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Abstract

In a GMM setting this paper analyzes the problem in which we have two sets of moment conditions,
where two sets of parameters enter into one set of moment conditions, while only one set of parame-
ters enters into the other, extending Prokhorov and Schmidt’s (2009) redundancy results to nonsmooth
objective functions, and obtains relatively efficient estimates of interesting parameters in the presence
of nuisance parameters. One-step GMM estimation for both set of parameters is asymptotically more
efficient than two-step procedures. These results are applied to Wooldridge’s (2007) inverse probability
weighted estimator (IPW), generalizing the framework to deal with missing data in this context. Two-
step estimation of 3, is more efficient than using known probabilities of selection, but this is dominated
by one-step joint estimation. Examples for missing data quantile regression and instrumental variable

quantile regression are provided.

1 Introduction

This paper extends Prokhorov and Schmidt (2009) analysis to the estimation of a general GMM problem
with nonsmooth objective functions in which nuisance parameters are present. The framework developed
encompasses several interesting problems in econometrics such as, missing data, censored or truncated data,

treatment effects, instrumental variables etc. More importantly, by allowing nonsmooth objective functions,
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the analysis extends to models that have gained additional importance in recent years, e.g., LAD, quantile
regression, censored LAD, quantile treatment effects and IVQR.

The results rely on Newey and McFadden (1994) to obtain the asymptotic variance of the GMM estimator
under less restrictive assumptions on the smoothness of the objective functions. For that consider two sets of
moment conditions, the first includes both the parameters of interest (5,) and certain nuisance parameters
(7o) while the second subset includes only the nuisance parameters. By defining four competing estimators
based on different assumptions regarding the information available about these nuisance parameters and
the moment conditions utilized, results about the relative efficiency of each proposed estimator are derived.
These results provide guidance to applied work in the presence nuisance parameters.

As discussed by Prokhorov and Schmidt (2009), joint estimation of nuisance parameters and parameters of
interest is more efficient than a two-step procedure or knowing the true nuisance parameters and disregarding
the second set of moment conditions. This fact is due to the information contained in correlation between
both sets of moment conditions which is useful, even when ~, is known. Using only the first set of moment
conditions and known values of 7, in the estimation procedure does not use the additional information
embedded in the second set of moment conditions. These results are shown to hold when the objective
functions are nonsmooth.

The general results are directly applicable to missing data problems and encompass Wooldridge’s (2002b,
2007) Inverse Probability Weighting (IPW) estimators, extending its use for nonsmooth objective functions
under the usual assumptions about the selection process, typically referred to as ”ignorability”. The general
estimation results described confirm the validity of the result described by Wooldridge (2007), i.e., that it is
better (in an efficiency sense) to estimate the selection probabilities, even if the latter are known. In other
terms, we obtain more efficient estimates for j3, if we estimate ~, than if we use the true 7,. This result is
"puzzling” because knowledge of ~,, if properly exploited, cannot be harmful. Previous works discussed this
result, such as Wooldridge (2002b, 2007) in the context of IPW. Hirano et al. (2003), Hitomi et al. (2008)
and Prokhorov and Schmidt (2009) addressed the problem for the smooth objective function case. Even
though this issue have been considered by Chen, Hong and Tarozzi (2008) in a semiparametric context with
nonsmooth objective functions, the parametric approach proposed here provide, as a novelty, the conditions
under which this result is valid and, furthermore, shows that the two-step estimator is usually dominated
by a one-step joint estimation procedure that uses both the weighted moment conditions and the conditions
associated with the selection model.

There have been several papers devoted to general theories of estimation in settings where nonsmooth
objective functions are allowed, following Daniels (1961) and Huber (1967). Studies that allow for estima-
tion of models based on nonsmooth objective functions include, among others, Pollard (1985), Pakes and

Pollard (1989), Newey and McFadden (1994, section 7). Recent studies have approached the problem of



nonsmoothness with focus on semiparametric models, see Chen, Linton and Van Keilegom (2003) for a gen-
eral estimation approach; Chen, Hong and Tarozzi (2008) for an approach for missing data problems with
nonparametric first stage; and Cattaneo (2010) for an approach on the estimation of multi-valued treatment
effects on a semiparametric framework.

The remainder of the paper is organized as follows. Section 2 sets up the general GMM framework used
in the analysis and presents results regarding efficiency and redundancy of the estimators proposed, as well
as estimators for the asymptotic variances of the parameters estimated. Section 3 studies the IPW approach
to missing data problems proposed by Wooldridge (2002b, 2007), extending its scope to nonsmooth objective
functions. Section 4 provides examples of the uses of the framework proposed here by, first, considering a
model for the conditional quantile in a context with missing data; secondly I consider a simplified IVQR

model as proposed by Chernozhukov and Hansen (2005, 2006). Section 5 concludes.

2 General Estimation Problem

Let w* € Q* ¢ RIM“") he a random vector; € ® C RP be a parameter vector, ® is a compact set, and

the population condition
9o(0o) = Elg(w™,60)] =0 1)

where ¢ : @* x ® —R™ is a vector of known real-valued moment functions.

Newey and McFadden (1994) have shown consistency (Theorem 2.6) and asymptotic normality (Theorem
7.2) of the Generalized Method of Moments (GMM) estimator that uses the population moment condition
above. These theorems cover the case in which the moment functions, g(-), are allowed to be nonsmooth.

The GMM estimator minimizes the objective function
gn(0)'W g (0) (2)

where W converges in probability to W, the appropriate positive semidefinite weighting matrix and w;},i =
1,...,n, are i.i.d. Both Theorem 2.6 and 7.2 from Newey and McFadden (1994) will be used to derive the
asymptotic variance of the estimators. The first regards the consistency of the GMM estimator, relies on
relatively weak conditions, and allow for discontinuities in the objective function. The second theorem
demonstrates the asymptotic normality of the GMM estimator under a certain form of nonsmoothness of
the objective function. As shown by Pollard (1985) the differentiability of the objective function g(w},6) can
be replaced by the differentiability of g,(f) for the purpose of obtaining the asymptotic normality of these
estimators. The key condition to allow for nonsmooth objective functions is a ”stochastic equicontinuity”
assumption that guarantees uniform convergence in probability of the linear approximation of g,(8) by

g(w},0) in a shrinking neighborhood of 6,. This is similar to the stochastic differentiability condition in



Pollard (1985) and primitive conditions are available in Pollard (1985), Andrews (1994) and Chen, Linton
and Van Keilegom (2003).

Suppose that 6 can be partitioned into subsets of parameters (5,7')’€ B x I' C RP* x RP2 and that g(-)
can be partitioned into subsets of functions (g1 (-)’, g2(-)")" as defined below. For notational convenience, w*

is suppressed in the following discussion, then

E[gl(ﬁof)/o)] =0 (3)

Elg2(70)] = 0 (4)

where 8 € B, v €T, g1(-) and g2(-) are m; and ms vectors of known functions, respectively (m = mq +ms2).
Note that the second set of moment conditions does not depend on 3 while the first set of moment conditions
depend on the full parameter set 6. Let g,1(0) = n=* zn: g1(wf,0) and gpa(y) = n7t Zn: g2(w?,7),the
sample analogues of the population moments. The framevégrlk developed here is valid for thze: 1general case of
overidentification, i.e., my > p; and mo > po. This, and the appropriate rank conditions guarantees that two
step estimation is possible. Let the asymptotic covariance matrix for the moment functions, X, be defined

as

Cii Ci2
Co1 Cao

E=VIg(0o)] =

where we assume X is finite and nonsingular so its inverse exists:

cHt c? C' (I +CpE~1Cy 0 —CtCrE~Y
c2l (22 —E71021Cf11 £l

E_l

since ¥ (and X71!) is symmetric Cjo = Ch; and the second equality holds (see White (1984), p.80) for
E= 022 — 02101_11012.

Define the matrix of derivatives as

G = Vogoltl) = VoElg(0,)] = GO” 2
Gu = VsE[g1(Bo,70)]

Giz = VyE[91(Bo,70)]

G = VyE[ga(7)]

where the lower off-diagonal matrix equals zero since the second set of moment conditions does not depend
on f.
Following Prokhorov and Schmidt (2009), define four different possible GMM estimators that differ in

which moment conditions are used and/or whether v is treated as known.



Definition 1 Call the estimator of 6, that minimizes

gn(0)' 59 (0) (5)
the ONE-STEP estimator.

This is the usual GMM estimator that uses all the available orthogonality conditions jointly to estimate

Bo and 7,.

Definition 2 Call the estimator of B, that minimizes

gnl(ﬁ;’yoycﬁlgnl(ﬂv’%) (6)

and 7, is treated as known the KNOW-y estimator.

This estimator ignores the second set of orthogonality conditions 4, treating 7, as a known vector of

parameters and estimating (3, using only the information available in the first set of moment assumptions.

Definition 3 Call the estimator of B, that minimizes

9n(B:70) E 7 gn (85 70) (7)
and vy, 1s treated as known the KNOW-vy-JOINT estimator.

This is the GMM estimator for 3, in the form considered by Qian and Schmidt (1999). In this case, one
has information about the true values of «, but still uses both set of moments conditions in obtaining an

estimate for ,.

Definition 4 Call the estimator of 0, obtained in the following fashion, the TWO-STEP estimator:

(i) the estimator 7 is obtained by minimizing

9n2(7) Caa' gn2(7) (8)

(i) the estimator B is obtained by minimizing

gnl(ﬁa’/y\)lcﬁlgnl(67’/y\) (9)
and 7 1is treated as given.

This is the sequential estimator that uses only the second set of moment conditions 4 to obtain a consistent
estimator of the unknown parameter vector v, and then uses only the first set of moment conditions 3 to
obtain the estimator of 3,. This estimator is widely used in the applied economics literature and encompasses

several common applications.



The estimators defined above depend on a known ¥. In practice, 3 is not known and has to be replaced
by an initial consistent estimate. Nevertheless, this does not impact the asymptotic variance of the feasible
estimators.

The asymptotic variances of these estimators are derived directly from Newey and McFadden (1994)

Theorem 7.2.

Theorem 1 Let VONE—STEP7 VKNOW—'wVKNOW—'y—JOINT and VTWO—STEP denote the asymptotic vari-
ance of ONE-STEP, KNOW-y, KNOW-y-JOINT and TWO-STEP respectively. Then, under the conditions
described in Newey and McFadden (1994) Theorems 2.6 and 7.2,

1

Vong-step = (G'ST'G) (10)
Vievow— = (G1,C'Gi) ™ (11)
VeNOW—~v—JOoINT = (/chGn)_l (12)
Vrwo-step = BYB’ (13)
where,
B— Bll B12
0 B
with
Bu = —(Gn0n'Gu) Gl
Biz = (GiCp'Gu)  GiiOn Gia (GhC3:' Goa) " GnCy
By = —( 520521022)_1 52Cos'

Proof. All proofs are provided in the appendix. m

Since the structure of the variances presented in 1 is identical to the structure found by Prokhorov and
Schmidt (2009) for the case in the objective functions are smooth, it is possible to analyze the relative
asymptotic efficiency of these estimators by applying Theorem 2.2 on Prokhorov and Schmidt (2009)." Thus

extending their result to allow nonsmooth objective functions

Corollary 1 For the estimators defined above as the ONE-STEP, KNOW-y, KNOW-y-JOINT and TWO-
STEP with asymptotic variances given by 10, 11, 12 and 13, respectively, the following statements hold:

1. KNOW-y-JOINT is no less efficient than ONE-STEP, KNOW-y and TWO-STEP for j3,.

2. If C15 =0 then KNOW-y-JOINT and KNOW-y are equally efficient for f3,.

11 denote the asymptotic variance of OasV meaning that \/ﬁ(g— 0,) converges in distribution to N(0,V).



3. If G2 = 0 then TWO-STEP and KNOW-y are equally efficient for j3,.

4. If C12 =0 and G132 =0, then ONE-STEP, KNOW-y, KNOW-y-JOINT and TWO-STEP are equally
efficient for B,, and ONE-STEP and TWO-STEP are equally efficient for v,.

5. ONE-STEP is no less efficient than TWO-STEP.

6. If my = p1 then the ONE-STEP and TWO-STEP estimates of v, are equal.

7. If my = p1 and ma = py then the ONE-STEP and TWO-STEP estimates are equal for both 5, and
Yo-

8. If my = p1 and C12 = 0 then the ONE-STEP and TWO-STEP estimates are equally efficient for both
Bo and 7o.

9. If G152 = 0120521G22, then KNOW-y-JOINT and ONE-STEP are equally efficient for (,.

10. If G2 = 012027216'22, then ONE-STEP, KNOW-y-JOINT and TWO-STEP are no less efficient for
Bo than KNOW-y.

Statement 1 shows, as expected, that KNOW-v-JOINT dominates the other estimators. This is an
intuitive result since the known value of 7, is at least as efficient as any estimate of ~,, and KNOW-v-
JOINT uses the full set of relevant moment conditions.

Statement 2 is the result Qian and Schmidt (1999), where it is shown that using additional moment
conditions that include no unknown parameters (as is the case for KNOW-v-JOINT) improves efficiency
except in the special case in which Ci5 = 0. In other words, the second set of moments is redundant in the
estimation of f,, Prokhorov and Schmidt (2009) call this M-redundancy.

Statement 3 gives the condition under which the first stage estimation of the nuisance parameter -, does
not affect the asymptotic behavior of the second stage estimate of §,. This result is similar to the one
shown in Wooldridge (2002a), however in this case we are dealing with a nonsmooth objective function and,
therefore, the restriction G12 = V,E[g1(8s,7,)] = 0 differs from the one proposed by Wooldridge.

Statement 4 provides conditions under which the ONE-STEP, KNOW-v, KNOW-v-JOINT and TWO-
STEP estimators are equally efficient for [3,, hence the use of the additional moment conditions in 4 by the
ONE-STEP, KNOW-+-JOINT and TWO-STEP estimators does not improve the precision of the estimated
parameters of interest as in the previous statement; and the knowledge of 7, does not help in estimating [,.
This holds if the two sets of moment conditions are asymptotically uncorrelated and ~ is not present in the
first set of moment conditions.

Statement 5 is the usual result that in general, sequential estimation procedures are less efficient than
joint (one step) estimation.

Statement 6, 7 and 8 follow directly from Ahn and Schmidt (1995) and show that the GMM separability
holds in the framework that allows non-smooth objective functions. The GMM estimates for ~, are not

improved by the inclusion of an equal number of additional moment conditions and parameters. It can be



shown that if G is nonsingular, the ONE-STEP estimator for 5, can be written in terms of the ONE-STEP
estimator of v, using the equation gnl(g, ) = C1205" gn2(7) (see appendix for details). Thus, as described
by Prokhorov and Schmidt (2009) the ONE-STEP and TWO-STEP estimators for §, will be derived from the
same equation as long as gn2(5) = 0, which will be true under exact identification of ~,, and asymptotically
equally efficient if C15 = 0, since the moment conditions will be asymptotically uncorrelated, not adding to
the information set exploited by ONE-STEP relatively to TWO-STEP.

Statement 9 and 10 are direct extensions of Prokhorov and Schmidt (2009). Statement 9 says that
KNOW-~-JOINT and ONE-STEP are equally efficient for the estimation of 3,, which means that knowledge
of 7, is not useful in terms of the efficiency of the estimates for 3, if we are using the full set of moment
conditions and G5 = 0120{21(;22.

Statement 10 shows that under the same condition about G132, KNOW-v is dominated by ONE-STEP,
KNOW-~-JOINT and TWO-STEP. Knowledge of v, is not useful in the estimation of 5, in this case, and
the KNOW-v estimator does not use the information in the second set of moment conditions, which is useful
unless Ci5 = 0.

The statements presented in Corollary 1 show that the results for GMM redundancy presented by
Prokhorov and Schmidt (2009) extend to GMM estimation procedures based on nonsmooth objective func-
tions.

Under the conditions of parts 9 and 10 of Corollary 1, the following corollary can be obtained.
Corollary 2 If G5 = Clgngngg and Gago is invertible, then
V(Brwo-step) = (G1CR'Gn) " GLOR DLCH G (GO Gn) (14)
Additionally, if G11 is invertible, then
V(Brwo-srep) = Gii' DoG1," (15)
where

D, = FElee€l]

[91(w],0) — C12C5" g2 (W], 7)]

€;

Note that e; is the residual of the linear projection of the first set of moments conditions on the second set
of moment conditions. This result is useful in the estimation of the asymptotic variance of the estimators, as
I discuss below. Unfortunately, this applies only if the second set of moment conditions is exactly identified

for formula 14 and if both sets of moment conditions are exactly identified for formula 15.



An arresting issue is to obtain estimates of the variance matrices described in theorem 1. The nonsmooth-
ness of the objective function creates some obstacles to the usual estimations procedures. As described by
Lee (2006) the fact that the estimates for the variances depend on the derivative of the expectation of the
estimating function in the nonsmooth case warrants a more careful approach in estimating the variances
used for inference.

A general approach that work in most cases is offered in Newey and McFadden (1994), and consists on
obtaining consistent estimators for the separate components of the variance matrix. For estimating X or its
relevant components a standard estimator is available. This procedure can be used in a first-step to obtain

consistent estimates of the appropriate weighting matrix for the estimation procedure.

i = nil Z g(wgkv é)g(w:‘a é) 611 = nil Z gl(w;ka é)gl(w;7é)
=1 =1

Cra=n"'Y g1(wf,0)g2(w!7)  Coz=n"1Y go(w,4)g2(wf,4)
=1 i=1

To be able to plug this estimates on the equations derived in Theorem 1 we need to obtain estimates of
G, which can be difficult to obtain due to the nonsmoothness of the objective function. In this approach an
estimate of G is obtained by numerical derivatives. Following Newey and McFadden (1994) let e; denote the
i*" unit vector, €, denote a small positive constant that depends on the sample size. Define the estimators

for G and its components as

~ 1 | — - x N x N

G, = % n 1;g(wi,9+ejen)—g(wi,O—ejen)]
1 B n

Gn, = o nI;gl(wz‘,Mejemm(w;‘,ﬂejem]

- 1 [ n

G2, = %, n~t ;gl(wf,ﬁﬁ +ejen) —g1(wyi, 6,5 — €j€n)]
1 B n

G, = %, n71;QQ(w;7;}/+ej5n)*QZ(W;vﬁyfejﬁn)

Where the subscript j denotes the j* column of the matrix being estimated. Newey and McFadden(1994)
Theorem 7.4 shows that if €, converges to zero and /ne, converges to infinity as n gets larger, these
estimators will be consistent for the terms of the variances presented in theorem 1.

However, these estimators are cumbersome and not practical. As emphasized by Newey and McFadden,
the choice of ¢, is a difficult problem and the formulation described above, using a unique value for ¢, would
be good only if the estimated parameters had been scaled to have similar magnitudes. If that is not done,

we would have to pick different ¢, for different components.



On specific cases, other estimators are available. As discussed in Newey and McFadden (1994) if g(w*, é)
is differentiable with probability one, with Veg(w*, é) that is continuous at 6, with probability one and
dominated by an integrable function in a neighborhood of ,, then G = n~! Z Vog(wy, 0) is a consistent
estimator for G. Hence, the more standard estimator is available and would be easier to implement.

Clearly, alternatives could be available for specific moment conditions. Section 4 provides the example
for the leading case of IPW for linear quantile regression.

Even in this case, the calculation of the matrix B that is present in the asymptotic variance of the
TWO-STEP estimator could be cumbersome. For the cases in which the conditions from part 9 and 10
of Corollary 1 hold, namely G135 = 0126’2_21G22, Corollary 2 offers a different approach to the problem
of estimating the asymptotic variance in those cases (even though we still need to resort to one of the
estimators above to obtain 611). We can obtain an estimate of the matrix E [e;e}] by regressing the first

set of moment conditions on the second set of moment conditions in the sample to obtain the residuals
-1

G = g1(wr, B, ) 1292< Zﬂ)glw,ém] [n—l S 92(wh )92 @A) | ga(wr, ), and caleulating the
=1

sample analogue of the matrix D=n! Z é;€;. Unfortunately, this simple procedure is valid only for the
asymptotic variance of the TWO-STEP elstlimator under the condition above and under exact identification
of at least the second set of moment conditions.

For most of the relevant problems, we could use a bootstrap procedure to obtain consistent estimates of
the variance of 6 directly, but these could be computationally demanding for models in which the solution of

the optimization problem for both sets of moment conditions require numerical optimization of the objective

function.

3 Estimation with missing data

This section specializes the results of the section 2 to a model in which missing data is allowed in a framework
that expands that proposed by Wooldridge (2002b, 2007) to allow nonsmooth objective functions.
Consider w € Q € RI™“) a random vector with density f(w); € B C RP! a parameter vector, where

B is a compact set. Suppose there is the population moment equation

go(ﬁo) = E[g(wvﬂo)] =0 (16)

where g : Q x B =R is a vector of known real-valued moment functions with m; > p;, so 8, could be
overidentified. Assume S, is the unique solution to 16. I am interested in estimating f3,.

Note that the moment conditions presented above hold in the unselected population. Assume nonrandom
sampling occurs and it is characterized by a selection indicator, s € {0, 1}, such that w; is observed if and

only if s; = 1. All or part of w; is not observed when s; = 0.

10



The GMM estimator based on 16 using the selected sample, in effect makes the empirical moments
n
n~1 3 sig(w;, B) close to zero. These empirical moments are the sample analogues of the population moments
i=1
of the form

Elsg(w, )] =0 (17)

which are referred to as the unweighted selected population moments (Prokhorov and Schmidt 2009 and
Wooldridge 2002b). The name emphasizes that they are evaluated at the selected rather than the full
population of interest and differentiates them from the weighted selected population moments defined below.
The selectivity problem occurs exactly because 17 may not hold; in other words, the value 3, that solves
16 may not also solve 17 (Prokhorov and Schmidt 2009). If that happens, the estimate for 3, obtained
through this procedure is not generally consistent. In fact, its consistency and potential solutions for the
data selection problem will depend on the relationship between the selection process and both the dependent

and independent variables.

3.1 Data Selection under Ignorability

A straightforward solution is to solve the nonrandom sampling problem using inverse probability weighting
(IPW) as shown by Wooldridge (2002b, 2007). To be able to use IPW we need some variables that are rea-
sonable predictors of selection as described in Wooldridge (2007). This is formally stated as an ”ignorability”

of selection assumption.

Assumption 1 (Wooldridge, 2007, Assumption 3.1) (i) w; is observed whenever s; = 1;
(ii) For a random vector z; such that P(s; =1 | w;, 2z;) =P(s; = 1] z;) =p(2:);
(iii) For all z € Z C R’, p(z) > 0;

(iv) z; is observed whenever s; = 1.

Item (ii) in this assumption requires that s L w | z. In other words, the selection has to be independent
of the y and = conditional on z. As discussed at length by Wooldridge (2007), assumption 1 encompasses a
variety of selection schemes common in the missing data literature, including ”"missing at random”, ”variable
probability sampling”, ”selection on observables” etc. This allows, for example, that the probability of
observing w; to depend on the stratum in which w; falls into; or that z; is observed only along with w;; or
that partial information is known about the incompletely observed data. Assumption 1 does not apply to

the ”selection on unobservables”?

case as generally used in econometrics. I will not explore these possibilities
directly here, referring the reader to Wooldridge (2007).
Assume that a conditional density determining selection is correctly specified and that a maximum

likelihood estimator of the selection model is available.

2A quantile regression estimator for the case wheen selection is on unobservables is provided by Buchinsky (1998)

11



Assumption 2 (Wooldridge, 2007, Assumption 3.2) (i) G(z,7) is a parametric model for p(z), where
vyeI CRP2 and G(z,7) >0 forall z € Z and v € T

(ii) There exists v, in the interior of T' such that p(z) = G(z,7,);

(#ii) For a random vector v; such that D(v; | w;,z;) = D(v; | 2;), the estimator 7 solves a conditional

mazximum likelihood problem of the form
n
max In[f(v; | 2, 18
S 10 26 (13)

where f(v | z,7) > 0 is a conditional density function known up to the parameters 7,, and s; = h(v;, z;) for
some nonstochastic function h(-,-);

(iv) The solution to 18 has the first-order representation

VA = %) = {E [di (7o) di (70)’ ( Zd (Vo) ) + 0p(1)

with d; (v) = %W, which is the py X 1 score vector for the MLE.

The assumption above requires standard regularity conditions about G(z,7), including smoothness of
the parametric model. Even though this restricts the possibilities to model the selection process, it includes
the most used probability models used in the literature. By doing so, we concentrate on the impacts of
nonsmoothness in the model of interest and provide results about the use of IPW in correcting sample
selection for those cases. Assumption 2 covers the cases presented by Wooldridge (2002b) in which the
conditional log-likelihood was for a binary response model. The advantage of using this slightly more
complicated framework is to allow z; to be only partially observed and to permit s; to be a function of
another random variable v; which includes a broader class of selection problems. For a deeper discussion on
the extensions allowed by assumption 2, see Wooldridge (2007).

Note that the MLE estimator for -y, described above can be obtained in a GMM setting as follows.

Let 7 the Maximum Likelihood Estimator (MLE) of ~,, that is 4 solves

n

1 7 ()
rggg{m n[f(vi | 2i,7)]

Vo f(ilziy) o n —
Define go(z,7,8) =d(v) = W and gn2(y) =n! > i1 92(2i,7, 8i). Hence, gna(7) BN 920(7) =

E[g2(z,7, s)]. Then, the problem above is characterized by the following first order conditions
e ~ - A f (Wi | zi,7)
3 e - {}
2 > [T
= n7 Z d; (7) = op(n”2)

12



and,
E [92(2,7,,5)] = E[d(7,)] =0

Under assumption 1, Wooldridge (2002b) lemma 3.1. is valid, then

2 [ g ] ot} = B | (55 ) otw.80)] = Elote. 50

Which suggests that we use the sampling probabilities to consistently estimate 3, Consider the weighted

selected population moments that weight 17 by the inverse of the selection probability:

2| (g ) sl =0 (19)

Given an estimator for v,, 7, we can form G(z;,7) for all ¢ with s; = 1 and we are able to obtain consistent
estimates for 3, by using the weighted selected population moments 19 as described in Wooldridge (2007).
Note that, by the Law of Large Numbers and Law of Iterated Expectations, assumptions 1, 2 and consistency

of 4 for v, (see Wooldridge 2002b, theorem 3.1).

_1 - Si ) p
n ; mg(wzﬂ) — FE [

o[ ]

— 5| BBl ) sl

= Elg(wi,B)] = go(B)

Hence, this provides a set of valid moment conditions that could be used to estimate 5,.

3.1.1 Efficiency Comparisons

The relative efficiency of the estimators for 5, that use IPW to correct a missing data problem under
assumption 1 and 2 can be analyzed under the framework developed in section 2. Consider the two sets of

valid moment conditions,

Elgi (w2 57, 5)] E[G(jw)gw,ﬁ)}:o (20)
Blnns)] = 8|20 @

Any of the estimators discussed in section 2 can be used, differing on the set of moment conditions used
and the knowledge about the weights.
Under the assumptions on the moment conditions and the selection process discussed in this section, the

following lemma holds.
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Lemma 1 If the conditions of Newey and McFadden (1994) Theorems 2.6 and 7.2; Assumptions 1 and 2
hold, and the moment conditions are defined by 20 and 21, then G152 = Clgngngg.

By using this result, we can see that under these assumptions, the results of Corollary 1 can be directly

applied to this specific case.

Theorem 2 Under the conditions of Lemma 1 , ONE-STEP, KNOW-y-JOINT and TWO-STEP are no
less efficient for B, than KNOW-y. Furthermore, ONE-STEP and KNOW-y-JOINT are equally efficient

for B,.

Hence, unless C12 = 0 (in which case the four estimators would be equally efficient), using ONE-STEP or
TWO-STEP that estimate -, through MLE produce more efficient estimates for 5, than using known weights
(if we knew them) in the KNOW-~ estimator. The KNOW-7-JOINT estimator is as efficient as ONE-STEP
as well, indicating that the knowledge of v, is not useful in terms of the efficiency of the estimates for f,.
The efficiency gains relatively to KNOW-~ are due to the use the information in the second set of moment
conditions.

Therefore, the result described in Wooldridge (2002b, 2007) that KNOW-~ is inefficient relative to TWO-
STEP, extends to a larger set of estimators in which the original set of unweighted moment conditions is
nonsmooth as it was discussed by Chen, Hong and Tarozzi (2008) and Hitomi et al. (2008). In these cases
we are better off estimating the weights by a conditional MLE than knowing them. Nonetheless, the TWO-
STEP estimator is dominated by both ONE-STEP and KNOW-v-JOINT and those should be used to obtain
relatively efficient estimates of f3,,.

It is important to note that the framework developed in this paper does not extend directly to semi-
parametric cases in which the probability of selection is estimated nonparametrically. That can be a serious
inconvenience when we have limited information about the selection process and would benefit from a more
flexible estimator to those probabilities. However, as it is shown in the section 3.2 we can obtain consistent

estimates for 8, even if using misspecified selection probabilities, as long as the data selection is exogenous.

3.2 Data Selection under Exogeneity of Selection

The literature in sample selection has long established that sample selection does not necessarily cause
bias in unweighted estimators. As shown in Wooldridge (2007) if selection is exogenous conditional on the
vector of covariates x the estimators of interest using the unweighted moment conditions will be consistent
and, in fact, more efficient (Prokhorov and Schmidt, 2009) than their weighted counterparts. Following
Wooldridge (2007), the properties of the estimators obtained under exogenous selection but with potential
misspecification of the selection model are analyzed. Consider that we have a potentially misspecified

model for the probability of selection given by G(z,~v*), which is not necessarily equal to the true p(z;).

14



Assume that the estimate 5 obtained based on that model is consistent to some parameter vector v* and

VA = 7") = 0,(1).

In this case, the weighted moment condition
1 = Sq p S
n = 9(wi,B) — E [*g w,ﬂ] 22
;G(z,v) (o) G(z,7%) rh) 22

instead of F [g(w, 8)] = 0, as seen in section 3.1.

Assume that the selection process is exogenous conditional on z.

Assumption 3 (Wooldridge, 2007, Assumption 4.1) (i) w; is observed whenever s; = 1;
(ii) For a random vector z; such that P(s; =1 | w;,2;) =P(s; = 1| 2;) =p(2:);
(i) z; is observed whenever s; = 1.
(iv) B, € B solves the problem
Elg(,5) | 2] =0

forall z € Z.

This assumption is the same as in Prokhorov and Schmidt (2009) and as shown by them in Lemma 4.1

and Theorem 4.1 (p.53), which are not altered due to the use of nonsmooth objective functions, it implies

Elg(w,p) |z =0

Any function of z and s is uncorrelated with g(w, 5) and both weighted and unweighted moment conditions
hold in the selected sample for any weight that is a function of z and s. Therefore, the weighted moment
condition in equation 22 holds in the selected sample for any misspecified model G(z,~*), including the
unweighted moment conditions, when G(z,v*) = 1.

Hence, under exogeneity of selection, the IPW estimator for 3, is consistent, regardless of the misspec-
ification of the model for probability of selection®. This robustness is an important feature of the IPW

procedure and adds to its usefulness in applications.

4 Examples

4.1 Quantile Regression under Ignorability of Selection

Quantile regression is one of the main motivations for this research. As an example of the use of the results
of this paper, consider I am interested in estimating the conditional quantile function (CQF) of a random

variable y conditional on a vector of explanatory variables x. This is defined by,

Q-(Y | X) =inf{y: Fy(y | X) = 7}

3This conclusion is equivalent to Theorem 4.1 in Wooldridge (2007), extending it for nonsmooth objective functions.
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where 7 € (0,1) indexes the 7' quantile of the conditional distribution of Y. Suppose that the
CQF is a linear model

Y =X'B,, +¢

and that @-(¢ | X) = 0. In the population, /3, solves the following problem

min B [p (Y = X'8,)
where, pr(u) = (71— 1[u < 0])u
Given a random sample from the population of size n, it is possible to obtain consistent estimates of /3,
by a standard quantile regression (QR) estimator.

minn~ Z'OT vi — 75 57)

BEB

Note that the minimization problem has the following of the first order conditions and sample analogue

(Buchinsky, 1998)

E{(r—1ly~a'8, <0)a} = 0
Z(“l[%*ﬂcﬁgo})xi _ o}

Hence, we frame this problem as a GMM estimator that uses as moment conditions the first order
conditions of the QR problem that identify /3, . However, suppose a random sample of (y, z) is not observed.
The selection mechanism is such that the full vector (y;, z;) is observed only if a certain binary variable that
equals the unity, s; = 1, if s; = 0 at least some part of (y;, ;) is not observed. Then, in the selected sample,

we can only estimate
n—lzsi{(T—l[ $57<0D }zop(n—%)

which is the sample analogue of

Els[(r =1y —2'B;, < 0])x]] =0

but the value ;, that solves the population moment condition does not necessarily solve the selected popula-
tion moment condition. Additionally, assume that the probability of selection can be written as a parametric
function of some vector of variables (z;,2;) and parameters v, and that conditional on z;, the terms of z;

that are not included in z; and y; are irrelevant for the probability of selection (Assumption 1).

P(si=1|yi,xi,2) =P(s; = 1| 2z;) =p(2i,7%)
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In this situation, we can estimate consistent and asymptotically normal estimates for 3, using the

selected sample by IPW. Note that,

5 :p(m) (7 =1y~ 5, < )l
= BBl 1l - 6. <o)l oz
BB )
= B[l 15, <0pal]

— Bl(r—1ly—a/8., <0)a] =0

Therefore, we can estimate 3, by using those weighted moment conditions. Naturally, we would need to
estimate the weights if they are unknown.

Let the true selection model be a standard binary response model for simplicity. Then, estimate the
selection of probability by MLE, or more conveniently, a GMM procedure that uses the first order conditions
of the MLE for the selection model as moment conditions. The MLE maximization problem and its first

order condition are given by, respectively,

max Z {siIn[p(zi,7)] + (1 — s:) In[1 — p(z;,7)]} (23)

nol si — p(zi,7) — o (n—3%
Z{ P e F) <1—p<m>>} =op(n”?) (24

where the estimator for ~, is defined as the vector 7. Again, 24 is the sample analogue of the following

moment condition,
s — p(Z, ’70)

p(z70) (1 —p(z,mJ =0

Hence, we have two sets of moment conditions that can be used to estimate both the selection model

E {V;p(z, Yo)

and the conditional median model. The GMM estimator in this case would be given by any of the four
estimators proposed in section 2, with

n

gm(0) = 712 p(2i,7)

_ N si — p(zi,7)
gn2(y) = Z[ (e )

— 1y — if- < 0]) @}

1 —p(2i,7))

the variance of the estimates will depend on the choice of estimator as stated by Theorem 1.

To estimate the variance of the estimated parameters we need to obtain valid estimates for the components
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of G in the variance of 6.Note that, for example,

Gll

Vﬂ%hwm%H=V%E[ KT—lw—ansonﬂ]

P(2,7%)

- vl

(T = Fypan,s(2'Br,)) x]

[v—lw—ansonﬂlaxﬂ}

S
= V4E
g [p(z,%)

= E []Mfylz7w’s(z B.)x 1‘:|

hence, consistent estimates can be obtained by the sample analogues,

n
— ! 5i_ 7 B
Gii = n ;mfy\z,m,s(x;BT)x/ixi

~

Gia = nt

_ Vi) It

i=1 [p(zia’}/)]Q

Ao = gl — o A si — p(2i,9) ’ A
G22 - ; [VVP( 2»7) (p( ))) v’yp( 17'7)‘|

zi,7) (1 = p(zi, %

-1 {yz —x;BT < 0]) iL‘i}

where the last equality is a direct application of GIME and f/;|zms() is a suitable estimator of the conditional
density of y, commonly by a kernel estimator.

Note that the same asymptotic variance formula for the KNOW-~ estimator for ET is obtained by a
simple extension of the results for weighted quantile regression presented in Koenker (2005) as shown in
claim 1 in the appendix.

Since the conditions in Theorem 2 hold, we will obtain more efficient estimates by estimating the in-
verse probability weights than using the ”true” weights, characterizing the result described in the literature
(Wooldridge 2002b, 2007). The relatively more efficient estimate for 3, is given by the one-step estimator
that jointly estimates both the probability weights and the parameters of interest, 3., .

One interesting point to note is that, even this relatively restrictive model for the CQF, which assumes
linearity, can be very insightful about the potentially nonlinear true CQF. As discussed in detail by Angrist,
Chernozhukov and Fernandez-Val (2006), a linear quantile regression provides the best linear approximation
of the true CQF in the sense that it minimizes a weighted mean square error loss function. So even if we
have reasons to believe that the true CQF in which we are interested is nonlinear, the use of a linear quantile
regression in the example above would provide us with the ”best linear approximation” to it in a similar
way that a linear OLS model offers the best linear approximation to the conditional mean function. Hence,
by using IPW to correct the selection bias caused by missing data we can recover this linear approximation
to the CQF of interest, even if we don’t know its true specification.

Nevertheless, this framework can be applied to nonlinear conditional quantiles of the form Q. (Y | X) =
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m (X, Br,), with

gm(0) = n7t Z @) = 1yi —m (@i, 8-) < 0]) Vgm (x;, 8-)}
Gn = nt Z fy\z s (m (sz»Br)) Viym (%»@) Vam (5%37)
S o, (o (a5) <o) om0

and the remaining equations unchanged.

4.2 Instrumental Variable Quantile Regression

Consider a simplified version of the IVQR. estimator described in Chernozhukov and Hansen (2006). We

focus on the basic linear model that allow for heterogeneous effects given by,
Yo = Q(d7x77-) = d/O‘T + x/BT

where d is a vector of (potentially endogenous) multi-valued treatment variables and x is a vector of covariates.
Under the conditions described in Assumption 1 of Chernozhukov and Hansen (2006), the IVQR estimator of

the vector of parameters (a(7)’, 3(7)’)’ proposed in that paper approximately solves the estimating equation®:

Nl

*lz —2iBr < 0] = 7) (@}, ®,) = 0p(n”2)

where (f)” = @T (1,24, 2;) is a vector of transformations of the instruments. In a simple model </13,'T can be
formed by the least squares projection of d on z and z (and its powers) (Chernozhukov and Hansen, 2006,
2008). In that simple case, we could write the sample analogue of the moment conditions that will identify

the parameters of the model as

g1 (0) = 073 {(1[y: — dior — 26 < 0] = 7)(a, (o, 5)7)'}

n

9n2(7) = TL71 Z(xmzz) [d (1'1722)’)/]

i=1
Where g,2(v)Hence, the analysis developed in section 2 can be applied to the IVQR estimator proposed by
Chernozhukov and Hansen (2005, 2006, 2008) and the results shown above are valid in its scope. Nevertheless,
it is important to note that the framework developed in this paper does not extend directly to semiparametric
cases in which the "first stage” is estimated nonparametrically. That can be a serious inconvenience when
we have limited information about the form of the transformation on the vector of instruments that would

be preferable in estimating IVQR.

4For simplicity I’'m assuming that the weights ‘7” in Chernozhukov and Hansen (2006) are equal to the unit.
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5 Conclusion

This paper (i) extends the GMM efficiency and redundancy results of Prokhorov and Schmidt (2009) to
nonsmooth objective functions; (ii) analyzes the extent to which these results could be useful in the context
of inverse probability weighting (IPW) as a mechanism to correct missing data issues, thus allowing its use
in the LAD and quantile regression framework; (iii) verifies the conditions under which the weighting using
known probabilities of selection leads to a less efficient estimate than using estimated probabilities of selection
(Wooldridge 2002b, 2007, Prokhorov and Schmidt 2009, Hitomi et al. 2008), is valid under nonsmoothness
of the objective functions that characterize the models of interest; and (iv) shows that even in that case the
widely used two-step estimator is relatively less efficient than a one-step joint estimator.

Section 2 extends results on redundancy and efficiency due to Prokhorov and Schmidt (2009) that can
now be applied to a wide range of contexts in which nonsmooth objective functions can be useful, including
LAD, quantile regression, censored LAD and quantile treatment effects. Joint estimation of nuisance param-
eters and parameters of interest is more efficient than a two-step procedure or knowing the true nuisance
parameters in the nonsmooth case. This springs from the information contained in the correlation between
both sets of moment conditions which is useful, even when =, is known. Using only the first set of moment
conditions and known values of 7, in the estimation procedure does not use the additional information em-
bedded in the second set of moment conditions, being inefficient. Some possible consistent estimators for
the variance of both sets of parameters are presented.

Section 3 analyzes the missing data problem described in Wooldridge (2007). The selection model is
estimated by a conditional MLE procedure, but the assumptions about the selection model are weak enough
to cover most of the common parametric selection processes in the literature, like attrition, variable proba-
bility, ”missing at random”, etc. One important case not covered is ”selection on unobservables”. If we use
both sets of moment conditions, knowledge about the nuisance parameters is not useful for the efficiency of
the estimates of the parameters of interest. Additionally, the moment conditions that are associated with
the selection model are not redundant, except in special cases. Estimating the parameters of interest using
only the first set of moment conditions with known probabilities of selection as weights is inefficient because
it ignores information in the second set of moment conditions. This is the type of result referred to in the
selectivity literature, specially in the IPW approach to missing data.

In summary, this paper shows that IPW can be used to correct missing data problems when the model
of interest is based on nonsmooth objective functions. Furthermore, two-step estimation of 5, is more
efficient than using known probabilities of selection. Nonetheless, the two-step estimator is dominated by
a one-step joint estimation procedure that uses both the weighted moment conditions and the selection
model’s conditions. Hence, this paper extends the analysis by Prokhorov and Schmidt (2009) to the relative

efficiency of an IPW approach to deal with missing data problems in which the moment conditions of interest
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are nonsmooth, encompassing, for example, LAD, quantile regression, Censored LAD and IVQR.

Finally, two illustrative examples of interesting models are provided that are encompassed by the general
framework developed in this work. The first is a quantile regression model with missing data and, the second
one is a simplified version of the Instrumental Variable Quantile Regression estimator (IVQR) presented by

Chernozhukov and Hansen (2006).

6 Appendix

Proof of Theorem 1. Tor Vong_stEP, VKkNow—~ and Vknow —y—jornT this result is a direct appli-
cation of known results in the literature (see, e.g., p. 2186 in Newey and McFadden 1994 or more generally
p. 1594 in Chen, Linton and Van Keilegom 2003) and the simplifications that take effect by the use of the
appropriate weighting matrix. For Vprywo_srep I rely on the approximations used by Newey and McFadden
(1994) in theorem 7.2 and Pakes and Pollard (1989) theorem 3.3 and lemma 3.5. Following Pakes and Pollard
(1989), I claim that g, () is very well approximated by the linear function

[ L01(0)
L.(0) = — g0 (0.) + G(6— 6,)
L (6)

_gnl(ﬂ(n Yo) + G11(B — B,) + Gi2(y — ,)
n2(Yo) + Ga2(v —7,)

within a Op(n*%) neighborhood of 6,. More precisely, I need the approximation error to be of order o, (n*%)

at 6 and at 6* which minimizes || L, (6)] globally. In the case analyzed here,

9n(8) = ga(8,) — G(@—6,)
gn(/\) - gn(eo) - G(e — 90) — go(é\) + go(‘/g\)H

+ ‘ 90(0) — G(6 — 6,)
)

0.0~ L0 =

~ ‘

IA

A
%Q
=

3
|

—
J’_
B
T

>
S

: + op(H((’i—eo)

= op(n”7)

where in the last equality I used the fact that H(@—GO) < Op(n’%) (see Newey and McFadden 1994, page

2191). To correspond to a minimum of || L, (0)||, the vector G(6* —6,) must be equal to the linear projection

of —g,(0,) onto the space G. Hence,
G(0" —0,) = —G(G'G) "' G gn(00)
from this equation, we can obtain
Vi(l* = 80,) = —/n(G'G) " G gu(60)
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from Pakes and Pollard (1989) lemma 3.5. the result above holds for the case in which we use the appropriate

positive semidefinite weighting matrix W that converges in probability to W , in which case

Va(l* —0,) = —/n(G'WG) " G'Wg,(6,)

as shown by Pakes and Pollard (1989) (page 1042) under the conditions listed above * and 9 are close

enough in this shrinking neighborhood around 6, such that we can write

\/ﬁ(e - 90) = \/’77,(9* - 90) + Op(l)

Hence, for the first step estimator, the following approximation is valid

- _ -1 _
Vn(F —7,) = —vn (GI226221G22) G/2202219n2(%) +0p(1) (25)
Then, for the second step, using the same results, we can approximate
\/E(B— Bo) = —v/n (G/uCﬁlGll) G11Chy gm(ﬁo, ) +op(1)
=—vn (GIuCﬂlGll) G11CH [9n1(Bor o) + G12(F=7,)] + 0p(1)
_ -1 _
=—Vn (GlnculGll) /11011 9n1(Bos Vo)t
+ Vi (G105 Gn) T GO Gz Gyt Gaz) (26)

X G,22C2_219n2(70) + Op(l)

then, by combining 25 and 26 we can write

V(0 — 0,) = By/nga(8,) + 0,(1)

where,
B Bii B
0 B
with
_ -1 _
B = —(G,C5'Gn) GO
_ -1 _ _ -1 _
By, = (GlllclllGll) G/110111G12 (G/220221G22) G/220221
_ -1 _
By = —(GhyC5'Gar) Gyl
hence,
Vrwo—step = BEB'
]
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Proof of Corollary 1. The proof follows directly from Prokhorov and Schmidt (2009) since theorem 1 has
shown that the variance structure of the four estimators considered is the same as in Prokhorov and Schmidt
(2009). The proof that the result hold directly for the case in which the objective functions considered are
nonsmooth is presented in the technical supplement to this paper, available under request. m

Proof of Corollary 2. Note that the asymptotic variance of \/H(BTWO_STEP — Bo) can be rewritten as

(note that 312 = (GlllcﬁlGll)_l /110;11G12 ( 520521G22)_1 520521 = BllGlg (G/2202721G22)_1 GIQQC;;)

V(BTWO—STEP) = B11C11 B}, + B12C21 By + B11C12B)5 + B12C22 By,
= BuE g1 (w],0)91(w],0)] Bly + Bi2E [g2(w], )91 (w7, 0)'] By +
+B1E [g1(w],0)g2(w], 7)) Bis + Bi2E [g2(w], 7)g2(w],7)'] Bls
91(07,0) = Gra (G303’ Gaa) ™" G Cin' g2(w7. 7))
% (915,0) = Gz (G0 Gz) ™ GiaCi (i )

if Gia = C12C55' Gag

= BllE Bil

(91(Wf7 0) — C12C55 Gao (G§20ﬁ1G22)_1 Gh,Co3' g2 (w7 ’Y)) X

= Buk —1 1 L —1 !
X (gl(wﬁ 0) — C12Ca Gaa (GhyCsy' Gaz)  GhyCoy gz(wi‘ﬁ))

By,
Since it is assumed that Gos is invertible,

_ _ -1 _ _
(91(%*, 0) — 0120221G22 (G/220221G22) G/220221G22G22192(W;»’7)) X

X (91 (W}, 0) — C12055' Gao (G'2202_21G22)_1 G/2202_21G22G2_2192(Wfa’7))

= BuFE {(91(0‘);»0) - Clchzlgz(w:77)) (91(‘*’?; 0) — C120272192(W;Fa7))l} Bil

= BllE Bil

If we define e; = g1 (w},0) — C12Coy' ga(w},7), and D, = E [e;e}], we can write,

~ _ -1 _ _ _ -1
V(BTWO—STEP) = (G/uCanll) G/110111D00111IG11 (G’HCHIGH)

In this case, we can write the variance of the two-step estimator for 5, in a quadratic form in which the term
in the middle of the matrix is the residual of the linear projection of the first set of moment conditions on
the second set of moment conditions.

If, in addition to the conditions above, we assume (11 is invertible, the result follows.

V(Brwo—sTEP) = G1'D,G1"

23



Proof of Lemma 2. First, note that,

Vo f(vi| zi,7)
Elsg2(2,7,8) | 2] = E[57|z
= /Vyfv|2’7 fv]z,v)dv
flolz7)

= / h(v,2)Vf(v] z,7) dv

/ h(v,2)f(v | z,fy)'dv]

this is nonzero in general. Hence,

012 - E[gl(w*7ﬂ077075)92(2’77058)/}

S /
= FE :p(z,'}/o)g(W760)92(2:,7075) :|

E [p(:mg(wﬁo)gz(z,%ﬁ)' ! Z”

" [p(z,%)g(w’ﬁo)sgz)(z,%,s)' | ZH
1

Elg(w,B,) 1 2] E [s92(2,70,5)" | z]} , by ignorability

[p(25 %)
_ 9w, B,)
- E_p(ZaVO)
[9(w, B,)
| p(2,7%)

B sz 0r9) 1 1|

Vap(2, %)]

which is generally nonzero.

Analyzing G2,

G12 = vny[gl(W*75077078)]
S
= VaE Lﬁ(z, %)g(w’ ﬁO)}
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Sincev gl(W*a 507703 5) = ﬁg(wa 6)7 is smooth in 7>

G2 = E _Vw (p(zs%)> g(w’ﬂo)}

S

= E|-———=V,0(%,7)9(w, B,
) (2, 70)9( B)]

— _ s w V’Yp(za’}/o)
“E_pm%ﬂ(ﬁ”pm%>}

= B [B | n S 2] e
L [E(s12) , V. p(2,%)
= P e PP A T ) }

= -E g(wvﬁo)

= —Ci2

V—Yp(Z, 70)
P(2;7)

} , since E[s12] = p(z,7,)

Then, to prove the lemma 1 I need that Go2 = —C9y, which follows from the Generalized Information

Equality (remembering ¢2(2z,7,,s) is a smooth function).

Gao

V4 E[g2(2,7,,5)]
= E[V,92(2,7,,5)]

= —-F [QQ(Z’VO7S)92(Z770,S)/} — Oy

hence, G2 = —C1a = —012(—0521G22) = 01202’216'22. |

Proof of Theorem 2. This follows directly from Lemma 1 and statements 9 and 10 in Corollary 1. =
Claim 1 Consider the conditional quantile function
Q-(Y|X)= Xlﬁ'ro
and the weighted linear quantile estimator obtained as
~ ] ,
T = iPr\Yi — b
B arggg]g;zwzp (yi — x3b)

for some known weight w; that could be a function of exogenous variables. Under conditions 4 and 5, we

have
Vi (Br = 8:) ~ N (0,71 = 7)D7 ' D,DTY)

with, Dy = limy, o Y py Wi fi (2 Br, )i}, and Dy = limy, oo Y1 wiTha;

%

Assumption 4 For Y1,Y5,...,Y, independent random variables with distribution functions Fy, Fs, ..., Fy,,
{F;} are absolutely continuous with continuous densities f; (-) and weights, w;, uniformly bounded away from

0 and oo at the points f; (x}B,,) for every i.
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Assumption 5 There exist positive definite matrices D, and D1 such that
Z) hmn%oo % Z?:l U/g(El:E; = Do
”) limy, 00 %Z?:l wzfl(wéﬁra)xlm; =D

iii) max % -0

Proof of Claim 1. This proof follows the steps presented on Koenker (2005) p. 120.

Consider u; = y; — 258, then

B, = i i [(yi — 23b) (1= 1[y; — ;b <0
8 arggelﬂlg;;w [(yi — 27b) (7 = 1[yi — «ib < 0])]
= arg min Z w;pr(u;)
i=1
Now consider the following convex objective function, with unique minimizer at \/n ( ﬁT()),

= iwi [pT (uz - x26> - pf(ui)]
i=1 v
using Knight’s identity p, (u—v)—p,(u) = =¥, (u)+ [ (1 [u < S] —1[u < 0])dS, with ¥, (u) =7—1[u < 0]
0

)
T

" )
Z,(0) = w; |~z —=P, (u;) + / 1u; < S]—1[u; <0])dS
= Z1(d) + Z Zomi(0) = Z1n(0) + Z2,(9)
Note that, by the Lindeberg-Feller central limit theorem,
Zin(0) = —S’Liwm'ﬂl (u;)
1in \/ﬁ : gl X 7\ Ug

= 76/\FZwl 1[u; <0))
~ =W

_ i 20!
w N (077'(1 T) RILII;Osz 331%)

i=1

Also,
=1

= Z E [Zgni((s)] + Z ZQni((s) -FK [ZQn1(5)]
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but,

= ) w / Fi(z)B,, + 8) — Fy(x}4,,)dS
=1 0
letS:ﬁ,then
E [ Zon; o = - i F; : T - F ; T dt
Y] = Y Vit B (aln, + 52 ) - Fiisn)|
o)

1 n

- n;wi!ﬁ(wéﬁro)tdwo(u

1 n
= 3 Zwifi(xgﬁn)élxix;& +o0(1)
i=1

Loy 1 ¢ (o] o _ 1
— 55 [nlgréon;w’fl(xiﬁ“)xlxil 0= 5(5 Dyd

Under A2(iii):
1
Zn(8) ~ Zy(8) = ='W + 56'D1(5

then
vn (B; — ﬁT) = §, = argmin Zn () ~ 5, = argmin Zo(0)
5, = Di'w
hence,
vn (B: - BT) ~ N (0,7(1 = 7)Dy ' DyDY 1)
[
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