ̄2(·) proves that the player 2 strategies

are best responses. It is also straightforward to check that Vσ̃(Itt ) = ḡ(λt+1(ξ∗t+1), vt+1, ξ
∗
t ) = λt(ξ

∗
t )

for each t ∈ {1, ..., L̄− 2}. Finally, note that since π0(ξ∗1) = ξ∗1 ∈ Bτ1ε(q̄L̄−1(0)) and q̄L̄−1(0) < 1
2 , it

must be that λ1(ξ∗1)− v1 < η + ε. Furthermore,

εζ̄2(ζ̂1(λ1(ξ∗1)− v1), 1) = 1− 2µ0 − 2(1− µ0)π0(ξ∗1) > 1− 2µ0 − 2(1− µ0)(q̄L̄−1(0) + τ1ε)

28To see this, suppose not: v−2ε ≥ v
1+ε

or v
1−ε ≥ v+2ε. If v−εv−2ε−2ε2 ≥ v, then−v−2−2ε ≥ 0 =⇒ 2ε ≤ −v−2

a contradiction. If v
1−ε ≥ v + 2ε, then v ≥ v − ε+ 2ε− 2ε2 =⇒ 0 ≥ 1− 2ε, a contradiction for small ε.
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and rearranging the right hand side yields

εζ̄2(ζ̂1(λ1(ξ∗1)− v1), 1) > (µ0 + (1− µ0))− µ0 − (1− µ0)
(
φ∗ + 2q̄L̄−1(0)

)
− 2(1− µ0)τ1ε

= (µ0 + (1− µ0))− µ0 − (1− µ0)q̄L̄(0)− 2(1− µ0)τ1ε

= (1− µ0)
(

1− q̄L̄(0)
)
− 2(1− µ0)τ1ε.

Since q̄L̄(0) < 1, for small enough ε it must be that ζ̄2(ζ̂1(λ1(ξ∗1)− v1), 1) > 1, and so σ̃2(I0
0 , z2) = d

for all z2 ∈ Z2. Thus, (1−δ)+δv1 < V (σ̃) < (1−δ)(1+2ε)+δv1, and since v1 = VL̄−1(1+εz̄D1 , vL̄) =

VL̄−1(1 + εz̄D1 , 2− η + 2ε) ∈ B2ε(V
L̄−1(1, 2− η)), then V (σ̃) ∈ B2ε(V

L̄(1, 2− η)). �

For each l, Lemma C.17 shows there is aK-length vector γl−K so that for any payoff function γl ≡
(γl−K , γ

l
K) for any γlK , it is possible to construct a wPBE σ̃l for the (ψl, εl)-perturbed γl-antegame

where V (σ̃l) ∈ B2εl(V
L̄(1, 2 − η)). Construct history distribution φl to match the equilibrium

probabilities of reaching final histories under σ̃l: φlk ≡ Pσ̃(Ik). Thus, σ̃l ∈ Σ
(ψ,ε)∗
(φ,γ) . Corollary

C.3 shows we can pick γlK ∈ Bεl(2) so that there exists a bounded (ψl, εl)-self-generating set

W ∗l containing (φl, γl), such that for every element w′ ≡ (φ′, γ′) ∈ W ∗l, γ′0 ∈ Bεl(1+η)(2 − η);

γ′k ∈ B2εl(2− εl) for all k ∈ {1, ...,K − 1}; and γ′K ∈ Bεl(2). Then for any l and any pair of HBPs

w̃l ≡ (φ̃l, γ̃l) ∈ W ∗l, w̃l+1 ≡ (φ̃l+1, γ̃l+1) ∈ W ∗(l+1), the Chebyshev distance between γ̃l and γ̃l+1

is bounded by ‖γ̃l − γ̃l+1‖∞ < [(2 − εl+1) + 2εl+1] − [(2 − εl) − 2εl] = εl+1 + 3εl < 4εl. From the

definition of self-generation, for each l and any pair of HBPs wl,0 ∈ W ∗l, wl+1,0 ∈ W ∗l+1, there

exist wl,1 ∈W ∗l, wl+1,1 ∈W ∗l+1 such that wl,0 ∈ Bψl,εl(wl,1), wl+1,0 ∈ Bψl+1,εl+1(wl+1,1).

Corollary C.4. The sequence
(∫
σ̃li(I

t
k, zi) dψ(zi)

)
l

converges as l→∞ for all i, t, k.

Proof. I reuse and adapt notation from the proof of Lemma C.18. Let ξ∗lt = Pσ̃l(I
t
t |θ0) for all t < L̄

and ξ∗l
L̄
≡ 0; define vl

L̄
≡ 2− η + 2εl and inductively define vlk−1 ≡ (1− δ)(1 + εlz̄D1 ) + δvlk for each

k ∈ {1, ..., L̄}. Then Vσ̃l(I
t
k) = vlt for all t < L̄, k < t. Abbreviate Eσ̃li(I

t
k) ≡

∫
σ̃li(I

t
k, zi) dψ(zi).

The proof of Lemma C.18 shows that ξ∗lt ∈ Bτ1εl(q̄
L̄−t(0)), and so liml ξ

∗l
t = q̄L̄−t(0). Since

Eσ̃l1(Itt ) = πt(ξ
∗l
t+1) and Eσ̃l2(Itt ) = ζ̄2(λt+1(ξ∗lt+1), vlt+1, ξ

∗l
t+1), (Eσ̃li(I

t
t ))l converges for all i, t < L̄.

Since σ̃l1(Itk, z1) = D and σ̃l2(Itk, z2) = d for all t < L̄, k < t, z ∈ Z, convergence is clear.

For periods t ∈ {L̄, ...,K − 1}, the proof of Lemma C.18 constructs strategies at Itk for all k < t

such that

Vσ̃l(I
t
0) = 2− η − 2εl < 2− 4εl < Vσ̃l(I

t
1) < · · · < Vσ̃l(I

t
t−1) < 2− εl. (78)

The proof of Lemma C.18 also shows that Vσ̃l(I
t
t ) ∈ Bεl(2) for all t ≥ L̄. For all t ≥ L̄, k, the fact

that the continuation payoffs (Vσ̃l(I
t
k))l converge as l→∞ and satisfy (78) allows a straightforward

adaptation of the arguments in the proof of Lemma C.13 to show that (Eσ̃li(I
t
k))l converges.29 �

29The proof of Lemma C.13 shows that the sequence (W l, wl, σ̃l)l satisfying its assumptions implies the existence
of a sequence (σ̄l)l where σ̄l is a wPBE of the (ψl, εl)-perturbed full game. For all periods t ≥ K, the proof shows
that the fact that the continuation payoffs satisfy

Vσ̄l(t, IK)− 2(1− δ) + 2εl < Vσ̄l(t, I0) < Vσ̄l(t, I0) < · · · < Vσ̄l(t, IK) ∈ Bεl(2)

plus the fact that (Vσ̄l(t, Ik))l converges for all k implies that the sequence
(∫
σ̄li(t, Ik, zi) dψ(zi)

)
l

converges.
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Thus, the assumptions of Lemma C.13 are satisfied, so there exists a purifiable wPBE σ of the

unperturbed full game G∞ such that V (σ) = liml V (σ̃l) = VL̄(1, 2− η).
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