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reputation is bad for all players. First I consider “bounded memory,” where only finitely many
recent periods are observed. For long memory, reputation is still bad. Shortening memory
avoids bad reputation but only by making it “useless.” There is no “happy middle:” reputation
is either useless or reduces equilibrium payoffs for any memory length. I find a qualitatively
different result for “fading memory,” where players randomly sample past periods with proba-
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bad reputation games, suggesting reputation leaves long-run player behavior unaffected in some

realistic word-of-mouth environments.

JEL Classification: C73; D8

Keywords: Reputation; Bounded memory; Fading memory; Mechanic game

1 Introduction

The reputation literature has shown that even very small uncertainty about a player’s type can
have dramatic effects on equilibrium behavior and payoffs. Building on the seminal work of Kreps
and Wilson (1982) and Milgrom and Roberts (1982), Fudenberg and Levine (1989; 1992) show that
in a general class of games, introducing such uncertainty assures the long-run player of a payoff
arbitrarily close to the payoff achieved by a credible commitment to an action of her choice. Ely
and Vilimiki (2003) (henceforth EV) construct a model where reputation has a similarly dramatic
but negative effect on payoffs of all players, a phenomenon they call “bad reputation.”

These models typically assume that short-run players see the full history of past outcomes.
In reality, agents often perceive reputation through only limited excerpts of the past, raising the

question: is it possible to avoid bad reputation by limiting how much of the past is seen?
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The focus of this paper is answering that question using two different relaxations of the full
memory assumption: “bounded memory” (modeling a public list of recent reviews) and “fading
memory” (modeling word-of-mouth). For the bounded memory case, I find that EV’s bad repu-
tation result holds when memory is sufficiently long (but still bounded). Shortening the memory
sufficiently avoids the bad reputation result by allowing the repeated one-shot equilibrium, but in
doing so it makes reputation “useless:” short-run players do not learn enough from the history to
make decisions that improve their payoff. I find that there does not exist a “happy middle” where
reputation is neither bad nor useless.

By contrast, fading memory can achieve this happy middle. When memory “fades” sufficiently
quickly, bad reputation is avoided. But the history is still sometimes useful to the short-run
players, and their expected payoffs are strictly greater than for the one-shot game. When fading is
sufficiently slow — agents talk to each other very frequently — the bad reputation result returns.

EV’s model, the mechanic game, has the feature that the long-run player is clearly harmed
by reputation, as are the short-run players. EV point out these dynamics could be a concern
in a number of asymmetric information settings involving expert sellers, such as auto mechanics,
lawyers, management consultants, and medical doctors. These markets generally involve consumers
who are not perfectly informed about the seller’s past. Consider motorists who solicit information
about an auto mechanic through word-of-mouth, patients who choose to see a dentist after reading
the first few reviews listed on Yelp, or a consultant who provides prospective clients with a list
of only her most recent references on her resumé. Behavior in the mechanic game within settings
where consumers have a limited view of the past may shed light on both positive questions, such
as when and why experts are hired in real markets with this feature, and normative issues, such as
the optimal design and welfare effects of review websites.

In the mechanic game, the “good” mechanic (rational long-run player) and the motorist (short-
run player) have coinciding interests in the stage game: the motorist’s car has a problem, and both
want the problem fixed correctly. Motorists do not know which repairs their cars need (either a
cheap tune-up or an expensive engine replacement), but the mechanic does. The motorist would
like to hire the good mechanic instead of an outside option, if she does the right repair. However,
the introduction of even a tiny probability that the mechanic is a commitment type (the “bad”
mechanic, who performs an expensive engine replacement no matter what problem the car has)
impedes the ability of the good mechanic and motorists to cooperate.

When motorists can see the entire history of hiring decisions and repairs, a history with suffi-
ciently many engine replacements and no tune-ups yields a belief that the mechanic is likely enough
to be bad that not hiring is necessarily preferable. All subsequent motorists avoid the mechanic,
“freezing” the bad belief and preventing the mechanic from ever being hired again. At a “criti-
cal” history, where the mechanic is just one engine replacement away from a frozen bad belief, a
sufficiently patient good mechanic is inevitably tempted into performing a tune-up, even when an
engine replacement is needed, to signal that she is good. Such signaling behavior is harmful to the

motorist receiving the unnecessary tune-up, whose best response is to not hire. Before the critical



history, the mechanic’s anticipation of the critical motorist’s decision not to hire must lead to a
certain (possibly unnecessary) tune-up even earlier, so this previous motorist also does not hire,
and so on by backward induction, leading to a complete unraveling of the market and no hiring on
the equilibrium path of all renegotiation-proof Nash equilibria.

However, real mechanics likely do not expect that any particular action is certain to be observed
by every subsequent customer. Even if a mechanic knew with certainty that a customer would
immediately report her actions to the world in a review on Yelp, she knows that many future
potential customers may not see the review, either because they do not check Yelp at all, or because
with time, the review is eventually pushed out of sight on the first page. Word-of-mouth seems
particularly unlikely to yield fully informed customers due to its decentralized, random nature.

The online review example motivates the bounded memory model, where each motorist sees a
finite number of periods into the past, but no further.! I find that when memory is long enough,
exactly the same equilibrium behavior as the full memory model is obtained because the events in
the beginning periods “echo” through the participation decisions of the motorists. If the mechanic
signals that she is good with a tune-up, all motorists who see that first tune-up hire her, while the
next “generation” of motorists, who do not see that tune-up but see all the hiring that followed, infer
her type and also hire even if they see only engine replacements, and so on forever. By contrast,
performing only engine replacements early on eventually leads to the mechanic not being hired,
and subsequent motorists can infer that the mechanic never performed a tune-up, even in periods
they no longer observe, leading to a critical history and thus bad reputation.

Making the memory too short for an individual motorist to learn much about the mechanic
allows an equilibrium that avoids the bad reputation result, with the one-shot equilibrium played
repeatedly. But reputation is also rendered “useless:” it does not help players because it is too
uninformative to have any effect on behavior at all. In this case, customers would not bother
paying any cost (such as the time to open a webpage) to view the mechanic’s history, as it never
provides valuable information that would change their decision — they are just as happy going into
the decision “blind.”

Under bounded memory, is there a way to provide valuable information to motorists without
doing more harm than good? I show that the answer is “no.” Any equilibrium for any memory
length either gives the motorists (as well as the mechanic) an expected payoff lower than that of the
one-shot game, or motorists have the same expected payoff and are no better off paying attention to
the history than ignoring it. Providing useful information to future customers unavoidably tempts
the mechanic into harmful signaling, and so reputation is either bad or useless under bounded
memory.

The second type of history observation I consider is “fading memory,” where motorists see the

In addition to the standard assumption of stationary strategies, I also use a robustness refinement (purifiability
in the sense of Harsanyi, 1973) to rule out unrealistically fragile equilibria. This refinement requires equilibria be
robust to tiny, private perturbations in payoffs, motivated by the fact that models are only approximate, rather than
exact, descriptions of reality. Section 3.2 has a detailed discussion.

2This also raises the question of why, for example, the owner of an online review site would expend resources
providing such memory to customers.



last period with probability A € (0,1), the second-to-last period with probability A?, and so on
for all past periods. This can be thought of as modeling the decentralized randomness of word-of-
mouth. Imagine a town where residents leave randomly with some probability each period (and
new residents take their place), swapping stories about the mechanic with those who happen to be
in town at the time but not with those who have left; a motorist asking around about the mechanic
will more likely hear about the most recent experiences, while ancient history is nearly forgotten.?

Like long bounded memory, fading memory yields the bad reputation result for high A. Unlike
bounded memory, when A is small enough, reputational incentives are too weak to cause bad
reputation, but reputation is still useful. This result seems reasonably realistic: the good mechanic
is not diverted from serving customers by extremely strong reputation incentives, good and bad
mechanics are both sometimes hired, and some of the more discerning customers avoid the bad
type.

Why does fading memory avoid the “bad or useless” result for bounded memory? Bounded
memory allows an unbroken chain of observations from the first customer through all subsequent
customers: what happens in period 0 is seen in period 1, what happens in period 1 is seen in
period 2, and so on. Therefore, what happens in any period ¢ can affect what happens at any
future period even after period t is forgotten. When the memory is long enough, this “echo” is
exactly what happens, causing bad reputation. By contrast, the gradual, random forgetting of
fading memory bounds the probabilities of such observation chains, thereby limiting reputational
incentives.

In fact, this result for fading memory with low A\ applies to a more general class of reputation
games: when the long-run player has a strictly dominant action in the stage game, the long-run
player behaves myopically and always chooses that dominant action (as though reputation did not
exist), while the payoffs of short-run players are often greater than under the static game because
they are sometimes well-informed. This class includes many good reputation games, such as the
chain store game of Selten (1978), variants of which have been widely used to study reputation.*

The assumption of “low A” does not mean trivially small: for a patient mechanic, it corresponds
to a given motorist talking to an average of % future potential customers about their experience,
high enough to cover scenarios with significant (but not totally ubiquitous) word-of-mouth commu-
nication.? The result is also robust to any correlation between observations, allowing applications
to more centralized communication like online forums where public messages “fade” over time. This
suggests reputation may be too weak to affect long-run player behavior in many real word-of-mouth
situations.

Though fading memory is intended as a model of word-of-mouth communication, it differs

3Note that this model means a resident telling one future customer is correlated with the same resident telling
another customer. All the fading memory results are robust to such correlation as long as the departures of residents
are independent, and the result for low A is robust to any correlation between observations.

“See, for example, Pitchik (1993), Aoyagi (1996), and Wiseman (2008).

5Section B.2 of the Appendix gives a higher upper bound that allows talking to an average of % future motorists,
given some reasonable restrictions on equilibria, which can be even higher depending on the parameterization of the
stage game.



importantly from existing work on word-of-mouth (e.g. Ellison and Fudenberg, 1995 and Banerjee
and Fudenberg, 2004) where players randomly sample some fixed number of past events. Key
differences include that under fading memory, the “sample size” is random, and that players are
more likely to observe the recent past than distant past. The fading of past events is critical for
ruling out the never-ending echo that occurs in the bounded memory case.

This paper also relates to other (full memory) extensions of the mechanic game. EV show that
when the motorist is also a long-run player, an equilibrium exists where the mechanic and motorist
are able to interact. Mailath and Samuelson (2006) consider the possibility of random “captive con-
sumers,” who hire no matter the history. Ely, Fudenberg, and Levine (2008) extend bad reputation
to a broader class of games, illustrating the difference between bad and good reputation. Though
this paper only considers bounded and fading memory as applied to the original EV mechanic game,
there is no apparent reason why similar results would not apply to such generalizations.

Bounded memory repeated games without reputation have been the topic of a number of papers
(for example, see Sabourian, 1998; Mailath and Olszewski, 2011; and Bhaskar, Mailath, and Morris,
2013) but such games with reputation are relatively unexplored. Liu and Skrzypacz (2014) study
a bounded memory product choice game with reputation, finding cyclical behavior, the “riding of
reputation bubbles.” Liu (2011) also finds cyclical equilibria in an environment where short-run
players incur a cost to observe limited records of past long-run player actions. These papers show
reputation being continually accumulated, exploited, and then replenished.

A key assumption behind these cyclical results is that only the long-run player’s actions are
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observed, which Liu and Skrzypacz call “limited records.” This assumption makes models more
tractable, and Liu and Skrzypacz point out that it is realistic in applications like the Better Business
Bureau, which does not show how much business a firm gets but does show complaints. Importantly,
this gives the long-run player the power to “clean” her history regardless of what the short-run
players do, and therefore unilaterally control her reputation.

In many other settings, however, the long-run player needs the cooperation of short-run players
to send the signals she wants. For example, a consultant or lawyer needs clients to hire her in order
to provide references to future clients; she cannot generate a “high quality” signal through sheer
effort alone. Instead, future prospective clients observing that she was not hired may interpret that
as a bad signal, leading to persistent unemployment. This lack of total control over one’s reputation
is critical to the bad reputation effect: the mechanic needs the cooperation of motorists to establish
a reputation. While Liu and Skrzypacz find cyclical behavior that is qualitatively different from
both the one-shot and full memory cases, this paper instead finds non-cyclical behavior because the
reputation gets “stuck.” To what extent this applies to other bounded memory reputation games
remains an interesting open question.

The rest of the paper is organized as follows. Section 2 defines EV’s mechanic game and
summarizes their result. Section 3 presents the bounded memory model and the corresponding
results. Section 4 does the same for fading memory. Section 5 concludes. Omitted proofs are

relegated to the Appendix.



2 The Mechanic Game

In the mechanic game, reputation leads to a lower payoff for both the long-run and short-run players
than in the static game. A long-lived car mechanic faces a different short-lived motorist each period.
Each motorist’s car is in one of two states, each requiring a different repair: either a cheap tune-up
c or an expensive engine replacement e. The states are drawn iid each with probability % The
motorist does not know which repair is needed, but the mechanic does.

In each period, the motorist first chooses to either hire the mechanic or choose an outside option
N with payoff zero. If hired, the mechanic observes the state of the car, either 8, or .. The motorist
benefits if the mechanic performs the correct repair, receiving payoffs according to the following
table:

0. 0.
c| u | —w
e | —w| w
N| 0 0

Assume w > u > 0. This insures that if the mechanic chooses the repair independent of the
state, the motorist will prefer the outside option.

The mechanic can be one of two types: good (g) and bad (b). The mechanic’s type is denoted
s. The good mechanic has the same stage payoff as the motorist (in the table above), and wants to
maximize her expected discounted average payoff, discounted at rate 6 € (0,1). The bad mechanic is
non-strategic and simply performs engine replacements, regardless of the state.® Motorists observe
the full history of repair and hiring decisions, but not the previous motorists’ states (i.e., it is not
known whether the repairs were correct), as public knowledge. Beginning at period 0, the first
motorist has prior belief ;¥ that the mechanic is bad, and subsequent motorists update their beliefs
about the mechanic’s type according to Bayes’ rule.

In the one-shot game, the motorist’s expected payoff for hiring is simply 3u(u —w) + (1 — p)u
where p is the belief that the mechanic is bad (doing the right repair is strictly dominant for the
good mechanic). She will hire the mechanic only if this expected payoff is nonnegative, which
is clearly false when the belief u is greater than critical value p*, where p* is defined so that
p U5+ (1 —p*)u=0.

EV prove that the supremum of the mechanic’s Nash equilibrium payoffs must converge to
zero for § close enough to one, so that equilibria where the mechanic is hired must have the
mechanic hired only infrequently. They point out that equilibria with such infrequent hiring have
an implausible feature: once the mechanic performs a single tune-up, she reveals herself to be
good (with certainty) to all future motorists. After a tune-up, it makes sense that all subsequent

motorists (knowing the mechanic is good) will want to hire, and the mechanic will want to perform

SEV also show their result holds for a strategic bad mechanic who receives u for performing an engine replacement
, —w for a tune-up, and 0 when not hired.



correct repairs for them. For this reason, EV use the following renegotiation-proofness assumption

to rule out such dubious behavior.

Assumption 1. The mechanic is hired at any history on the equilibrium path at which she is known

to be good by the motorist.
EV then find the following dramatic result.

Proposition 2.1. Let pu° > 0 be given. When 6 is close enough to one, any Nash equilibrium

satisfying Assumption 1 has a unique equilibrium outcome where the mechanic is never hired.

Without reproducing the proof here, the intuition behind it is that in any equilibrium, if the me-
chanic performs some number L engine replacements and no tune-ups, the motorists’ beliefs must
rise above p* and they do not hire. If a motorist hires at any history, the mechanic must perform
an engine replacement with sufficient probability (otherwise the motorist’s expected payoff from
hiring would be negative), and this means that, with positive probability, the mechanic performs L
consecutive engine replacements on the equilibrium path. After performing L — 1 engine replace-
ments (and no tune-ups), an engine replacement gives a continuation payoff of 0, compared with
a continuation payoff of u for a tune-up (since all future motorists hire). When she is sufficiently
patient, the mechanic always performs a tune-up, so she cannot be hired at a “critical” history (i.e.,
after L — 1 engine replacements without tune-ups); backwards induction leads to the result of no

hiring on the equilibrium path.

3 Bounded Memory

The disaster of Proposition 2.1 is driven by the fact that if the mechanic were ever hired, with pos-
itive probability she would arrive at a critical history where providing a needed engine replacement
results in her never being hired again. This is because the evidence leading to a belief greater than
p* (i.e., the mechanic is too likely to be bad to hire) is never forgotten, and because the mechanic
is not hired, she never has another chance to change beliefs, and so a sufficiently patient mechanic
cannot resist the temptation to show she is good at such a history.

Can this disastrous outcome be avoided if the damning evidence is eventually forgotten? This
section considers the case where memory is bounded: motorists view only the finite 7" most recent
periods.

I make the following two assumptions. First, I follow the example of Rosenthal (1979) and Liu
(2011) in assuming that the short-run players (motorists) do not know when the game starts, and
have steady-state beliefs induced by the play of the game, meaning they update beliefs according
to Bayes’ rule as if they have an improper uniform prior over the period at which they enter.

Second, I restrict attention to equilibria which are “purifiable” in the sense of Harsanyi (1973).
This robustness refinement rules out unrealistically fragile equilibria that may exist in such bounded

memory environments, as shown in a number of papers.” A purifiable equilibrium is one that

"See Bhaskar (1998), Bhaskar, Mailath, and Morris (2008), and Bhaskar, Mailath, and Morris (2013) for examples.



survives the addition of tiny, independent private shocks to player payoffs. The motivation for this
refinement is that, as games are only approximations of reality, some private payoff information
always exists, and equilibria that do not survive arbitrarily close approximations of payoffs are

therefore unrealistic. Section 3.2 gives the formal definition.

3.1 Preliminaries

I introduce some useful notation. A full history h = (ho, b1, ..., h¢) is a t-length sequence of events,
where hy, is the outcome at period k, either a repair (¢ or e) or a no-hiring decision (N). Let
H ={c,e, N}. The game begins in period 0, and so motorists arriving at period t € {0,...,T — 1}
observe a history h € H', which is the same as the full history. Motorists arriving in all periods
t' > T observe a bounded history h € HT, rather than the full history h € H*. Since bounded
histories are dealt with more often than full ones, I often refer to bounded histories simply as
“histories.” The set of all (bounded) histories is H = UZ:O H*, and the set of full histories is
H=U,H"

The strategies for the motorists can be represented as a function p : H — [0, 1], where p(h) gives
the probability that a motorist hires at history h. The mechanic’s strategy o = (o, 0¢) is given by
two functions o, : H — [0, 1] where = € {c, e} denotes a needed repair (for the hiring motorist) and
ox(h) gives the probability the mechanic performs the needed repair x at full history h. However,
Section 3.2 shows that the purifiability requirement implies the mechanic plays a stationary strategy
dependent only on the history seen by the motorist, i.e. we can write o, : H — [0, 1]. I denote the
beliefs of motorists about the mechanic with the function p : H — [0, 1], where u(h) is the posterior
belief that the mechanic is the bad type at history h.

For bounded histories, I use negative subscript —k to indicate the event k periods ago, i.e.
h = (h—p,....h_9,h_1). Tt will also be convenient to use notation appending and prepending
outcomes onto histories. Let a bounded history h € H” be given. Let ha denote the bounded history
consisting of the T'— 1 most recent outcomes of h followed by x € H, i.e. hx = (h_(p_1), ..., h—1,7).
Let zh denote the bounded history consisting of the x followed by the T — 1 oldest outcomes of
hj.e. xh = (z,h_p,...,h_2). T also use superscripts to denote the repetition of an outcome in a
history. For example, e’ is the history with all T' periods containing an engine replacement, and
NeT~1 s the history with an engine replacement T periods ago followed by all engine replacements.

If a motorist at history A hires a mechanic, the expected payoff of hiring must be nonnegative

(otherwise the motorist chooses the outside option):

) (U5 )+ (= ) B0 (1= B(R)w) = 0.

where 3(h) = So.(h)+ 30c(h) is the probability that the good mechanic performs the correct repair
at h. Solving for 5(h) gives

B(h) > 1 [w+ p(h) <w;u>]z w (3.1)




Since B(h) = 30c(h) + 30c(h) < 1 + 10.(h), I can substitute (3.1) to get the lower bound
w—u
(h) > =p* 3.2
AOEL =y (3.2

on the probability that a mechanic performs a needed tune-up.

For periods t < T'—1 when motorists still observe the full history, the posterior evolves according
to Bayes’ rule in the same way as the full memory model. Suppose the belief at history h € H' is
w(h). If the motorist does not hire, then p(hN) = p(h); if the mechanic performs a tune-up at h,

then p(hc) = 0; if the mechanic performs an engine replacement, then

(h)p(h) '
p(h)p(h) + (1 = p(h)p(h)[5oc(h) + 30e(h)]

p(he) =

Define

i
T(p) = (3.3)
pt(1=plz+301- 5
so that Y(u(h)) is a lower bound for u(he) (again, assuming h € H' for t < T — 1), and inductively
define Y1(p) = Y(p) and Y1 (u) = Y(Y*(u)), so that Y*(u) is a lower bound for the posterior

after observing k engine replacements and no tune-ups at ¢ < T — 1. Define
L(p®) = min k such that T*(.%) > p* (3.4)

as an upper bound on the number of engine replacements that can be performed (without any tune-
ups) in the first 7' periods before the posterior exceeds p*. For T > L(u°) + 1, it is straightforward
to see that the mechanic cannot perform more than L engine replacements without any tune-ups
within the first T" periods on the equilibrium path. Motorists before period T" who arrive after the
Lth engine replacement will believe the mechanic is so likely to be bad that the payoff of hiring
must be negative, preventing any hiring until at least period T.

Finally, I define terms similar to (3.3) and (3.4) for the case when the mechanic always performs
the correct repair, and so performs an engine replacement with probability % upon being hired.

Given prior i, the motorist’s posterior after observing an engine replacement is

- p© 2p
T(u) = = ’
o ptz(l—p) 14p

with Y*(u) defined inductively like Y(-). Define

L(u°) = mint such that Y*(u%) > p*.

Note that L(u") < L(u") because L(u°) is a lower bound that presumes the good mechanic performs

engine replacements with maximum probability % + %(1 - B*) > %



3.2 Purifiability

I follow the example of Bhaskar, Mailath, and Morris (2013) in constructing a sequence of perturbed
games, which consist of the mechanic game with the addition of independent private shocks to each
action for each player. Let Z be a compact subset of R? and write A*(Z) for the set of measures
with support Z with strictly positive densities. At each full history b, the motorist draws payoff
shocks (2}, 2Y) € Z according to distribution ¢, € A*(Z) and the mechanic draws payoff shocks
(25,25) € Z from a distribution ¢, € A*(Z). Denote ¢ = (¢r,1g). Let € > 0 be some positive
constant. The motorist’s payoff to hiring is augmented by 2z} and the payoff to the outside option
is augmented by z2; the mechanic’s payoff to doing a tune-up is augmented by z;/ and the payoff
to an engine replacement is augmented by zév . For example, when hired by a motorist needing an
engine replacement, the mechanic receives payoff u+ ez for performing an engine replacement and
payoff —w + ez for performing a tune-up. Denote the perturbed game by I' (e,7).

Strategies are mappings from both the public history (observed in the unperturbed game)
and the private history of shocks. For the motorist, this consists of a single shock as they are
only present for one period, so the strategies of all motorists can be represented as a function
p:HxZ — {Y,N}. A mechanic strategy at period ¢ in the perturbed game maps from a full
history of ¢ outcomes {N,c,e}, a private history of ¢t + 1 private shocks (including the current

period’s shocks), and ¢ + 1 motorist states, to a repair:

(H' x Zt1 x o) = {c e}

Qe
(G

t=0

However, note that any outcomes before period ¢t — T, as well as any private shocks and motorist
states from all but the current period, are payoff irrelevant. This observation yields the following
result, which states that any best response by the mechanic must ignore the private shocks and
needed repairs from previous periods for almost all realizations of the current shock. The proof is a

straightforward adaptation of Lemma 2 in Bhaskar, Mailath, and Morris (2013) and so is omitted.

Lemma 3.1. For the perturbed game, let motorist strategies p be given. For any any k € {T,T +
1,...}, let any hE=T e HF=T KT ¢ HT; 2,7 € Z*; 0,0’ € ©F be given. If a mechanic strategy & is a
best response to p, then &(h*=ThT (2, 21),(0,0r)) = 6(K*=ThT (2, 21.), (0, 01,)) for any Oy, € {6.,0.}
and for almost all z, € Z.

What this shows that is that in any equilibrium of the perturbed game, the mechanic’s strategy
is “essentially stationary:” at two periods t,# > T, the mechanic plays identically conditional
on having the same public history A € T with probability one. Hence, the probability that the
mechanic performs a needed repair « if hired at public history h € H and current shock z € Z is
J ou(h, 2) dig(2).

Turning back to the unperturbed game, an equilibrium of the perturbed game is weakly pu-
rifiable if there exists a sequence of equilibria in a sequence of perturbed games that converge in

outcomes to the unperturbed equilibrium (as given in Definition 6 of Bhaskar, Mailath, and Morris,
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2013).8

Definition 3.1. A strategy profile (p, o) of the unperturbed game is weakly purifiable if there exists
a sequence ()", 5’“)?’:1, with ¢ = (¥F, 1//;) € (A*(2))? and limy_, ¥ = 0, such that there exists a
sequence of strategy profiles (5", &k)iozl such that

tim [ 7(h,2) a0k (:) = o), lim [ 65(h,2) duk(2) = 0 (h)

k—o0

for all h € H,z € {f.,0.}, and (p*,5%) are part of a sequential equilibrium of the perturbed game
L(yF, er).

Since Lemma 3.1 shows that any equilibrium in the perturbed game is “essentially station-
ary,” purifiability requires that the mechanic play a stationary strategy as a best response to the

motorists’ stationary strategies.

3.3 Results

Can bounding the memory avoid the bad reputation outcome? The first result shows that if memory

length is above a threshold (independent of the discount factor), bad reputation persists.

Proposition 3.1. Let u° > 0 and L(u°) be given. If

U+ w
T>(L+1){ " J, (3.5)
then for any weakly purifiable sequential equilibrium satisfying Assumption 1 there is a unique

equilibrium outcome where the mechanic is never hired when § is close enough to one.

Why does bad reputation persist for a patient mechanic despite the fact that the “bad evidence”
is erased? The first part of the proof shows that purifiability requires the mechanic always be hired
at the history full of engine replacements (e”). Purifiability means the mechanic cannot condition
her strategy on payoff-irrelevant history (like the outcome T periods ago about to be erased), so
the only way a “robust” equilibrium can have motorists hire at ce” ~! but not hire at e’ is if they
have a sufficiently bad belief at e’. Since not being hired then yields history e’ !N, the bad
belief at e’ requires that the bad mechanic eventually returns to history e’ sufficiently frequently
(otherwise, motorists would have a good belief at ). The only way for the bad mechanic to
reach e’ from e’ ~!N is through the history Ne’=!. Yet for long memory, the good mechanic
rarely reaches Nel ! because they are too likely to perform a tune-up in the meantime. Thus, the
belief at Ne?~! is so high that motorists do not hire, so the bad mechanic never returns to e’ a

contradiction.

8Bhaskar, Mailath, and Morris call this “weakly purifiable” as it only requires the existence of some sequence of
perturbed games with equilibria converging to the equilibrium in question, in contrast to the stronger notion (that
they call “Harsanyi purifiable”) that for any sequence of perturbed games, there must exist such a corresponding
sequence of equilibria that converge.
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The second part of the proof deals with the case where the mechanic is always hired at e’
which means performing a single tune-up ensures the mechanic is hired forever. Thus, a motorist
knows whether the mechanic ever performed a tune-up since it will “echo” through the motorists’
hiring decisions. If the mechanic is ever hired, she must be hired again soon even if she does an
engine replacement (or else the history would be critical). Yet, a motorist who sees a history where
the mechanic has L engine replacements, some no-hiring events (/V), and no tune-ups can infer that
a tune-up has never occurred in the full history, and so has a belief greater than the critical value
p*. Thus, the mechanic is not hired again at least until one of these engine replacements is erased.
When memory is sufficiently long, this means the mechanic is not hired for a long time, and so the
mechanic cannot resist the temptation to perform an incorrect tune-up to avoid this fate, yielding
the bad reputation outcome.

What if memory is not so long? With a shorter bound on the memory, can we limit how high

the motorist beliefs may rise and therefore avoid such a critical history? Indeed we can.

Proposition 3.2. Let 4 > 0 and T < L(u°) be given. A sequential equilibrium exists for any &

where the good mechanic always performs the correct repair and the motorists always hire.

Proof. 1t is easy to show that always hiring is a best response for motorists. At any period ¢, the
motorists’ posterior is less than or equal to Y7 (u") < p*, so the payoff of hiring is nonnegative. For
the mechanic, the continuation payoff of a tune-up is equal to that of an engine replacement (she
is always hired, no matter her strategy), so performing the correct repair always yields a greater

payoff. |

Proposition 3.2 avoids the disaster of Proposition 3.1, but it does so by preventing reputation
from having any effect. Reputation neither tempts the mechanic into a costly tune-up that harms
the motorist, nor does it help the motorists sort out a good mechanic from the bad, and the ex
ante payoff for every motorist is equal to that of the one-shot game. Reputation is only useful to
motorists if it sometimes gives them a posterior greater than p*, so that they can avoid hiring the
bad type; the myopic equilibrium avoids bad reputation precisely by ruling out that possibility.

Is there some memory length that avoids the bad reputation result but is also useful in the
sense that motorists can achieve expected payoffs greater than those without any memory (i.e. the
one-shot game), particularly between the lower bound of Proposition 3.1 and the upper bound of

Proposition 3.27 The following result shows that such a “happy medium” is impossible.

Proposition 3.3. Let u° > 0 and T > 0 be given. Let v*(5) be the supremum of the expected
motorist payoff for the set of weakly purifiable sequential equilibria satisfying Assumption 1, and let
0¥ be the maximum expected motorist payoff in a sequential equilibrium of the one-shot game.® For
6 close enough to one,

v*(6) < o0, (3.6)

9Note that for there is a unique equilibrium of the one-shot game for all priors except p*.
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Proposition 3.3 shows that equilibria fall into one of the following two categories. Some equilibria
yield lower expected payoffs for the motorists than under the one-shot game, as in Proposition 3.1.
Reputation may be useful in the sense that it is individually beneficial to learn from the history,
but the memory is doing a disservice to motorists — the market would work better without it. In
the other category of equilibria, motorists have the same expected payoffs as under the one-shot
game. Thus, the presence of reputation does not harm motorists, but it does not help them either.
If accessing the history was at all costly to the motorists, they would prefer to hire the mechanic
blindly. Hence, reputation becomes “useless.”

The proof of Proposition 3.3 begins by showing that purifiability requires the mechanic always
be hired in a “useful equilibrium” at the history e’ (all engine replacements), using a method similar
to that used for Proposition 3.1. Since the mechanic is always hired at e’ performing a tune-up
ensures the mechanic is hired forever. A good mechanic who is hired always eventually ends up in
the set of histories without any no-hire “/N” events, and so, roughly speaking, histories containing
Ns must have bad beliefs (if the mechanic is hired in equilibrium). Thus, the event of not being
hired once “echoes,” condemning the mechanic to never being hired again. If the equilibrium is
useful, the memory must be informative enough that the motorist expects to not hire with positive
probability. This implies the existence of a critical history where the mechanic cannot resist the

temptation of an incorrect tune-up.

4 Fading Memory

The results of Section 3 show that bounded memory can only avoid bad reputation at the expense
of making reputation “useless” — specifically, bounded memory cannot improve the motorists’
expected payoff beyond that of the one-shot game. The information structure introduced in this
section, called “fading memory,” achieves the happy medium that bounded memory cannot.

Fading memory can be interpreted as roughly reflecting how word-of-mouth spreads. It is not
certain that customers hear about previous experiences, nor is it certain that they do not, but it is
more likely that they hear about recent history than the distant past. For example, this might model
how information is spread in a community (perhaps a town or group of friends) whose members
randomly leave and arrive each period. If experiences with the mechanic are shared among the
current members, but potential customers do not talk to those who have left, the probability that
they hear about an outcome decays exponentially with time.

Fading memory is defined as follows. Motorists observe each previous period with some positive
probability. Let pf denote the probability that the motorist in period ¢’ observes the actions in
period t < t/. By comparison, under full memory this probability is always one; under bounded
memory, pi = 1 for t' € {t+1,..,t + T} and p! = 0 for ¢/ > t + T. Under fading memory,
this probability is never one nor zero, instead starting relatively high right after the event and

exponentially “fading” toward zero: pf = N~ for \ € (0,1). T also allow motorists to observe
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the calendar date.!” For the purpose of comparing the expected motorist payoff with the bounded
memory case, | assume the motorists have the improper uniform prior before finding out the period
in which they arrive.!! It is assumed that observations are independent across periods-observed, but
not necessarily across observers. More formally, let periods ¢,t’,t” be given such that ¢t < ¢’ < t".
The probability that motorist ¢’ observes both periods ¢ and ¢’ is assumed to be equal to p’t;//pg/,
but I allow the possibility that the probability that period t is observed by both motorists ¢’ and t”
is not equal to pfpf/. (The community model described above is consistent with these assumptions
so long as the departures of community members are independent.)'?

Low A yields myopic behavior by the mechanic, thereby avoiding bad reputation. This result
extends to a more general class of reputation games, defined in Section 4.1. This class includes
many “good reputation” games like Selten’s (1978) chain store game (see Section 4.3), as well as

other participation and simultaneous-move games.'3

4.1 Preliminaries

I define a class of reputation games where the long-run player has a strictly dominant action in
the sense defined below. Let an extensive-form game between players 1 (the long-run player) and 2
(the short-run player) be given with finite action spaces A; and Ay, with player 2 moving first and
where some subset of actions Ay C Aj lead to a decision node for player 1, moving second. Player
1 may be at any information set about player 2’s action within the set As. (The special case of
a simultaneous-move game is given by Ay = Ay and player 1’s information set includes the entire
set flz.) The long-run player may observe a private signal § € © drawn iid in each period, which
may affect both players’ payoffs. The payoff for player i of action profile (a1,a2) € A = A x Ay
is denoted w;(aj,az,0). Since the stage game is extensive-form, strict dominance is needed at
decision nodes for the long-run player; I define this notion as “strictly conditionally dominant” (in

a simultaneous-move game, this notion is equivalent to a strictly dominant action).!

Definition 4.1. An action ag € A; for player 1 is strictly conditionally dominant if and only if
uy(ag, ag, 0) > uy(a, az,0) for all af € A1\{aq}, all az € Ay, and all § € ©.

I assume such a strictly conditionally dominant action ag € A exists. Define H = (A3\Ay) U

(1212 x Ajp) as the set of terminal nodes in the stage game; the long-run player observes all such

10This actually makes the exposition simpler, but the results also carry over to making the calendar date unobserv-
able. Recall also that Section 3 restricted attention to (weakly) purifiable equilibria. The results in this section do
not require the purifiability assumption, but it is also clear that the equilibria described by the results are purifiable
for almost all priors u° € (0, 1] because they involve pure strategies with unique best responses.

"This comparison is made in Corollary 4.1.

12Proposition 4.1 is robust to any correlation between observations: see Section 4.4.

13Indeed, the argument behind the proof of Proposition 4.1 holds even without the presence of commitment types.
Of course, the absence of commitment types also means the absence of useful reputation (or any reputation for that
matter), which is the motivation for this result.

4 The definition used here is equivalent to a unique strategy that is not “conditionally dominated” under Definition
4.2 in Fudenberg and Tirole (1991), who consider iterated conditional dominance as a solution concept for extensive-
form games.
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outcomes for previous periods.'® If a short-run player does not observe a period, they see the signal
U (“unobserved”) in its place. Define H = H U {U}. Short-run player strategies are given by a
function -
p: | JH — AA,.
t=0

Denote the set of short-run player histories as H = U2 Ht. Similarly to Section 3.1, I refer to

”

elements h € H simply as “histories,” as opposed to “full histories.” To avoid more complicated
notation, I assume that the long-run player does not observe the histories observed by short-
run players (i.e., which periods are hidden from them), though the results also hold without this

assumption. The long-run player’s strategy is a function
oo
o1 JH x 0") x Ay x © — AA;.
t=0

I refer to elements of H = (J;2y H t as “full histories.” Player 1 is either a rational type &y, with stage
payoffs given by wuj(ag,a1,6) and discount factor d, or one of N € N commitment types &1, ..., &N,
where type j always plays some action o/ € AAj, and short-run players have prior beliefs °(&) on

each of these types. Define

= — mi 4.1
2 = max {rgeaf ui(a, ) — minui(a, 9)} (4.1)
24 = min min Aui(ag, az,0) —uyi(ay,az,0)}. (4.2)

0€O (af,a2)€(A1\{aq}) x Az

z gives the maximum difference in stage payoffs between two action profiles, while z; gives the
minimum current period cost of choosing a different action over the strictly conditionally dominant

action ag.

4.2 Results

I first show that the mechanic plays a (unique) myopic strategy in all equilibria under fading
memory when \ is below a threshold. For almost all priors u° € (0, 1], this also implies a unique
equilibrium.'® The type of equilibrium described by Proposition 4.1 is similar to that of Proposition
3.2 in that the mechanic always does the correct repair, but what differs is that the mechanic is
not always hired, even when good, because motorists sometimes reach “useful” histories that yield

beliefs greater than p*.

15Pproposition 4.1 is straightforward (if notationally cumbersome) to extend to imperfect monitoring, where each
terminal node generates a signal drawn from a probability distribution.

The mechanic always performs the correct repair in any equilibrium. For almost all priors, there exist no histories
where the belief is exactly p*, and so customers play a pure strategy of always hiring at histories where the belief is
less than p* and never hiring at histories with a belief greater than p*. (At the Lebesgue measure zero set of priors
where equilibria do have histories with exactly belief p*, any mixed actions at such histories could be part of an
equilibrium.)
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This result is given for a more general set of games defined in Section 4.1, namely those where the
long-run player has a strictly dominant action in the stage game. It is also stronger than Proposition

3.2 because it shows that every equilibrium has myopic behavior by the long-run player.

Proposition 4.1. Consider the game defined in Section 4.1, where the rational player 1 has action

aq € A1 which is strictly conditionally dominant. If

Zd

Ne 4
< 0(z + 22q)

(4.3)
where z and zq are defined as in (4.1) and (4.2), then any sequential equilibrium has rational player

1 playing aq at every history.

One striking feature is that the upper bound on A does not depend on ¢ or the prior beliefs.
This is because the proof does not rely on calculating beliefs. The action at some period ¢ affects
the payoff at some later period ¢ > t only if either ¢’ observes ¢ directly or there exists some
sequence (1, ...,t,) such that motorist ¢; observes ¢, motorist ¢; observes t;_; for all j € {2,...,n},
and motorist ¢’ observes t,. The proof bounds the probability of such “observation chains.” Of
course, the motorists in these chains would also have to change their action in response to their
observation to affect the payoff at ¢’ (so the bound is not as high as it could be), but ignoring the
actual beliefs allows using essentially the same technique for fading memory in other games. This is
impossible in the bounded memory environment because such a chain always connects every period
together even for the shortest memory case T' = 1: period 1 observes period 0, period 2 observes
period 1, and so on. In the case of the mechanic game, z = zy = u + w, so the upper bound (4.3)
on A is 1/(36); for A = % this corresponds to a customer sharing her experience with an average of
% + 3% + = % future customers.!”

The following example illustrates why the upper bound on A is sufficient for precluding the

“echo” that occurs under bounded memory.

Example 4.1. Let A = % If the motorist hires at period 0, the difference in stage payoffs between
doing the right repair and the wrong repair is © + w. The probability that motorist 1 observes the
repair at period 0 is % The probability that motorist 2 observes period 1 is %, and the probability
that motorist 2 observes period 1 and period 1 observes period 0 is %, so the probability of a
“chain” of observations between period 0 and period 2 is bounded by %. The probability that
period 3 observes period 0 is %, the probability that 3 observes 1 and 1 observes 0 is % . % = %,
and the probability that 3 observes 2 and that period 0 “reaches” period 2 via an observation chain
is less than or equal to % . % = 22—7, so the probability that such a chain exists between period 0 and
period 3 is bounded by 2%. This pattern continues so that the probability of a chain from period

0 to period t is bounded from above by 2!=!/3!. The maximum difference the period 0 repair can

17This upper bound does not require Assumption 1, and an improved upper bound for the mechanic game can be
obtained using Assumption 1 and an intuitive restriction on equilibria: Appendix B.2 gives an upper bound between
2/(56) and 1/(26) (depending on the ratio w/u), corresponding to a customer talking to an average between 2 and
1 future customer for § close to one.
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make in the stage payoff at any future period that has a chain of observations back to period 0 is

. : . _19t-1
u+w,'® so the discounted sum over these differences is Y 5o, 67! 23t (u+w) = ngw . 1_12 = gf;‘(’s,

3
which is less than the period 0 benefit of doing the right repair (v + w). Thus, doing the right

repair is the only best response.

Because motorists sometimes receive information that is useful for avoiding the bad mechanic,
the ex ante payoff for all but the first few motorists is strictly greater in this equilibrium than
in the one-shot game. Furthermore, for comparison with the “bad or useless reputation” result of
Proposition 3.3, the motorist’s payoff is also greater than the one-shot payoff in expectation over

the improper uniform prior on the calendar date.

Corollary 4.1. Let A\ > 0 satisfying (4.3) be given. Let ©° be the mazimum expected motorist
payoff in a sequential equilibrium of the one-shot game. There is a unique sequential equilibrium
expected payoff v*t(8) for the motorist arriving in period t. Let the motorist expected payoff (taken
over the improper uniform prior over the periods) be v*(8). For all §, v**(§) = o° for t < L and
v*(8) > 20 for t > L. Furthermore, v*(8) > 9°.

When history “fades” too slowly (i.e. A is high), the bad reputation outcome returns. I first
present a result that is weaker than Proposition 3.1 because it uses a different order of taking limits:
instead of holding A fixed and letting 6 — 1, it holds § fixed and lets A — 1. I then give a stronger

result with the same order of limits as Proposition 3.1, using a mild restriction on equilibria.

Proposition 4.2. Let u° >0 and § > (u+w)/(2u+w) be given. Then for X close enough to one,
for any sequential equilibrium satisfying Assumption 1 there is a unique equilibrium outcome where

the mechanic is never hired.

The proof of Proposition 4.2 shows that as A gets arbitrarily close to one, the mechanic who
performs a tune-up at a critical history is hired with probability close to one for arbitrarily many
periods, while doing an engine replacement yields arbitrarily many periods of not being hired. At
some point, the “memory” of the repair will (at least directly) fade away, and this “premium” the
mechanic receives for a tune-up will eventually go away (or at least the bounds used cannot rule that
out). The proof does not rule out the possibility that this premium for the tune-up is eventually (at
periods far in the future) replaced by an even greater premium for the engine replacement. Instead,
it simply relies on A being high enough that any such “reverse premium” is postponed long enough
that it is discounted away.

Establishing a lower bound on A independent of the discount factor clearly requires ruling out
such a reverse premium, which seems intuitively implausible because it requires that motorists far
into the future are somehow dissuaded from hiring because of a tune-up, rather than an engine

replacement, that they never observe directly (if they observed it directly they would hire, of

BIntuitively, one would expect only a difference of only u because that is the maximum decrease in the stage payoff
going from being hired to not being hired (the difference between the maximum payoff and the minmax payoff).
Corollary B.1 shows this intuition holds given some natural restrictions, yielding a higher upper bound for .
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Competitor

Incumbent

Figure 4.1: The chain store stage game, with payoffs at each node for the incumbent on top and
for the competitor on bottom, with b € (0,1) and ¢ > 1.

course, because of Assumption 1). By restricting attention to equilibria where tune-ups do not, in
expectation, dissuade future motorists from hiring, a lower bound on X independent of § is obtained

that gives the bad reputation result.

Criterion 1. Let a sequential equilibrium with strategy profile (p, o) be given. Let " denote the
strategy identical to o except that the mechanic does a tune-up with certainty at full history h € H*.
The equilibrium satisfies Criterion 1 if and only if doing a tune-up at h for h € H* does not decrease
the probability of being hired at any future period k given the motorists’ strategies and beliefs, i.e.
P,o(nk # N|h) < P, sn(ni # N|h), where ny, is the event at period k, for allt, k >t, h € H', and

ah.

Criterion 1 is similar in spirit to the D1 Criterion (see, for example, Section 11.2 of Fudenberg
and Tirole (1991)), but it is about actions instead of beliefs. (The proof of Proposition 4.1 shows
that any equilibrium satisfying its assumptions must also satisfy Criterion 1.) The following result

shows that the bad reputation result occurs when holding A fixed and letting § — 1.

Proposition 4.3. Let 4 > 0 and L(u®) be given. There exists \* such that for any A € (\*,1),
for all sequential equilibria satisfying Assumption 1 and Criterion 1, there is a unique equilibrium

outcome where the mechanic is never hired for § close enough to one.

4.3 The Chain Store Game

Among the class of games that Proposition 4.1 applies to is the infinitely repeated version of the
chain store game, depicted in Figure 4.1, where the competitor is the short-run player and the
incumbent is the long-run player. Let u® be the prior belief that the incumbent is a “tough”
commitment type that plays F every time entry occurs and probability 1 — x° that the incumbent
is a normal or “weak” (rational) type. The chain store game is a typical example of a game where
reputation is good for the long-run player: Fudenberg and Levine (1989) show that under full
memory, there is a lower bound on long-run player payoffs that approaches the Stackelberg payoff

(which in this game is ¢) as § approaches one.
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Figure 4.2: The ratio of the ex ante payoff v*! for competitor ¢t = 20 to the one-shot payoff ©° in any
chain store game equilibrium with p® = %, b= i (note that v** = 9% at A\ = 0) is plotted for values
of A € [0, %], which satisfy (4.3) for ¢ = 2 and any 6. These payoffs do not significantly change for
periods past 20 (because ¥(A, 20) =~ ¥(A, 00)).

For low A, Proposition 4.1 shows that in any equilibrium the weak incumbent always accommo-
dates (plays A). In this case, z = ¢ — 1 and z4 = 1, so the upper bound (4.3) on A is 1/[d(c + 1)].
As with the mechanic game, reputation increases the ex ante payoffs of the short-run players above
that of the one-shot game. The increase here is more dramatic than in the mechanic game because
a competitor need only observe one previous period to know if the incumbent is tough (all periods

will be either F' or Out) or weak (all periods are A). Thus, the ex ante payoff of competitor ¢ is

o = YOG — 1)+ (1 - gO)b) + (1 — (A, 0)(1 — )b,

where 1(\, t) = [[,,_;(1— \F) is the probability of competitor ¢ observing no history at all, which is
strictly greater than the one-shot payoff for all competitors except at period 0.'° This is straight-

forward to calculate and plotted in Figure 4.2 for some example parameters.

4.4 Correlation

Though this section generally assumes observations are independent across periods-observed, Propo-
sition 4.1 (along with Corollary B.1) is robust to correlation between observations. This is because
the proofs rely on Boole’s inequality to bound the probability of the current repair being “chained”
to any particular future period and then use the expected discounted sum of the effects of these
chains at each future period for a bound on the continuation value. So long as the probabilities of
these observations satisfy the “fading” definition, this correlation does not affect Proposition 4.1.
Correlation between observations can be interpreted as certain consumers being more connected
to each other than others (a network of friends may be more likely to offer advice to each other
than to strangers), and it does not have to be interpreted as decentralized communication. For
example, consider messages posted on a centralized medium like an online forum, where it is visible
to future customers while on the front page but with probability A it disappears from view because
other unrelated messages have pushed it off the front page. Others may publish replies underneath

the post, sharing their own experiences; when the original post is pushed out of view, so are all

194 (A, t) converges absolutely as t — oo to a value in the set (0,1) when A € (0,1) (Apostol, 1976).
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these replies. In this case, if consumer t’s post disappears at the end of period ¢’ > t, then all
consumers t + 1,...,¢' will see his message, but none of the consumers after period ' do. The ex
ante probability that period t is observed by period t+k is still ¥, which is sufficient for the bounds

used by Proposition 4.1 to ensure myopic long-run player behavior.

5 Conclusion

For the mechanic game with bounded memory, reputation is bad when short-run players have a
long enough memory 7. This is because early events that tarnish the mechanic’s reputation “echo”
for all following periods through the refusal of subsequent motorists to hire, which is observed by
the following motorists who consequently also refuse to hire, and so on. When T' is small enough, an
equilibrium exists where the good mechanic always plays myopically. This equilibrium avoids bad
reputation at the expense of making reputation irrelevant — motorists never see enough information
to change their hiring decisions. It is impossible to shorten memory in a way that still provides
valuable information to motorists but does not lower equilibrium payoffs, because the mechanic is
too tempted to perform incorrect repairs: reputation is either bad or useless.

Under fading memory, when A is less than a critical value, an equilibrium with myopic behavior
by the mechanic exists, but reputation is still useful — sometimes motorists are informed enough
that they do not hire. This increases the motorists’ expected payoffs. The result holds more
generally for reputation games where the long-run player has a strictly dominant action in the
stage game: when A is less than a critical value, the long-run player’s equilibrium strategy is
always to play the dominant action. This is because fading memory bounds the probability of an
“observation chain” from the current period t to future period ¢, where t’ > t observes t, t’ > t'
observes t', etc., which bounds the reputational payoffs of any signaling strategy. By contrast, such
a chain always exists in bounded memory, even when 7" = 1, because period 1 always observes 0,
period 2 always observes 1, etc. For high A, the bad reputation result is recovered. The result for
fading memory with small A applies directly to the chain store game, for example, leading to a
more dramatic increase in short-run player payoffs because they need only observe one past period
to learn the long-run player’s type.

While the above argument for fading memory carries over directly to the chain store game, the
bounded memory arguments do not. For example, even for T' = 1, there does not exist a “myopic”
equilibrium in the chain store game. An interesting question is whether bounded memory equilibria
in Stackelberg-type games like the chain store game can exhibit the cyclical behavior under limited
records found by Liu and Skrzypacz (2014) or have the non-cyclical behavior of the mechanic game.
More generally, behavior in other bounded memory reputation games remains largely unknown and

is an interesting topic for future research.
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Appendix

A Proofs of Bounded Memory Results

A.1 Proof of Proposition 3.1

Suppose by contradiction that for any 6* € (0, 1), there always exists 6 € (6*,1) such that a sequen-
tial equilibrium with strategies (p, o) exists with positive probability of hiring on the equilibrium
path.

I begin by introducing some useful notation in addition to that defined in Section 3.1. Define
sp(h) = 1,54(h) = 2(1 — 0c(h)) + 30¢(h) so that s¢(h) is the probability that type & € {b, g} does
an engine replacement upon being hired at history h. Define gf)’é(h) as the probability of type &
reaching history h at period t. Define Qg(h) ="', <Z>2(h), and define

) 1 7 o« JRe(h)  Rg(h)+ Ry(h) >0
Re(h) = Elggo ng(h% Felh) = Q‘;(h) otherwise.b
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Re¢(h) is the long-run average probability that type £ is at history h. Note that R¢(h) > 0 only if
ng(h) = 0o. By Bayes’ rule, the belief at history h is given by

= lim 7 HOQi(h)
uih) = lim, pPQp(h) + (1 = p0)QL(h)’

0
an_d for Ry(h) + Ry(h) > 0 t}}is implies w(h) = Rb(hgl +}(?ib_(};)o) RO I also abuse notation for
Qe (), RE(-), Re(+) by letting Q¢(A) = 3pea Qé(h)atRE(A) = Dnea Be(h), Re(A) = 3 pca Re(h)
for a set A C H of histories. Define ¢(h) = lim;_, o 8?—((2)) and define ¢* such that p* = pu0¢* /[u°C* +
g

(1 — u0)]. Let C be the set of histories with ¢ in them, and let Ct = CU {e!}. Define X =
HT\(Ct*U{NT}), and X+ = X U {NT}.
The following lemma uses the fact that purifiability restricts players to playing the same strategy

at histories where the decision problem is the same.

Lemma A.1. Let a weakly purifiable sequential equilibrium with strategy profile (p, o) be given. It
must be that o,(e’) = o,(ce’ 1) = o,(NeT 1) for either x € {c,e}.

Proof. The argument follows the logic of Bhaskar, Mailath, and Morris (2013). Since (p, o) is weakly
purifiable, there exists a sequence (wk,gk)gozl with yF = (%j,lﬁﬁ) € (A*(Z))2~anc~1 lim; , eF =0,
such that there exists a sequence of strategy profiles (p ,5’“)%": | such that (p*,5%) is a sequential

equilibrium in the F(wic, Ei“) perturbed game and

tim [ 7(h,2) a0k () = o), tim [ 6h(h2)dib(z) = ou(h)  (A)

k—o0

for all h € H,z € {6.,60.}. Let some k be given, and consider the mechanic’s decision problem
at a history h after being hired by a motorist needing repair x and current shock z. For any
h e {eT, ceT=1 N eT*I}, the mechanic’s decision problem is the same since the continuation payoff
for performing repair 2’ € {c,e} is the same in all three cases (since the histories are identical
except for the oldest period about to be erased): V(e!~'z’). For almost all shocks z € Z, the
mechanic’s best response is unique, and so &i(eT, z) = 5§(ceT_1, z) = &E(N eT=1 2) for almost all
z € Z. Thus, for all k,

/ GE (T, 2) dph(z) = / 5F(ce™, 2) dyh(z) = / RN 2) dyh(2),

and so by (A.1), o,(e”) = 0,(ceT™1) = o, (NeT1). =
The following lemmas characterize the case where p(eT) <1.

Lemma A.2. Suppose that p(el) <1 and T > L. Then ¢* > ((NeT=1) and ((eT) > ¢((NeT~1) in

any weakly purifiable equilibrium where the mechanic is hired on the equilibrium path.

Proof. Suppose not, so then u* < u(Nel=1) or u(el) < u(Nel=1). The former case clearly implies
p(NeT~1) = 0, and in the latter case, Lemma A.1 implies that p(Ne? 1) = 0. Thus, upon reaching
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a history in XT, the bad mechanic never returns to a history outside X. Note also that there
are never more than L engine replacements performed in the first T periods, so the bad mechanic
always arrives in period T at a history in X*. Thus, Qi(eT) = 0 for all ¢. If the good mechanic
is hired at any history with positive probability in equilibrium, she must perform a tune-up with
positive probability. Since Assumption 1 requires she be hired immediately following a tune-up,
and she must perform a tune-up with positive probability following each hiring, she must reach
ceT =1 with positive probability and be hired. Thus, the good mechanic reaches e with positive
probability in equilibrium, and so lim;_ QZ(eT) > 0 which gives u(e’) = 0. Lemma A.1 then

requires that p(e”) = 1, a contradiction. [

Lemma A.3. Suppose that p(e’) < 1 and T > L. Then ((NeT=1) > ¢(eT"IN) in any weakly

purifiable sequential equilibrium.
Proof. Suppose not, so ((Nel=1) < ¢(eT~IN).

Let any hN € X be given. If ((hN) < ¢ for some ( € (0,1), then it must be that ((Nh) < ¢
or ((eh) < C. Suppose by contradiction that ((Nh) > ¢ and ((eh) > . Then

) = BN (= pUNR)RY(NB) £ (1= pleh) Ry (eh)
T Ry(N) T (1= p(NB)Ry(NE) + (1~ p(eh)) Ry (ch)

L (L p(NRDCRLNR) + (1= plem)CRy(eh) _

(1~ p(NR)Ry(NB) + (1 — p(eh) Ryleh)

A similar argument shows that for any he € XT, ((he) < ¢ implies that ((Nh) < ¢ or ((eh) < ¢
(the strictness of the inequalities is due to the fact that the good mechanic plays ¢ with positive
probability at Nh and eh conditional on playing e with positive probability).

The supposition that ((Ne?=1) < ((e’~'N) implies that either ((N2eT=2) < ((e7"!N) or
((eNeT=2) < ¢(eT~!N), and continuing the argument by backward induction, there exists at least
one sequence of histories {h*}< | (where K may be 00), such that h' = NeT—1, h¥1 € {Nh*, eh¥}
for each k, and ¢(hFt1) < ¢(eT~'N). Let B* denote the set of all histories in all such possible
sequences, and let B = BY\{NeT~1}. Define 7¢(h) as the probability that type ¢ at history h € B
switches to a history hz ¢ BT in the next period, and define 7¢(h) as the probability that type &
at history h € B switches to Nel =1 in the following period. Define we(h) as the probability that
type & at history h ¢ B switches to a history ha € B in the next period. We can then write

G (B) =D [~ (Fe(h) + (M) 6(h) + D we(h)ge(h),

heB heH\B

and summing over ¢ and taking the limit gives

Re(B) = > [1—(Fe(h) + me(h)] Re(h) + > Re(h)we(h)

heB heH\B
= Re(B) =) (Fe(h) + 7c(h))Re(h) + Y Re(h)we(h)
heB heH\B
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Rearranging shows that long-run average probability of leaving B must be equal to the long-run

average probability of entering B:

> Re(h) [re(h) +7e(h)] = > Re(h)we(h).

heB heH\B
Suppose that Ry(Nel ~1) + R, (NeT~1) > 0. Note that 74(h) +74(h) > (k) +75(h) because the
only difference between 7,(h), 74(h) and 7,(h), 7,(h), respectively, is that the good mechanic also

has the additional possibility of leaving B by playing c. Since B is defined such that for all h € B,
Ry(h)/Ry(h) < ¢(eT~1N), then

>_neg Ro(h)7u(h) > 2nes Bo(B) [7(h) + mp(R)] > ner\s Lo (h)ws(h)
Pones Bg(h)7g(h) = Ypep Bo(h) [Tg(h) +79(R)]  Xperns Re(Rwg(h)

((Ne' ™) = (A.2)
However, note that for any h ¢ B, if we(h) > 0, then h € X*\B, since all histories in X+ > B are
only reachable within one period from other histories in Xt except for eZ "' N, and by definition of
B, eT='N ¢ B. Thus, we(h) >0 = ((h) > ((eT7'N) by the definition of B. This implies that
the right hand side of (A.2) is greater than or equal to (e’ ' N), a contradiction.

Finally, suppose that
Ry(Nel ™1 + Ry(NeT™1) = 0. (A.3)

Define %ST ~1(h) as the probability that type & at history h reaches Ne? ! in (exactly) T — 1 periods.
Let T={heH: AT L(h) > 0,€ € {b,g}} as the set of histories h that can reach NeT ! in T — 1
periods (note that any such h reachable by type b is also reachable by ¢ and vice versa). Define
D =TNHT as the set of such non-initial histories. Note that 7\D = {N} (the singleton set of the
period 1 history “N”). Then ¢2+T_1(N6T’1) 2 hep T¢ 7T (h )¢2(h) AT (N )(;55( ). Summing
from t = 1 gives

QEO(NQT_l): AT 1( )Qg (h) + ( )¢5( ). (A.4)

heD
Foral heDandt > T,

t—1
GE(h) =Y TR TIN)@E (T TINY + Y AT (R)oE (R
k=T hex+

where %gh m(fNL) is the probability that type £ at history h reaches h in exactly m periods without

reaching e’ ~!V in the intermediate periods . Summing over ¢ starting from ¢ = T' 4 1 gives

QZ(h) i ZJ” FeTTIN) k(T TIN) + Z ST ACTRGE(R).  (AS)

t=T+1k=T t=T+1 e x+

Note that the first term on the right hand side is equal to the total probability that type & at e’ ~IN
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ever reaches h, multiplied by the sum over gﬁé(eT_lN ) for all periods [, i.e.

o0 oo [o.¢]
qulg TIN Z%gl,m(eT—lN ZTym TINQOO(TlN)
=T m=1 m=1

Let Pgh(ﬁ) =3 Nsh ™(h) denote the probability that type & at h ever reaches h without passing
through eI~ N. We can then rewrite (A.5) as

QF(h) = Y _#AUTTINIQEETTIN)+ D o ()Y AT (h) + ¢ (h)
=1 h€X+ t=T
= PMe"TN)QE(eTTIN) + PI(h) Y ¢f(h) + ¢f (h).
hex+

Note that P (h') > Pgh//(h’ ) for any histories b/, " € XT because the good type can only be more
likely to reach h” by doing a tune-up at some point, and then the only way to get back to histories
within X+ (and therefore to A’) is by passing through e’ "' N (which is excluded by the definition
of Ij’gh"()) Also note that ¢f (h) > QSZ;(B) for all h € X% since the good mechanic can only reach

h at period T by always performing engine replacements up to that point. Thus, we can see that

Qe(h) _ PP’ 1N>Q°°< " 1N> PR (h) Y hens 01 (R) + L (h)
Q(h) — PHeT'N)Q(eT"'N) + PI(R) Yhens 05 (h) + 6L (h)
for all h € D.

For any history h € T, in order to arrive at history Ne? ! in T'— 1 periods requires performing

C(h) = > min {1,{(e"7'N)}

T — 1 consecutive engine replacements, and since the the good type must perform ¢ with at least
probability 23* when hired, it must be that (1 — %B*)T*I%g_l(h) > %ngl(h). From (A.4), we can

write

QFNe™)  _ Yhep®y (WQF(A) + 7 H(N)GH(I)

Qe (Ne1) >hep Tg AT ") (h) + gT (N)L(N)
S 1 ZheDA H(h)Qp° (h) + 7A'gT_l(]V)d)i(N)
T A= 3B)T Shepy (WQR () + 75 T HN)GL(N)

Above it was shown that for all h € D, ((h) > min {1,((e” ~*N)}. Note that ((N) = 1. Therefore

QP (Ne™™ )

T—-1
(Ve ™) = Qe (merT)

> (1- 3% min {1,¢(e7'N) ).
If 1 > ((eT~!N), then the lemma is proven. If 1 < {(e!~*N), then ((Ne?=1) > (1 — 1p%)~(T—1
The definitions of T(-) and ¢* give

Thwh) o Lo ¢
1_TL(N0)_1_,UJO(1*%B*)L NO .
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Then

- QX (Ne™) 1 .
((Ne™™ 1) = 2ot > > > (",
Qe (NeT=1) = (1—§pH)T-1 = (1 - 38k
but this is a contradiction of Lemma A.2. [ |

The following lemma shows that the conclusions of the lemmas above lead to a contradiction

when the mechanic is sufficiently patient.

Lemma A.4. Let T > L be given. For § close enough to one, there does not exist a weakly

purifiable sequential equilibrium (p, ) such that the mechanic is hired in equilibrium, p(e’) < 1,

and ¢(eT) > ¢(NeT=1) > ¢(eT~IN).

Proof. Suppose by contradiction that such an equilibrium does exist. Note that gb?l(eT_lN ) =
(1-— p(eT))qﬁé(eT) + (1 - p(NeT_l))dfé(NeT_l), so averaging over ¢t and taking the limit ¢ — oo
gives

Ry (T IN) = 67 (7IN) = (1 — p(eT)Ri(eT) + (1 — p(NeT~1)) Ry(NeT).

Note that qﬁg(eT_lN ) = 0 because e/ "' N contains T'— 1 > L engine replacements. Then

o RIETIN) (1 o DRIET) + (1 p(NeT)) R (VT
(EN) = R TN ~ (L= o @V Re() + (1= p(NeT Ry ve ) (A0

Since we have supposed that ((e?) > ¢((NeT=1) > ((eT 71 N), we have a contradiction because this
implies that the right hand side of (A.6) is strictly greater than the left. |

For the rest of the proof, suppose that p(e?) = 1. Let k= L“ij, and let T > (L + 1)];; be

given. Then, CT is a closed class, and so a motorist arriving at a history h ¢ C* knows that a ¢

has not appeared before in the full history.

Lemma A.5. Suppose that p(eT) = 1. For ¢ close enough to one, if the mechanic is hired, there
exists p > 0 such that the mechanic is hired within k periods with probability greater than or equal

to p.

Proof. If the mechanic is hired at history h in period ¢ and performs ¢, then rehiring occurs the next
period by Assumption 1, and because p(eT) = 1, the mechanic is hired forever after as well, yielding
a continuation payoff of u. Because the mechanic must weakly prefer the correct repair, incentive
compatibility when an engine replacement is needed requires (1 — 0)u + 0V (he) > —(1 — d)w + du.
Suppose by contradiction that the mechanic is hired with probability zero for k' > k periods. Then
V(he) < 6w, so incentive compatibility gives

U+ w 1— 6"

(1—80u+ 6" u>—(1-6w+du = — >0

By I'Hopital’s rule, the limit of the right hand side as § — 1 is k&' > “T% 5o for § close enough to

u )

one, there is a contradiction. [ |
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I show that if the mechanic is hired on the equilibrium path at any history, there exists some
K < L and some history h° € H” reached on the equilibrium path, without any tune-ups, and
containing K engine replacements all within the kK most recent periods.

If the mechanic is not hired in equilibrium in the first T periods, then the mechanic is neces-
sarily hired with positive probability at h® = NT. Suppose instead that the mechanic is hired in
equilibrium within the first 7" periods. Let f, < 7" be the earliest period at which the mechanic
is hired with positive probability in some weakly purifiable sequential equilibrium. Lemma A.5
implies that there must be a history where the mechanic is hired with positive probability within
k periods of ¢, and performs an engine replacement. Furthermore, there can be at most L engine
replacements in the first 7' periods. Thus, there exists a history h? € HT, reached in equilibrium
at period T', where the mechanic is hired some K < L times and performs an engine replacement,
and all of those engine replacements happen at or after period T' — K k and before period T

Having established the existence of h°, suppose that the mechanic is hired at h" at some period
t > T. Lemma A.5 also implies that the mechanic must be hired and perform an engine replacement
with positive probability at or before period ¢+ l%, t+2k and so on. Thus, for § close enough to one,
the mechanic must be hired with positive probability in equilibrium at some sequence of histories
(ﬁl)fio where h0 = RON*0 and Ri+! = fNLleNle, where kg, k1, ko, ... are all non-negative integers
less than or equal to k. Thus, in equilibrium with positive probability, the mechanic is hired L
times, beginning at some period t, > T — Kk and before period T + (L — K)l% Since there are L
engine replacements in the (bounded) history and at least one N occurrence, the motorist knows a
tune-up has not occurred in the full history, and so u(hL~5) > p*. Since T > (L + 1)k, all of the
histories ALK N, hE-K N2 phL-KN k1 gtill contain L engine replacements (none of the engine
replacements have yet been “erased”) and so have beliefs greater than p*. Yet Lemma A.5 implies
that the mechanic is hired with positive probability at at least one of these histories, so there is a

contradiction.

A.2 Proof of Proposition 3.3

First, if 4° > p*, the result is trivial because the mechanic is never hired, both in the one-shot and
repeated games, because the prior is too high to hire even if the mechanic does the correct repair
with certainty, so v*(8§) = ©° = 0 for all §. The rest of the proof considers the case u° € (0,p*], and
so 0¥ = ,uo% + (1 — u%)u. I reuse the notation from the proof of Proposition 3.1.

The following lemma shows that a “useful reputation” equilibrium requires a “useful history”

where the belief exceeds p* and occurs with positive long-term probability.

Lemma A.6. Let v* be the motorist’s expected payoff. If v* > 9°, there must exist h € H such
that p(h) > p* and Ry(h) + Ry(h) > 0.

Proof. Let vg be the motorists’ expected payoff conditional on type &, and let vg(h) be the expected
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payoff conditional on history A. Then

o = 00+ (L k0 = 10 3 Ryl (k) + (1= 1) 3 Ry(h)o ()

heH heH
ST [OR) () + (1~ 1) Ry ()03 ()]
heH
< 3 PR G+ (= iRy () (hu+ o)
heH
= 3 o [0S+ (= )Ry 1) (Ju+ den ()] (A7)
heH

Let R(h) = Ry(h) + Ry(h). For any h such that R(h) > 0, Bayes’ rule gives

WORy(h) (1= )Ry (h)

pu(h) = R(l;z) ; 1—M(h):W
h)R(h 1— u(h)R(h

Ry - 1 LO()’ Ry(h) = | f(_,)fo()’

and substituting into (A.7) yields

oS Y o[RS (1= )R ()]
heH
= 3 RO [ 5+ (1= ) (s o)
heH
< 3 RO )5+ (1 ]
heH

Suppose that v* > 9%, Since 0% = p0%5% + (1 — pO)u for p® € (0,p*], a necessary condition is
that there exist h such that R(h) > 0, p(h) < 1, and 0 > p(h)“5% + (1 — pu(h))u, which implies
w(h) > p*. [ ]

Suppose that p(e?) < 1. To rule this case out, I adapt analogous lemmas from the proof of
Proposition 3.1. Lemma A.1 holds here, but replacements are needed for Lemmas A.2 and A.3,

since they require T' > L instead of arbitrary T.

Lemma A.7. Let a weakly purifiable equilibrium with strategy profile (o, p) that contradicts (3.6)
be given. If p(eT) < 1, then ((el) > ¢(NeT71).

Proof. Suppose not, so then p(e’) < pu(NeT=1). Lemma A.1 implies that p(Ne?=1) = 0. Then
qbé“(eT) = p(ceT)se(ce) gl (ce™ ) +plel)se(e)pg (") and summing over ¢ and taking the limiting
average gives

Re(eT) = pleeT)se(ce) Re(ce™) + p(eT)se(e) Re(eT).

Note that upon reaching a history in X", the bad mechanic never returns to a state outside X"
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(because p(Nel=1) = 0). Since p(e!) < 1, for the bad mechanic e is a transient state for the bad
type, so Ry(el) = 0. If Ry(el) > 0, then p(e?) = 1 by Assumption 1, a contradiction. If R,(el) =
0, then it must be that Ry(ce’ ') = 0, which similarly requires Ry(ece’=2) = Ry(ccel =2) =
Ry(Ncel=2). A backward induction argument shows that R,(C) = 0 for the set C of all histories
containing ¢, which implies v* = 0 < ©" since motorists expect a tune-up with probability zero, a

contradiction. [}

Lemma A.8. Suppose that p(e’) < 1. Then ((NeT=1) > ((eT=IN) in any weakly purifiable

sequential equilibrium violating (3.6).

Proof. The proof of Lemma A.3 does not rely on the assumption that 7' > L until (A.3), so we

need only rule out the case where
Ry(NeT™1) + Ry(Nel 1) = 0. (A.8)

Let R(h) = Ry(h) + Ry(h). R(NeT~1) = 0 implies that Ry(el) = 0. If Ry(e?) > 0, then necessarily
p(el) = 0 and by Lemma A.1, p(e?) = 1, a contradiction. Thus, Ry(e?) = 0. By the same

arguments as in the proof of Lemma A.7, Rg(eT) = 0 leads to a contradiction. |

Lemmas A.7 and A.8 then give the following lemma ruling out the p(e’) < 1 case, whose proof

is essentially the same as that of Lemma A.4 and so is omitted.

Lemma A.9. For § close enough to one, there does not exist a weakly purifiable sequential equi-
librium (p, o) contradicting (3.6) such that p(e?) < 1 and ((e?) > ((NeT=1) > ((eT7IN).

For the remainder of the proof, suppose that p(e?) = 1. Then C* is an closed class set of states
(once the mechanic enters C*, she never leaves).

Suppose that p(NT) > 0. Note that conditional on being at a history in X*, the mechanic
is hired with some minimum probability ¢ > 0 within some k < T + 1 periods, either because
she is hired at some history h # N7 with positive probability or because she is not hired for T
periods, thereby reaching history N7 and then being hired with positive probability p(NT) > 0.
Since the good mechanic performs ¢ with at least probability 13* upon being hired, q%“; (xt) <
(1— %B*ﬁ)qﬁé(?(*) for all ¢ > T'. This implies that Ry(X ") = 0. Suppose there exist a history h € X
such that Ry(h) > 0. This means that u(h) =1, and so Ry(hN) > Ry(h). By induction, this means
that Ry(NT) > 0, and so pu(NT) = 1. But then a motorist at N7 will not hire, a contradiction of
p(NT) > 0.

Finally, suppose that p(N7) = 0, so NT is an absorbing state. If the good mechanic is at a
history in X', she will be at a history not in X within 7" periods (and never return) with some
minimum probability ¢ > 0, because either she is not hired for T' periods and reaches N7 (an
absorbing state) or she is hired at some history A’ € X, and performs a tune-up with at least
probability %ﬁ*. Thus, @Z*T(X ) < (1- q)qbg(X ), and a similar argument to that in the previous
paragraph shows that Ry(X) = Ry(X) = 0.
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Thus, Lemma A.6 shows that an equilibrium violating (3.6) requires u(N7T) > p*. Note that
qbZH(NT) = ¢e(NT) + (1 = p(eNT71))¢E(eNT™1). We can then write

1 t
T _ : s T
Re(N7) = flir?of—(T—l)t:z;¢é(N)
_ 1 ! T T — T—1 T—1
- g H{% N7) 4 320 = pleN" )N
t t—1
= GTNT) 4+ (1= p(eNT1) lim —— 3" 3" gt/ (eNT)
t—oo U — (T — 1) =T =T
_ 1 Lo )
= G{(NT) + (1= p(eNT™1)) lim -_(T_l)t:ZTQé HeNTTh)
Since u(NT) > p* = ((NT) > ¢*, we have
Ro(NT) . OF(NT)+ (1= p(eNT™1)) gy Soier Q) (eNT7Y)

"< = lim

Ry(NT) ~ 5% GT(NT) 1+ (1 pleNT b S @ ety )

Note that ¢f (NT) = ¢Z(N T) (since the probability of the mechanic not being hired T' times
consecutively at the beginning of the game is independent of type). Since ¢* > 1, (A.9) requires
that Q3°(eNT~1) > 0 and

i Sber @ (N

t —_ NT—l *’
o ey e

and so u(eNT=1) > p*.
Now, let some h € X be given such that the following hold:

1. the k > 0 most recent outcomes are N (i.e., h_y = h__1) = --- = h_y = N), and the
(k + 1)th last outcome is e (i.e., h_g1) =€),

2. u(hN') > p* for all I > 0 (and hence V(h) = 0), and
3. Q(h) > 0.

I show that this implies p(eh) > p* or u(Nh) > p*. Note that quH(h) =(1- p(eh))qﬁé(eh) +
(1-p(N h))qﬁg(N h) where eh and Nh denote the histories with the oldest element being e and NV,

respectively, followed by the T'— 1 oldest outcomes of h. Summing over ¢t = T + 1 to some ¢ gives

QE(h) — $E () = (1= p(eh)) Q¢ (eh) + (1 = p(NR))QL (N).
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We can see that

¢* < (¢(h) = lim % = lim oL (h) + (1 — p(eh)) g_l(eh) +(1— p(Nh)) é_l(Nh).
oo Qi(h) om0 §T(h) + (1 — pleh))Q5(eh) + (1 — p(Nh)Qh L (Nh)

I now show that for d close enough to one, either

i—1 t—1
lim Q@ (ch) > (" or lim Q, (V)

b b * A.
f—o0 th—l(eh) t—o0 th—l(Nh) > (A.10)

Suppose not. Then ¢g(h)/¢§(h) > (*. Note that gbgT(h) =(1- p(hT_l))qbg*l(hT_l) where hT—!
is the (1" — 1)-length history of the 7' — 1 oldest outcomes in h. Then

(h) _ (L= p(h™ "))y (K" 1)

T
"< - :
ST (1= T D)od ()
and so u(hT~1) > p*. By induction, this argument shows that w(RT=F) > p* for all k' € {1,...,k}.
This implies that p(h!~*) = 0 for all &’ € {1,...,k}, and since V(h) = 0, we have V(hT~%) = 0.
Since qﬁg_k(hT*k) > 0, the mechanic is hired at A7~ 1 on the equilibrium path, and so the

mechanic must perform a needed engine replacement; incentive compatibility requires
(1=0)u+d6V(hTF) =1—-8u>—1—-8w+oV(hT—*De) = —(1 - 6w + du,

which is a contradiction for ¢ close enough to one. Thus, d)g(h)/qbg(h) < ¢*, and so (A.10) is
proven.

By induction, there exists some history h, such that the most recent outcome is e, u(hN') > p*
for all [ > 0 and Qp°(h) > 0. Hence, the mechanic is hired at xh for some z € {N,e,c} on
the equilibrium path, and so the good mechanic must weakly prefer performing a needed engine
replacement at xh. Since V(h) = 0 and the continuation payoff to playing ¢ is u (since the mechanic
is hired forever after), incentive compatibility at zh requires (1 —d)u+46-0 > —(1 — §)w + ou,

which clearly gives a contradiction for § close enough to one.

B Proofs of Fading Memory Results

B.1 Proof of Proposition 4.1

Let any sequential equilibrium with strategies (p,o), and a full history h at period t be given.
Suppose player 1 faces a decision node, i.e. she is at some information set over player 2’s action

ag € Ay and observes private signal § € ©. Let V(h(ag,a1)) denote player 1’s continuation payoff
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following the action profile (ag,a1).2 Player 1 plays aq with certainty if
Ea[(1 = 8)ui(ag, az,0) + 6V (h(ag, aq))] > Ea,[(1 — 6)ui(a), az, 0) + 6V (h(az,a}))] (B.1)

for all ) € A1\{aq}, where E,,[] is the expectation over player 2’s actions ag € Ag given player
1’s information set (in the mechanic game, of course, player 1 knows ay (hiring) because Ay is a

singleton). (B.1) can be rearranged as

1—-946

Eo,[V(h(az,aq)) — V(h(az,a}))] < TEQZ [u1(ag, az,0) — uy(a}, as, 0)]. (B.2)

The left hand side of (B.2) is equal to the discounted sum of the expected differences in stage
payoffs at every future period. Denoting player 1’s stage payoff at some period t > t as v(t), let
Vay.ay (hy 1) = E[v(t)|h(as, a1)] be the expected stage payoff at ¢ conditional on reaching full history
h(asz,a1). An upper bound on the change in the expected stage payoff at ¢ due to choosing an action
different from a4 at full history h is Av(h,t) = maX(ag,all)GAQXAl{Da%a/l (hyt) = Vay.ay(h, 1)} < 2. The
action at ¢ can only affect player 1’s payoff at ¢ if period ¢ observes ¢ directly, or observes some
period t' € {t+1, ..., t— 1} that observes t, etc.; otherwise, player 2’s action at period t is necessarily
independent of the events of period ¢. This notion of an “observation chain” is formalized as “t

reaches #” in the following definition.

Definition B.1. Let two periods ¢’ and t” > t' be given. Inductively define the relation “t’ k-
reaches "7 as follows. If period t” observes period t', then t' is said to O-reach t”. If period ¢’
observes some period ¢ € {¢' +1,...,t” — 1} and { k-reaches t', then #' is said to (k + 1)-reach ¢”.
More simply, if (and only if) period ¢’ k-reaches ¢’ for some k € {0,1,...}, then ¢ is said to reach
.

Let ¢(t,f) denote the probability that ¢ reaches £, which gives the upper bound Az(ht,t) <
#(t,1)z. The following lemma gives an upper bound for ¢(t, ).

Lemma B.1. For any two periods t and t > t, $(t,1) < oi—t=1yi—t,

Proof. The proof is by induction. For £ =t + 1, ¢(t,1) = X is trivially true. Now suppose that for
some £ > t, p(t, ') < 2V ~t=I\'~t for all ' € {t+1,...,£}. The probability that ¢ reaches £+ 1 is the
probability that short-run player ¢ + 1 observes either ¢ or some period ¢ € {t + 1,...,f — 1} such

that ¢ reaches t’. Then Boole’s inequality gives

t t
ot i+1) < At Z A= ) < ATHIE Z AHI=E (gt =1 3=

<
t'=t+1 t'=t+1
R t—t—1 R 1 _ ot o
ALt [ ok | — \EH1-t [ — of—tyt+l-t
> By

20“h(a2, a1)” denotes the full history consisting of (a2, a1) appended to h.
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I can now write an upper bound for the left hand side of (B.2):

Eo,[V(h(az,aq)) = V(h(a,a}))] < (1= 68) Y 6" Av(h,t + k)
k=1

< (1-9) Za’f Yot t+k)z<(1—6 Z(sk L(gk=1 )by,
k=1

Since dA < %,

Ea2 [V(h(GQ,ad)) - V(h(ag,a’l))] < (1 — 5)/\2’ Z(Qé)\)k _ (1:;2{;\2

k=0

(B.3)

The right hand side of (B.3) is a strictly increasing function of A for A € (0,1/(20)). Substituting
(4.3) into A gives

(-0 (%) (1-9)

Y (m> 0

1-9
S TEGQ [Ul(ad,GQ,e) - ul(allaCLZae)]

Ea, [V (h(az, aq)) — V(h(az,a1))] <

Zd

for any a} € Ay, a9 € Ay, s0 (B.1) is true.

B.2 A Higher Upper Bound for )\ for Myopic Equilibria in the Mechanic Game

Proposition 4.1 assumes that the “worst case” when an “observation chain” reaches a future period is
the stage payoff decreasing by the maximum feasible amount z; in the mechanic game, this difference
is u +w. A tighter bound that seems natural is the difference between the highest feasible payoff
and the minmax payoff (u). The following corollary uses that bound on the stage payoff difference
to give a higher upper bound on A, using Assumption 1 and Criterion 1. For ¢ close to one, as w/u
approaches 1 the bound (B.4) approaches % (corresponding to motorists talking to an average of %
future motorists) and as w/u approaches oo, (B.4) approaches 1 (corresponding to an average of 1

future motorist).

Corollary B.1. Consider the fading memory mechanic game with
1
AL ———mM8 . (B.4)
6 (2+ 715)

Then the action outcome of any sequential equilibrium satisfying Assumption 1 and Criterion 1 has

the good mechanic doing the correct repair when hired.
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Proof. Let o denote the equilibrium strategy of the good mechanic, and let & be the strategy
identical to o except that at any full history containing a tune-up, the mechanic does the right
repair with certainty (it may be that 0 = 7). The following result allows a simplification of the

continuation payoffs for a tune-up.

Lemma B.2. Let a sequential equilibrium under fading memory given X\ satisfying Assumption 1
and Criterion 1 be given. At any full history h € H on the equilibrium path containing a tune-up,

it is a best response for the mechanic to perform the correct repair.

Proof. Any motorist observing the full history (which occurs with positive probability at every
full history) must hire due to Assumption 1. This is only possible if the mechanic performs the
correct repair with at least positive probability 8* no matter the car’s state, so it must be a best

response. |

Thus, deviating to & must be a best response at any full history containing a tune-up. Cal-
culation of the expected stage payoffs following a tune-up (simply the probability of being hired
times ) is simpler for & and allows them to be used as upper bounds on the expected stage payoffs
following an engine replacement because of Criterion 1.

For the remainder of the proof, suppose that the mechanic deviates to &, which has the same
continuation payoffs as o at every full history, an implication of Lemma B.2. Let the notation and
arguments in the proof of Proposition 4.1 (Appendix B.1) up to and including Lemma B.1 be given,
except that all notation is with respect to the strategy o (not o) and ag is omitted from subscripts
(because in the mechanic game, at a mechanic’s decision node, ay is known to be “hire”). At any
full history h, let wg(h) be the probability that the mechanic is hired at period ¢ > ¢ conditional on
repair a at h.

Criterion 1 implies that the continuation payoff for a tune-up is greater than or equal to that of
an engine replacement because e(h, £) = wt(h)u > 7t (h)u > De(h, ). Therefore, when the motorist
at h! needs a tune-up, performing a tune-up strictly dominates an engine replacement.

What remains to be shown is that performing a needed engine replacement strictly dominates
doing an incorrect tune-up. Let & be the strategy identical to &, except that any full history
following he (i.e. any full history that begins with h followed by e at period ¢) the mechanic always
does the right repair. Let f/,%g,ﬁa be the analogues of V,Trf;, Ua (which are defined for ) for a
deviation to &. Note that 7(h,) = #L(h)u, #L(h) = 7i(h), V(hc) = V(hc), and V(he) < V(he).
The fact that 7e(h, ) — ve(h, ) = (#L(h) — #L(h))u < &(t, f)u yields

V(he) = V(he) < V(he)—V(he) = (1—14) iék_l(ﬁc(h,i) — e(h, 1))
k=1
< (1-9) i Frp(t, t 4 k)u.
k=1
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By Lemma B.1,

> 1—0)\u
—_ < 1 _ k‘—l 2k—1 k — (7
V(he) — V(he) < ( m%& (") =5
Then substituting (B.4) into A\ gives
(1 = 0)u ( semaray _ _
V(he) — V(he) < (6<2+ /(ut >>) _ (1—0)u 1 6(u+w)_
1_25<m> d2+u/(u+w)) —26 )
Therefore, doing an incorrect tune-up is not a best response. [

B.3 Proof of Corollary 4.1

The mechanic has a unique equilibrium strategy, and the only case where the motorists do not have
a unique equilibrium strategy is if they are indifferent; hence the equilibrium payoffs are unique.
Motorist ¢ observing history € H* for some t does not hire if yu(h) > p*. Note that by definition of
L, for periods t < L, there are no histories yielding a belief greater than p*, and so hiring is always
a best response, yielding the one-shot equilibrium payoff for the motorist. The expected payoff of

a motorist conditional on period ¢ and the mechanic’s type s is
v*t(h;s) =

where p(ﬁ) is the probability of hiring given h. Thus, the expected motorist ¢ payoff is

vt = 3" (10 Py (Alb)o* (R b) + (1 — 1) Py o (Rlg)o* (s g)] (B.5)
hemt

where Ppﬂ(ﬁ\s) is the probability that history h occurs at period ¢ conditional on type s given p, 0.

Bayes’ rule gives

~ 0 2 ~ ~ ~
ulh) = W — 1Py (hh) = Poa(W)(h)
0,0
~ _— 0 2 ~ ~ ~
iy = EtV ) — (1 )P, k) = Poo (1 - ),
0,0

where Ppﬁ(ﬁ) is the probability of h at t (unconditional on the mechanic’s type). Substituting the

right hand side expressions into (B.5) gives

vt = ST P ()Rt (i b) + (1 — p(R)o (s 9)]
hemt
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The term in brackets is the expected payoff of hiring at h, which is negative when ,u(ﬁ) > p* since
the mechanic always does the right repair and therefore p(ﬁ) = 0. If there exists any A such that

P,s(h) >0 and p(h) > p*, then I can write

5= Pl [l + (= by huh) < 57}

— 2
heH?t

> 3 Pl 15 4 (1 ] =" (5.6)
heH?!

where 1{-} is an indicator function (set to one if the statement is true and zero otherwise). The right
hand side of (B.6) is the one-shot ex ante payoff. It is easy to see for every period ¢t > L(u") that
such a history h exists (at a minimum, they observe the full history with only engine replacements
with positive probability). Let some t > L(u") be given. Note that the unconditional probability
that the outcome is e or N in any period k is greater than %

Let ¢F be the probability that motorist ¢ observes exactly k periods. Let 1(r,m) = [[/%,(1—rF).
The probability of observing the £ most recent periods and none of the older ones is )\k(k“)w()\k, t—
k). The (unconditional) probability that the outcomes in periods t —k—1,...,t—1 are all either e or
N is greater than 27%. The probability that motorist ¢ observes a history h with ,u(fz, t) > p* with
k periods of either e or N is greater than 27 Dy (\F ¢ — k). Since ¥(), t) converges absolutely
as t — oo to some value x € (0,1) (Apostol, 1976), the probability that any motorist ¢ > L observes
a history h such that u(iL, t) > p* is bounded from below by Q*Z)\E(D“l)x. Thus, there exists € > 0
such that v** > 9% + ¢ for all ¢t > L(u%), and so v* = limj_, EJ%I Zf:o V¥t > oY,

B.4 Proof of Proposition 4.2

Suppose by contradiction that for any A\* € (0,1), there always exists A € (A*,1) such that a
sequential equilibrium exists with positive probability of hiring on the equilibrium path. Let such
an equilibrium be given. Without loss of generality, let period zero be the first period at which the
mechanic is hired with positive probability. The following lemma establishes that if the mechanic
is hired at some full history in equilibrium, she must be hired again sufficiently soon (or else the

temptation to do a tune-up will be too great).

Lemma B.3. Suppose the mechanic is hired at some full history h € H' on the equilibrium path
at period t with positive probability, such that

e t=0, or
e the mechanic is hired with probability greater than X(+1/2,

Suppose the mechanic chooses e at h, and let t' > t be the earliest future period at which the
mechanic is again hired with probability greater than X' +Y/2 Define K(8,u,w) = In(6 — (1 —
N1+ w/u))/Ind. Thent' <t+ K(§,u,w) for A close enough to one.
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Proof. For any period t, if the mechanic is hired at period 0 or at h € H* with probability greater
than A(+1)/2 then the mechanic must perform a needed engine replacement with positive proba-
bility; otherwise, the motorist who sees the full history » € H* would not hire, since the probability
that the full history is observed is Hk 1 Mo = \EHD/2 - Incentive compatibility gives

(1 =08)u+6V(he) > —(1—6)w+ 0V (he) (B.7)

where V (ha) is the continuation payoff of full history ha € H**'. By definition, ¢’ is the earliest
period such that the mechanic is hired with probability greater than A (FH+D/2 4f she chooses e at

period ¢, so an upper bound on her continuation payoff for e is

t'—1

V(he) < (1 o 5) Z 5k—t—1(1 o )\k(k+1)/2)u—|— Z(Sk_t_lu
k=t+1 k=t
t'—1
_ (1 - 5) Z 5k—t—1(1 - )\k(k+1)/2)u+ 5t’—t—1u'
k=t+1

Assumption 1 gives the following lower bound for the continuation payoff of c:

- 1—9)A\u
h > (1 — kyk+1 :(
V(he) > ( 5);05)\ U=

Substituting these bounds into (B.7) gives

t'—1

(10t (1=8) 37 951 = X2 6> (1= g 5D
k=t+1 _
SA t'—1
U > (1 -9) T (1+w/u) — Z gE=t(1 — NR(EFD/2) | (B.8)
k=t+1

Let any € > 0 be given. Taking the limit of the right hand side of (B.8) as A — 1, there exists A*
such that for all A € (\*,1), 6/t > § — (1 —6)(1 +w/u)/ exp (¢/(—1nd)) since exp(e/(—Ind)) > 1

Solving for t' gives

e OOt w/)

(' —)Ind > In(d — (1 — 8)(1 +w/u)) — _fn5 < -

Since € > 0 is arbitrary, we can pick ¢ < max{1, [K(d,u,w)] — K(d,u,w)}. In that case, because

t' is an integer, it must be that ¢ <t 4+ K(d,u,w) for A close enough to one. |

Lemma B.3 implies that for A close enough to one, if the mechanic is hired at period 0, with
positive probability she must be hired in at least L + 1 periods (with greater than probability
A (F+1)/2 at each such period ¢/ ) in the first K'L + 1 periods on the equilibrium path, which means
there must exist full history h' € H tat { < KL+ 1 on the equilibrium path that includes L + 1
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engine replacements and no tune-ups. This also implies that at each of these hirings, the mechanic
must have performed a tune-up with at least probability * (see (3.2)). Yet this implies that the
posterior of the motorist receiving the (L + 1)th engine replacement at period t7; if he observes
the full history must have been at least Y% (u®) > p*. Thus, hiring was not a best response for that

motorist with at least probability Az+1(t+1+1)/2 5 contradiction.

B.5 Proof of Proposition 4.3
I begin by characterizing A*. For t € {0,1,...}, n € {2,3,...}, and X € (0,1), define

t+n—1

Fltmd) = Y = (1= AN,
k=t+1

Note the following useful properties about the function f.
Fact B.1. f(t,n;\) is strictly decreasing in t, and strictly increasing in .

Fact B.2. Let any e > 0 be given. For anyt € {0,1,...},n € {2,3,...}, there exists ' € (0,1) such
that for any A € (N, 1), f(t,n;\) >n—1—¢.

Let n* be an integer strictly greater than 1 + w/u. Pick A* € (0,1) such that
fLn*,n* 4+ 1;A%) > 1+ w/u. (B.9)

Let A € (A\*,1) be given. Suppose by contradiction that for any §* € (0, 1), there always exists
d € (6*,1) such that there exists a sequential equilibrium with strategies p, o where the mechanic
is hired with positive probability on the equilibrium path. Without loss of generality, let the first
such period be 0.

Let & be the strategy identical to o except that at any full history containing a tune-up, the
mechanic does the right repair with certainty (it may be that o = 7). Lemma B.2, reproduced here
as Lemma B.4 for convenience, shows that deviating to & is a best response at any full history (the
only histories at which & may differ from o are those with tune-ups, and for those histories doing

the right repair is always a best response).

Lemma B.4. Let a sequential equilibrium satisfying Assumption 1 and Criterion 1 be given. At
any full history h € H containing a tune-up, it is a best response for the mechanic to perform the

correct repair.

I use a technique here similar to the proof of Corollary B.1 to simplify calculation of continuation
payoffs. For &, calculation of the expected stage payoffs following a tune-up is simple (due to Lemma
B.4, it is the probability of being hired times u) and due to Criterion 1, they can be used as upper
bounds on the expected stage payoffs following an engine replacement (shown below).

For the remainder of the proof, suppose that the mechanic deviates to ; since by Lemma B.4

such a deviation is a best response at any full history, the continuation payoffs are identical at all
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histories. At any full history h € H?, let 7%(h) be the probability that the mechanic is hired at
period k > t conditional on doing repair a € {c,e} at h, and let ¥¥(h) denote the expected stage
payoff at period k conditional on a. Criterion 1 requires that 7%(h) > 7%(h). Since the mechanic

performs all correct repairs following a tune-up, 7¥(h) = 7&(h)u > 75 (h)u > v¥(h).

Lemma B.5. Let the assumptions of Proposition 4.3 and A € (\*,1) be given. For § close enough
to one, if there exists a sequential equilibrium where the mechanic is hired with positive probability
at period 0, then there exists a full history Kt € H' on the equilibrium path at some period t < Ln*
where the mechanic is hired with probability greater than 1 — MNED/2 gnd bt contains L engine

replacements and no tune-ups such that the posterior after observing the full history is ,u(hf) >

TH(u°).

Proof. The proof is by induction. Let t; > 0 be the first period after 0 at which the mechanic is
hired with greater than probability 1 — A (*1+1)/2 " conditional on the mechanic doing an engine
replacement in period 0.

I now show that ¢; < n* for ¢ close enough to one. The continuation payoff of a tune-up at 0

has a lower bound due to Assumption 1 given by

t1—1

(1f5)V(c) iak 5 (h0) > Z(s’uku+25k k(h0)

k=1 k=t1

where h? is the empty history at period 0. Since the mechanic is hired, the incentive constraint
—(1 =0)w+ 0V(c) < (1 —0d0)u+ 6V(e) must hold (when an engine replacement is needed). A

necessary condition for this incentive constraint is

—w+z5k)\ku+25k 5 () <u+25k — AR(ED/2 u—l—Zék F(h0) (B.10)
k=n

for any n < t1. Suppose by contradiction that t; > n*. After some rearrangement of (B.10), picking

n=n*+1 gives

D I — (1= NEED2) )y <o, (B.11)

Dividing by u and taking the limit of § gives

n
lim kZa’“[Ak — (1= AREFD/2Y — £(0,0* +1) < 1+ w/u,
so (B.11) contradicts (B.9) for A > A* and ¢ close enough to one. Thus, the mechanic must be hired
at period ¢; with probability greater than 1 — A(t1+1/2 and ¢, < n* at a full history h"* € H"
with one engine replacement and no tune-ups.
Now for some j > 1, let h'i be a full history at t; < jn* on the equilibrium path where
the mechanic is hired with probability greater than 1 — A%(®i+1)/2 guch that h% has j engine
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replacements and no tune-ups. I show that there exists period t;41 < t; + n* such that the
mechanic is hired with probability greater than 1 —Ab+1(t+1+1)/2 Since the mechanic is hired at h
with greater than probability 1 — A% (t;+1)/2 the mechanic must perform an engine replacement with
positive probability when it is needed (by the same argument as above), and incentive compatibility

gives the necessary condition

ti+n—1 0o
—w Y SN Y Rk (nh)
k=t;+1 k=t;j4+n
ti+n—1 0o
< u+ Z 5k—t]-(17)\k(k+1)/2)u+ Z 5k_tj1_}f(htj)
k=t;+1 k=t;+n

for n <tj41 —tj. Suppose by contradiction that ¢;41 > t; +n*. Picking n = n* + 1 gives

t]-—l-n*
Z SFt Nt (1 — ARFD/2Y]gy < g 0, (B.12)
k:tj-i-l

Dividing by u and taking the limit of § gives

tj-‘rTL*
lim PR — (1= AU = p (1 0t 1) < 14w/,
6—1

k=t;+1
so (B.12) contradicts (B.9) for A > A* and § close enough to one. Then there exists a full history
hti+1 following h' on the equilibrium path for some t;11 < t; +n* < n*(j+ 1) where the mechanic
is hired with probability greater than 1 — Af+1(ti+1+1)/2 with j 4 1 engine replacements (where the
good mechanic must have performed a tune-up with at least probability 5*) and no tune-ups. For
d close enough to one, this induction proves the existence of such a full history on the equilibrium
path containing any number of engine replacements j < L such the posterior upon observing the

full history is at least Y7 (), if motorist 0 hires with positive probability. [

Lemma B.5 shows the existence of some full history ht € H' at some £ < Ln* on the equilibrium
path whose full observation yields posterior p(h') > Y% (u%) > p* and the mechanic is hired with
probability greater than 1 — A*t+1)/2 which requires that the motorist hire even if he observes the

full history. Yet if he observes the full history, hiring cannot be a best response, a contradiction.
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